
Modeling the Atomic Nucleus  

Theoretical bag of tricks… 



The nuclear many-body problem 



Nuclear Many-Body Problem
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equations in 3A dimensions!

Bottom line:

For instance, for 10Be this number is 215,040

The Nuclear Many-Body Problem 

Eigenstate of angular 
momentum, parity, and 
~isospin 

2A ⇥ A!

N !Z!
coupled integro-differential 
equations in 3A dimensions 



number of nuclei < number of processors! 

Interfaces provide 
crucial clues 



 Ab initio theory for light nuclei and nuclear matter  

Ab initio: QMC, NCSM, CCM,… 
(nuclei, neutron droplets, nuclear matter) 

Input:  
• Excellent forces based on 
the phase shift analysis and 
few-body data  

• EFT based nonlocal chiral 
NN and NNN potentials 

• SRG-softened potentials 
based on bare NN+NNN 
interactions 

NN+NNN	  
interac+ons	  

Renormaliza+on	  

Ab initio input 

Many	  body	  
method	  

Observables	  

• Direct comparison 
with experiment 

• Pseudo-data to 
inform theory 



Overview Basics Highlights Outlook Matrices ET 3NF RG Soft

Applying e�(H�ET )⌧ to a trial ground state vector
Consider a vector | 

var.i and its expansion in eigenstates
of the Hamiltonian H:

| 
var.i =

X

k

Ck | k i where H| k i = Ek | k i

E.g., | 
var.i is a variational guess for the ground state

General: f (H)| k i = f (Ek )| k i (where f specified by power series)

Later: powers of H (Lanczos method)

Here, apply imaginary time propagation e�iHt with ⌧ = it :

| (⌧ !1)i = lim
⌧!1

e�(H�ET )⌧ | 
var.i ⌧!1�! C0e�(E0�ET )⌧ | 0i

We project out the ground state! [MATLAB example available]

Note the use of the trial energy ET . Why? How do I get E0?
In practice, we break up the imaginary time into small intervals
to be able to calculate: e�(H�ET )⌧ = ⇧�⌧ e�(H�ET )�⌧

Dick Furnstahl New methods



Green’s Function Monte Carlo 
(imaginary-time method) 

€ 

ψ0 = lim
τ →∞

e
− ˆ H −E0( )τ

ψV
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ψ τ( ) = e−
ˆ H −E0( )τ ψV

ψ 0( ) = ψV , ψ ∞( ) = ψ0

τ = nΔτ ⇒ ψ τ( ) = e−
ˆ H −E0( )Δτ( 

) * 
+ 
, - 

n

ψV

§  Quantum Monte Carlo (GFMC)    12C 
§  No-Core Shell Model       14F, 14C 
§  Faddeev-Yakubovsky 
§  Lattice EFT                 12C (Hoyle) 
§  Coupled-Cluster Techniques   17F, 56Ni 
§  Fermionic Molecular Dynamics 
§  … 

trial wave function 



€ 

Vπ / V ~ 70 −80%

Vπ ~ −15MeV/pair

VR ~ −5MeV/pair

V 3 ~ −1MeV/three

T ~ 15MeV/nucleon

VC ~ 0.66MeV/pair of protons

short-range 

three-body 

Nucleon-Nucleon Interaction 
NN, NNN, NNNN,…, forces 

GFMC calculations tell us that: 



GFMC: S. Pieper, ANL 

1-2% calculations of A = 6 – 12 nuclear energies are possible	

excited states with the same quantum numbers computed	
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Results - Longitudinal form factor

• Experimental data are well 
reproduced by theory over 
the whole range of 
momentum transfers;

• Two-body terms become 
appreciable only for q > 3 
fm−1, where they interfere 
destructively with the one-
body contributions bringing 
theory into closer 
agreement with experiment.
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• Data from M. Chernykh et al., Phys. Rev. Lett. 105, 022501 (2010)

• Right panel [ftr(k)/k2] proportional to M(E0) at k = 0

• Large errors at small k due to large Monte Carlo errors

• Can get better value at k = 0 by computing
R

drr2r2⇢tr(r)

• Results with best 0+
2 wave function in good agreement with data

12C: ground state and Hoyle state 
state-of-the-art computing 

Epelbaum et al., Phys. Rev. Lett. 109, 
252501 (2012). Lattice EFT 
Lahde et al., Phys. Lett. B 732, 110 (2014). 

Pieper et al., QMC 

Wiringa et al.  Phys. Rev. C 89, 
024305 (2014); A. Lovato et al., 
Phys. Rev. Lett. 112, 182502 (2014) 

2+

Exp Th

−92

2+

0−84

−86

−88

−90

87.72

84.51 85(3)

−82

0+
92(3)

88(2)

2+
82.6(1)

2+

0 + +
83(3)

E 
[M

eV
]

0+
92.16

The ADLB (Asynchronous Dynamic Load-
Balancing) version of GFMC was used to 
make calculations of 12C with a complete 
Hamiltonian (two- and three-nucleon 
potential AV18+IL7) on 32,000 processors 
of the Argonne BGP. The computed 
binding energy is 93.5(6) MeV compared 
to the experimental value of 92.16 MeV 
and the point rms radius is 2.35 fm vs 
2.33 from experiment.  

-91.7(2) 



The frontier: neutron-rich calcium isotopes 
probing nuclear forces and shell structure in a neutron-rich medium  
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TABLE I. Measured average frequency ratios R̄ and mass excess (ME) with total error of 51,52Ca and 51K, compared to the
AME2003 mass excess. The * indicates that the AME2003 value for 51K is based on an extrapolation.

Isotope Reference R̄ = ⌫c,ref/⌫c ME (keV) MEAME03 (keV) ME�MEAME03 (keV)
51Ca 58Ni 0.87961718(42) �36338.9(22.7) �35863.3(93.8) �475.6(96.5)
52Ca 58Ni 0.89691649(187) �34260.0(101.0) �32509.1(698.6) �1751.0
52Ca 52Cr 1.00043782(158) �34235.8(76.4) same �1726.7

52Ca Average: �34244.6(61.0) same �1735.5(701.3)
51K 51V 1.00062561(28) �22516.3(13.1) �22002.0(503.0)⇤ �514.3(503.2)
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FIG. 2. (Color online) Two-neutron separation energy S2n as
a function of neutron number N for the potassium (circles),
calcium (square), and scandium (triangles) isotopic chains.
Points enclosed by a circle are not based completely on ex-
perimental values in AME2003. The symbols connected by a
dotted line are based on the TITAN mass values (mass val-
ues for 49,50Ca and 47�50K are taken from Ref. [16]), while the
symbols connected by solid lines are those from the AME2003.

transfer reactions. However, the uncertainties reported
are 2–10 times larger than those obtained from the re-
actions. All masses tabulated in the AME2003 disagree
with the presented measurement by more than 1�. More
recently, a TOF mass measurement was completed at the
GSI storage ring [35]. This does not agree with any of
the previous measurements and deviates by 1.3� from
the value presented in this Letter. For 52Ca, the existing
mass value is derived from a TOF measurement [28] and
a �-decay measurement to 52Sc [36]. Neither measure-
ment agrees with our precision mass. No experimental
data exists for the mass of 51K.

Our new TITAN mass measurements for 51,52Ca and
51K are presented in Table I. The mass of 51Ca devi-
ates by 5� from the AME2003 and is more bound by
0.5 MeV. We find a similar increase in binding for 51K
compared to the AME2003 extrapolation. For the most
neutron-rich 52Ca isotope measured, the mass is more
bound by 1.74 MeV compared to the present mass table.
This dramatic increase in binding leads to a pronounced
change of the derived two-neutron separation energy S

2n

in the vicinity of N = 32, as shown in Fig. 2. The re-

sulting behavior of S
2n in the potassium and calcium

isotopic chains with increasing neutron number is signif-
icantly flatter from N = 30 to N = 32. This also dif-
fers from the scandium isotopes, derived from previously
measured mass excess with large uncertainties or from
the AME2003 extrapolation. The increased binding for
the potassium and calcium isotopes may indicate the de-
velopment of a significant subshell gap at N = 32, in line
with the observed high 2+ excitation energy in 52Ca[36].

Three-nucleon forces have been unambiguously estab-
lished in light nuclei, but only recently explored in
medium-mass nuclei [2, 6, 7, 37, 38]. These advances
have been driven by chiral e↵ective field theory, which
provides a systematic expansion for NN, 3N and higher-
body forces [39], combined with renormalization group
methods to evolve nuclear forces to lower resolution [40].

We follow Ref. [6] and calculate the two-body inter-
actions among valence neutrons in the extended pfg

9/2

shell on top of a 40Ca core, taking into account valence-
core interactions in 13 major shells based on a chiral
N3LO NN potential evolved to low-momentum. Chiral
3N forces are included at N2LO, where the two shorter-
range 3N couplings have been fit to the 3H binding en-
ergy and the 4He charge radius. For valence neutrons
the dominant contribution is due to the long-range two-
pion-exchange part of 3N forces [2, 6]. In Ref. [6], the
normal-ordered one- and two-body parts of 3N forces
were included to first order, and an increased binding
in the vicinity of N = 32 was predicted. Here, we im-
prove the calculation by including the one- and two-body
parts of 3N forces in 5 major shells to third order, on an
equal footing as NN interactions. This takes into ac-
count the e↵ect of 3N forces between nucleons occupying
orbits above and below the valence space. For the single-
particle energies (SPEs) in 41Ca, we study two cases: The
SPEs obtained by solving the Dyson equation, where the
self-energy is calculated consistently in many-body per-
turbation theory (MBPT) to third order; and empirical
(emp) SPEs where the pf -orbit energies are taken from
Ref. [4] and the g

9/2

energy is set to �1.0 MeV.

In Fig. 3 we compare the theoretical results obtained
from exact diagonalizations in the valence space to the
TITAN and AME2003 values for the two-neutron sep-
aration energy and for the neutron pairing gap calcu-

lated from three-point binding-energy di↵erences, �(3)

n =

TITAN@TRIUMF 
Gallant et al, PRL 109, 032506 (2012) 

CC theory 
Hagen et al., PRL109, 032502 (2012) 

52Ca mass 

54Ca mass 

54Ca 2+ 

54Ca: 20 protons, 34 neutrons 

RIBF@RIKEN 
Steppenbeck et al 
Nature (2013) 



Anomalous Long Lifetime of 14C 

Dimension of matrix solved for 8 lowest states ~ 109 
Solution took ~ 6 hours on 215,000 cores on Cray XT5 
Jaguar at ORNL 

Determine the microscopic origin of the 
suppressed β-decay rate: 3N force 
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n p 

120Sn 

εF 
εF 

Coulomb !
barrier!

Flat !
bottom!

Surface!
region!

0!

Unbound!
states!

Discrete!
(bound)!
states!

Average  one-body Hamiltonian  
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Nuclear shell model 

Residual 
interactioni 

One-body 
Hamiltonian 

• Construct basis states with good (Jz, Tz) or (J,T) 
• Compute the Hamiltonian matrix 
• Diagonalize Hamiltonian matrix for lowest  eigenstates 
• Number of states increases dramatically with particle number 
 
 
 

• Can we get around this problem? Effective interactions in 
truncated spaces (P-included, finite;  Q-excluded, infinite) 

• Residual interaction (G-matrix) depends on the  configuration 
space. Effective charges 

• Breaks down around particle drip lines 

Full fp shell for 60Zn :  ≈ 2 ×109 Jz states
5,053,594 J = 0,T = 0 states
81,804, 784 J = 6,T =1 states

P +Q = 1
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Unstable “proton-dripping” fluorine-14 with NCSM
Ab initio calculation using “soft” inverse-scattering potential
New: theory preceded recent experimental measurement!

P. Maris et al., PRC 81, 021301(R) (2010)

V.Z. Goldberg et al., Phys. Lett. B
692, 307 (2010)

Matrix dimension 2⇥ 109,
2.5 hours on 30,000 cores

Dick Furnstahl New methods
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Asides on Fluorine-14 calculation

14F decays by proton emission to 13O
=) “proton drip line”

What if 2⇥ 109 dimension matrix full?
> 1019 bytes storage?
=) obviously many matrix elements
must be zero! (Sparse)
Only about 20 out of 2 billion
eigenvalues needed

=) Lanczos method!
How to scale to 30,000 cores?

=) work with computer scientists
=) SciDAC!

How do you extrapolate N
max

!1?
(ask me later!)

Dick Furnstahl New methods
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Size and sparsity of Hamiltonian matrices [from P. Maris]

Hamiltonian matrices grow rapidly with basis size (N
max

)
and A = N + Z from combinatorics:

Dimensions and sparsity of matrices – stable nuclei
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Many Fermion Dynamics – nuclear physics – p.7/16

Dick Furnstahl New methods
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Size and sparsity of Hamiltonian matrices [from P. Maris]

But fortunately there are many zero elements so storage is large but
feasible. How can we take advantage of sparsity?

Many-Body Hamiltonian matrix

Harmonic oscillator single-particle basis states
Many-Body basis states:
Slater Determinants of single-particle states
Construct Many–Body Hamiltonian matrix

large sparse matrix
Eigenvalues:
bound state spectrum
Eigenvectors:
nuclear wavefunctions

Many Fermion Dynamics – nuclear physics – p.4/16

Dick Furnstahl New methods
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Size and sparsity of Hamiltonian matrices [from P. Maris]

But fortunately there are many zero elements so storage is large but
feasible. How can we take advantage of sparsity?

Dimensions and sparsity of matrices – light neutron-rich nuclei
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14Be (Z= 4, N= 10)
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11Li (Z= 3, N= 8)
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20C (Z= 6, N= 14)

Many Fermion Dynamics – nuclear physics – p.8/16

Dick Furnstahl New methods
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Lanczos method in short

Consider an arbitrary vector | i and its expansion in eigenstates
of H, where H| k i = Ek | k i. Then Hm| i =

P
k Ck Em

k | k i
If m large enough, largest |Ek | will dominate the sum

=) project out the corresponding eigenvector
To get lowest eigenvalue, use (H � �I)m with � > 0 large
enough so that |E0 � �| > |E

max

� �|
More efficient to diagonalize H in the basis spanned by H| k i,
H2| k i, . . . , Hm| k i

Called the “Krylov space”
Lanczos: orthogonalize basis states as you go, generating H
in tri-diagonal form, which is efficiently diagonalized
Re-orthonormalization for numerical stability

Many computational advantages to treating sparse matrices with
Lanczos [see J. Vary et al., arXiv:0907.0209]

Dick Furnstahl New methods
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Asides on Carbon-14 decay calculation

Atomic masses [1 amu = 1/12 mass of 12C]
14O: 14.0085953 ± 0.0000001 amu
14N: 14.0030740 ± 0.0000000 amu
14C: 14.0032420 ± 0.0000000 amu
(from online “table of nuclides”)
How does each decay?

Compare lifetimes: 14C lives long!

Calculation with NCSM using chiral EFT
potentials and operator for �� decay
(14

6C ! 14
7N + e� + ⌫e)

Scaling enabled by CS/AM collaborations

Role of 3NF is key

Determining the contribution of one part
of Hamiltonian =) Hellmann-Feynman

Dick Furnstahl New methods




