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2. QCD 1
a. Overview
Low-energy nuclear physics is the physics of quantum chromodynamics (QCD) and electroweak
interactions (which includes electron and neutrino scattering, and beta decay). But this regime of
QCD is very difficult to solve. To make progress, we will use low-energy effective theories, but to
do so we need to build on some knowledge of QCD. Here we introduce some of this knowledge,
keeping in mind that we will not resolve all of the many subtleties at this time. We will have much
to say later about effective theories and their field theory implementations (effective field theories
or EFTs). For now, we need to identify the appropriate degree of freedom at low energies, what
symmetries (or other properties) are inherited at low energies, and how QCD might simplify in
some limits, such as mu = md ≈ 0 and mc , mb , mt → ∞ (the mq are quark masses for the various
flavors, see the next section).

b. QCD Lagrangian
[Note: Don’t be concerned if you have not had a course on relativistic quantum field theory, which
will make much of the notation and vocabulary in this section obscure for now. The purpose is only
to expose you to the terminology of QCD; we can discuss the physics without fully understanding
the formalism at this point.]
The QCD degrees of freedom (dofs) are quarks (which are spin–1/2 fermions) and gluons
(which are spin–1 gauge bosons). The quark field ψ has Lorentz indices (1, 2, 3, 4 because it is
a 4-component spinor), color indices (i = 1, 2, 3 or r, g, b), and flavor indices (q = u, d, s, c, b, t), and
is a function of space-time xµ (which we generally will write as x). The gluon field Aaµ has Lorentz
µ = 0, 1, 2, 3 and color a = 1, · · · , 8 indices, and is a function of xµ . The lagrangian (omitting a
theta term) is
LQCD =

X
q=u,d,s,...



1 a
ψ qi (x) (iγµ Dµ )ij − mq δij Ψqj (x) − Fµν
(x)F µν a (x) ,
4

(1)

where the covariant derivative is [with ∂µ ≡ ∂/∂xµ = (∂/∂t, +∇), note the signs!]
Dµ = ∂µ − igAaµ

λa
,
2

(2)

and the anti-symmetric gluon field tensor is (sometimes Gµν is used instead of Fµν )
a
Fµν
= ∂µ Aaν − ∂ν Aaµ + gf abc Abµ Acν .

(3)

Some comments:
• The summation of quark flavor q is over the up (u), down (d), strange (s), charm (c), bottom
(b), and top (t) quarks.
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• Lorentz indices are implicit. The quark fields are four-component spinors and the γ µ are 4 × 4
0 γ µ ψ with repeated indices summed over 1 to 4.
matrices. So ψγ µ ψ → ψa† γab
bc c
• The λa are 8 = 32 − 1 (a = 1, · · · , 8) Gell-Mann matrices, which are the SU (3) generalization
of the familiar SU (2) Pauli matrices, so λa → (λa )ij with i, j running from 1 to 3. Often Aaµ
and λa /2 are combined into an SU (3) matrix Aµ .
• Gluons are “flavor blind” (that is, they don’t distinguish between quark flavors).
• Gluons have quadratic terms but also cubic and quartic terms =⇒ self-interactions (see right
side of Fig. 1). The quadratic parts only come with ∂µ ’s, which means there is no mass term
(i.e., no Aµ Aµ term).
• The quark-gluon interaction term shows that a quark emitting a gluon changes color in general
(see left side of Fig. 1).
• We can read off the Feynman rules from the Lagrangian. We will see many examples of
extracting such rules later for non-relativistic Lagrangians, but we’ll sketch some of the basics
here. The quadratic parts specify propagators (so the mass term is from ψψ and no A2 means
massless gluons), other terms give interaction vertices. The coefficients give the coupling
strength. There are also overall constants and combinatoric factors, which are needed for the
complete evaluation of a diagram.

Figure 1: Left: Feynman diagram for the exchange of a gluon between two quarks, which changes
their colors. Right: Feynman diagrams for gluon self-interactions.
The inputs to QCD are the coupling g and the “current” quark masses mq . The charge and mass
for each quark flavor are given in Table 1. Defining the mass is subtle because of color confinement
(see below). The quark mass is like a coupling constant in that it depends on the renormalization
momentum scale and the renormalization scheme (much more on these concepts later!). The u, d,
and s quarks in Table 1 are defined using dimensional regularization with the MS scheme at a scale
of µ = 2 GeV (see the Particle Data Group listings for more up-to-date current quark masses).
If we suppress all indices, the QED and QCD lagrangians look the same:
1
L = ψ(iγ µ Dµ − m)ψ − Fµν F µν ,
4

(4)

but the QED covariant derivative and field strength tensor F µν ,
Dµ = ∂µ − ieAµ ,

Fµν = ∂µ Aν − ∂ν Aµ ,

(5)
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Table 1: Current quark flavors, charges, and
of dimensional regularization.
flavor
u (up)
d (down)
c (charm)
s (strange)
t (top)
b (bottom)

masses. The masses are specified in the MS scheme
charge
2/3
−1/3
2/3
−1/3
2/3
−1/3

mass
2–3 MeV
4–6 MeV
≈1.3 GeV
≈ 100 MeV
≈ 170 GeV
≈ 4.5 GeV

are hiding important differences between the two theories. In particular, there is only one photon
field (no sum over a) versus eight gluon fields and the photon does not carry electric charge (and thus
has no self-interactions). The gauge groups for QED and QCD are U (1) and SU (3), respectively.
The forces between quarks are mediated by the massless gluons (left Fig. 1, cf. photons). The
full interaction term in the lagrangian is
 a
λ
i
Lint = gψ q (x)
γ µ ψqj (x)Aaµ (x) ,
(6)
2 ij
where a is summed from 1 to 8, q is summed over quark flavors, i, j are summed over 1 to 3, and
the implicit Lorentz indices on the ψ’s and on γ µ are summed from 1 to 4. The coupling g will
always appear as g 2 in diagrams with only quarks as external lines (the three-gluon vertex has one
power and the four-gluon vertex two powers of g). We define the strong coupling αs by
αs ≡

g2
4π

(7)

in analogy to the fine structure constant of QED:
αQED ≡

e2
1
≈
.
4π
137

(8)

But while we generally treat αQED as a constant, we always have to consider a “running” coupling
constant for QCD.

c. Running couplings
From electromagnetism, we know that the effective Coulomb force in a polarizable medium is
altered by a dielectric constant ε from charge screening:
F =

1 q1 q2
1 q1 q2
−→
2
4πε0 r
4πε r2

(9)

√
with ε > ε0 . We could interpret this as the charge becoming qei = qi / ε < qi . The QED vacuum is
like a polarizable medium because there are fluctuating e+ e− pairs (see the left diagrams in Fig. 2).
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Figure 2: Left: Cartoon and Feynman diagram for screening of the Coulomb interaction. Right:
Cartoon for anti-screening and Feynman diagrams for screening and anti-screening of color charges.
The key observation is that screening leads to a coupling strength that varies with distance (or,
equivalently, with momentum by Fourier transform). This variation is called “running” and will be
a key concept for us in considering forces between nucleons at low energies (although the physics
of running is different!). We have used a physical picture for QED, but later we will consider how
the running coupling emerges more formally from changing the renormalization or resolution scale.
The change in the coupling as we change a renormalization momentum scale µ is given by a
renormalization group (RG) equation:
µ

d
α(µ) = β(α) ,
dµ

(10)

where the right side is called the “beta function”. For QED, the (one loop) beta function is
βQED ≈

2
2αQED

3π

>0.

(11)

After integrating Eq. (11),
µ

2
2αQED
dαQED
d
αQED =
=
,
dµ
d ln µ
3π

(12)

from µ0 to µ we trivially obtain
1
αQED (µ)

=

1
αQED (µ0 )

−

1
ln(µ2 /µ20 ) .
3π

(13)

This tells us how to relate the coupling at µ to the value at µ0 . The familiar fine-structure constant
corresponds to αQED (µ = 0) ≈ 1/137.035. We note that αQED (µ2 > 0) > αQED (µ = 0), which
means the coupling gets stronger (but very slowly!) at higher energies or shorter distances.
But for QCD the behavior is different. The corresponding (one loop) beta function is
βQCD (αs ) = −

2
1
(11 − nf )αs2 + · · · ,
2π
3

(14)

where nf is the number of “active” quark flavors (if m2q  µ2 , then it is not active). The term
proportional to nf is from qq screening, which is analogous to e+ e− screening in QED (note that

Figures from: Review of Particle Physics http://pdg.lbl.gov
Kronfeld and Quigg, Resource Letter QCD, arXiv:1002.5032.
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Strong coupling

α

Figure 3: Left: running coupling of QCD from experiment (data points) and theory (solid line).
Right: extractions of αs at various scales from experiment evolved by the renormalization group
equation to the scale µ = MZ . The figures are from: Review of Particle Physics http://pdg.lbl.
gov and Kronfeld and Quigg Resource Letter QCD, arXiv:1002.5032.
they are the same when nf = 2; is this significant?). It has the same sign as in QED (or for any
fermions!), which would lead to the coupling getting stronger with increasing scale. But the other
term, which comes from gluon “anti-screening”, dominates for nf ≤ 16, as in our universe (see the
right diagrams in Fig. 2). This yields [check the factors and signs! ]
33 − 2nf
33 − 2nf
1
1
=
+
ln(µ2 /µ20 ) =
ln(µ/ΛQCD ) .
αs (µ)
αs (µ0 )
12π
6π

(15)

In the last step, ΛQCD replaces the dependence on the arbitrary starting scale µ0 .
For µ = Q  ΛQCD (high momentum), αs (Q) → 0, which is called “asymptotic freedom”.
Gross, Politzer, and Wilczek won the Nobel Prize for this (that is, for finding the minus sign!). The
key is the gluon contribution that flips the sign, which happens because of gluon self-interactions.
Figure 3 left shows αs (Q) versus Q with results from different experiments (and theory, which is
most precise!). Using Eq. (15), they can be converted to the same scale for comparison (see Fig. 3,
where the common scale is the Z-boson mass MZ ).
ΛQCD is called the scale of QCD (it is like the “standard kilogram”) and can replace the coupling
g as an input to specify the theory. It depends on the renormalization scheme and number of active
quark flavors. For MS and 3 quark flavors, ΛQCD ≈ 250 MeV. For Q  ΛQCD , we find αs (Q) → 0
from Eq. (15), as just discussed. For Q → Λ+
QCD , if we could believe the formula quantitatively (we
can’t!), we would conclude that αs (Q) → ∞. As we approach that value of Q, the growth in the
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“Seeing” quark and gluons through jets
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Figure 4: “Seeing” quarks and gluons through jets. Adapted from a slide by Thomas Schaefer.
slide from T. Schaefer

coupling means perturbation theory should be reliable. At high energies, perturbation theory does
work, as verified by many calculations. Figure 4 shows quark and gluon jets that are the result of
an initial high-energy qq pair (left) or a qq + gluon (right), which become a shower of particles in
the initial direction of the quark or gluon (Feynman diagram at the far right).
We can think of ΛQCD as a dividing scale. The non-perturbative physics below this scale leads
us to either use lattice QCD for hadron spectroscopy and (eventually) small nuclei or to use effective
field theory for nuclear forces and nuclei. (There are also semi-phenomenological approaches such
as the use of Schwinger-Dyson equations.) There are two major non-perturbative consequences in
QCD:
• color confinement;
• chiral symmetry breaking.
Color confinement means that quarks (or gluons) cannot be isolated; they are confined to color
singlet (colorless) hadrons. Confinement is indicated experimentally and by lattice calculations,
but it has not been formally proven (Millenium prize!).
Figure 5 shows a calculation of the potential energy between quarks in an approximation that
neglects sea quarks (so no qq pairs from the vacuum). We see Coulombic (1/r) behavior at short
distances but linear growth at large r, like a string stretching. The latter analogy leads us to
express the energy to separate a qq pair as
E = σr ,

(16)

which identifies the “string tension” σ. The origin of this string-like behavior is understood as a
color flux tube between the quark and anti-quark. Unlike in QED, where field lines from charges
spread out, in QCD they are confined to such a tube. If the quark–anti-quark pair is separated,
more energy goes into the flux tube until it is sufficient to create a new qq pair (we say that
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Potential energy between quarks

Figure 5: Potential energy of two static quarks (nailed down at distance r) with no sea quarks as
a function of r/r0 , where r0 ≡ r02 dV /dr = 1.65. The zero of energy is set to be at r = r0 . Data are
from lattice QCD calculations at several values of β = 6/g 2 , which corresponds to different lattice
spacing.

Figure 6: Cartoons showing a color flux tube between a quark and anti-quark, which when separated
eventually breaks, resulting in two mesons.
the string “breaks”), so that one meson become two (colorless) mesons (see cartoons in Fig. 6.
[Question: Does this flux-tube scenario survive with dynamical light quarks?]
The bottom line is that confinement implies that any strong interaction system (at effectively
zero temperature and density) must have a color singlet wave function at distances larger than
O(1/ΛQCD ). [Questions: Is it possible to be more precise? Does this mean that one has to use
quarks if probing smaller distances than this?]
Therefore the degrees of freedom at low energies are hadrons.
The masses of the light hadrons can now be calculated at the few percent level from first principles
using lattice QCD. Some recent results are given in Fig. 7. Three inputs are needed (the light quark
mass mu = md , the strange quark mass ms , and the coupling g), which are fixed by matching the
pion (π), kaon (K), and Sigma (Σ) meson masses to experiment, then all the other results are
predictions. This is strong evidence that QCD is non-perturbatively correct and calculable! (So
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Meson and baryon masses from lattice QCD BMW collaboration (2010)

Figure 7: Light hadron spectrum predicted in Nf = 2 + 1 (two degenerate light flavors, and one
heavier flavor) lattice QCD calculations (BMW 2010 Ref?). Open circles are input (three of these
corresponding to the coupling, the light quark mass, and the heavier quark mass.)
why not just calculate nuclei directly?)
Color singlet states can be made from quark–anti-quark pairs, which are bosons generically
called mesons (π, ρ, . . . ) or from three quarks, which are fermions generically called baryons. We
will generally focus on hadrons with light quarks (up and down) and sometimes strange quarks.
The comparison to ΛQCD determines light versus heavy quarks: mu , md  ΛQCD . This puts the
strange quark somewhat in the middle: light but not very light. The masses of the light-quark
hadrons are all around one GeV except for the light pions (and maybe the kaons).
Let us consider what patterns we might expect to see in the hadron spectrum. The key concept
is that QCD symmetries of the quarks should be reflected in symmetries in the hadron spectrum.
We first observe that
mu − md
1,
(17)
ΛQCD
so we can consider the limit that it is zero. In that case, the u and d quarks form an isospin
multiplet:
1
1
|ui = |isospin ↑i = |T = , MT = i
2
2
1
1
|di = |isospin ↓i = |T = , MT = − i ,
2
2

(18)
(19)

where the isospin operator is T = τ /2 with Pauli matrices τ (these are the same as the σ matrices;
we use a different symbol to keep track that it is a different space from the ordinary spin). The
gluons don’t care about flavor and mu , md are about zero on the ΛQCD scale, so it makes sense that
isospin symmetry is nearly satisfied.
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Baryons
J=1/2 (S=1/2, L=0)

J=3/2 (S=3/2, L=0)

Isospin
I3 = Tz

Figure 8: Diagrams for lowest-lying bayron octet and decuplet with the corresponding states from
lattice QCD calculations (see Fig. 7). On the left, the strangeness S takes integer values from −2
to 0 while the third component of isospin I3 also ranges from −1 to +1 but in steps of 1/2.
Isospin symmetry is clearly seen in the hadron spectrum (see the Particle Data Group tables).
+
For example, the nucleons N ( 12 ) are an approximate isospin doublet with mass about 940 MeV
(mp ≈ 938.3 MeV, mn ≈ 939.6 MeV):
1
1
|pi = |isospin ↑i = |T = , MT = i
2
2
1
1
|ni = |isospin ↓i = |T = , MT = − i .
2
2

(20)
(21)

[Note: the notation 21 is in general J π , where J is the total angular momentum and π = ±1 is the
parity.] The quark content is uud and dud for the proton and neutron, respectively. They are the
isospin doublet in the non-strange (S = 0, where S is strangeness, not spin) part of the baryon
octet (see Fig. 8 left). The non-strange part of the baryon decuplet (Fig. 8 right) are the ∆ isobars
2
∆( 23 ), which all have masses about 1232 MeV. The ∆− , ∆0 , ∆+ , and ∆++ baryons have quark
content ddd, udd, uud, and uuu, with isospin T = 3/2 and MT = −3/2, −1/2, 1/2, 3/2, respectively.
For the mesons, we have two types of L = 0 states: pseudoscalar pions π(0− ) and vector rho mesons
ρ(1− ). (The odd parity here comes from the quark and anti-quark having opposite intrinsic parity.)
Each have T = 1 and MT = −1, 0, 1, corresponding to the π − , π 0 , and π + or ρ− , ρ0 , and ρ+ .
We can understand semi-quantitatively much of the hadron spectrum from a simple constituent
quark mass model. A constituent quark mass is an effective mass for quarks in the complicated
QCD vacuum (like an effective mass for an electron in a solid). We can model it from the ∆++
mass:
m ++
mconstituent = ∆
≈ 400 MeV .
(22)
3
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and

Vector Mesons
J=1 (S=1, L=0)

Figure 9: Pseudoscalar and vector meson multiplets, with the corresponding states from lattice
QCD calculations (see Fig. 7). In each diagram the strangeness S takes integer values from −1 to
+1 while the third component of isospin I3 also ranges from −1 to +1 but in steps of 1/2.
When two quarks in the hadron are coupled to spin 0, there is an additional diquark binding energy,
Bdiquark , of about 300 MeV. So for the nucleon, we expect
mN = 3mconstituent − Bdiquark ≈ 900 MeV ,

(23)

which is a good estimate. Similarly, for the rho meson we have
mρ = 2mconstituent ≈ 800 MeV ,

(24)

where the quarks are coupled to S = 1, so there is no diquark binding. But when we consider the
pion with the same model:
mπ ≈ 140 MeV  2mconstituent − Bdiquark ≈ 500 MeV ,

(25)

it is a failure. Why is the pion so light? Answer: it is an approximate Goldstone boson of
spontaneously broken chiral symmetry.
Consider the symmetries of the QCD lagrangian with massless quarks. If mq = 0, the spin
is either in the direction of motion (right-handed) or in the opposite direction (left-handed). The
corresponding quark fields can be projected:
1
1
ψ = ψL + ψR = (1 − γ5 )ψ + (1 + γ5 )ψ .
2
2

(26)

If there is no mass term in the quark part of the lagrangian Lq , then it splits into two noncommunicating pieces (that is, the QCD interaction does not couple massless left- and right-handed
quarks):
Lq = uiDu
/ + diDd
/ = uL iDu
/ L + uR iDu
/ R + dL iDd
/ L + dR iDd
/ R.
(27)
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So L is symmetric under independent rotations in the u, d space of left- and right-handed quarks.
The corresponding symmetry group is
SU (2)L ⊗ SU (2)R ⊗ U (1)L ⊗ U (1)R = SU (2)L+R ⊗ SU (2)L−R ⊗ U (1)V ⊗ U (1)A .

(28)

In the second equality, we’ve recast the group structure into vector (L + R or V ), where we rotate
L and R together, and axial (L − R or A), where we rotate L and R oppositely.
The SU (2)V symmetry is isospin, and we’ve already discussed how it is manifested in the
hadron spectrum. SU (2)A is called chiral symmetry, and would imply degenerate parity partners
+
−
in the hadron spectrum. For example, the N ( 12 ) and N ( 12 ) states would have the same mass,
but in fact the masses are about 940 MeV and 1540 MeV. This is evidence that chiral symmetry is
spontaneously broken in the QCD ground state (i.e., the vacuum). The other major signature is
the presence of Goldstone bosons, as discussed in the next section. In addition, SU (2)A is explicitly
broken because mu , md 6= 0 and a mass term mixes L and R:
Lq,mass = −uR mu uL − uL mu uR − dR md dL − dL md dR .

(29)

(Note: U (1)V is baryon number symmetry, which is maintained, but U (1)A is broken by quantum
effects.)

d. Spontaneous symmetry breaking

Figure 10: Mexican hat potential.
Spontaneous symmetry breaking (SSB) is a topic we will return to multiple times. It is associated with the observance of massless excitations called Goldstone bosons. (In practice, they may
be merely unusually light rather than massless if there is also explicit symmetry breaking; this is
the case for pions.) Some examples are given in Table 2. The case of the ferromagnet with spins
is easiest to visualize. Imagine a lattice of spins at high temperatures, which fluctuate in direction
such that the net magnetization is always zero. The Hamiltonian for this system respects rotational
symmetry: there is no preferred direction. However, the lowest energy configuration would have
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all spins pointed in the same direction. But what direction? All possible choices are degenerate in
energy. If we cool the system from a high temperature, below a critical temperature, one direction
will be picked out. This is spontaneous symmetry breaking: the vacuum (ground state) of the system breaks the symmetry of the Hamiltonian, at least in part. In this case, there is still rotational
symmetry about the axis of the direction picked out. Now think of the lowest energy excitations.
If we imagine a long wavelength quantized spin wave, in which the direction of the spin changes
very slowly, then within the wavelength, the energy of the excitation is near zero, because they are
simply spins pointing in another direction.
Table 2: Examples of Goldstone bosons from the spontaneous breaking of a continuous symmetry
in various systems.
phase
broken symmetry
Goldstone boson
crystal
translations
phonon = lattice vibrations
ferromagnet
rotations
magnons
QCD vacuum
chiral symmetry
pions
The more formal way to think of this is in terms of an effective potential, e.g., for a scalar field,
which tells us about possible ground states for a field theory. The Mexican hat potential manifests
SSB. (Why might such a shape be expected in a low-energy field theory?) All choices in the bottom
of the valley have the same energy. But one is picked out in the vacuum — this is spontaneously
symmetry breaking. But then low-lying excitations in the original symmetry direction cost very
little energy E ∝ k = ~/λ (long-wavelength modes are almost degenerate). Therefore SSB leads to
massless Goldstone bosons.
Light pions are the Goldstone bosons of chiral symmetry breaking in QCD. The Gell-Mann–
Oakes-Renner relation [ref ! ] says that m2π ∼ mq , so because mu and md are non-zero, there will
be a finite pion mass (this is explicit symmetry breaking). But note that m2π /m2ρ  1. The
consequences for nuclear forces include that pions interact weakly at low momentum (proportional
to their relative momentum) and that there is self-interaction of the pions. Chiral symmetry
breaking are also responsible for dynamical mass generation of Mconstituent ≈ 400 MeV  mu , md .

e. QCD phase diagram
At high temperatures and densities, on average the quark momenta are large, which leads to naive
expectations from asymptotic freedom of a weakly interacting quark-gluon plasma. Lattice QCD
calculations verify there are transitions to deconfinement (color no longer confined to hadrons)
and chiral symmetry restoration (roughly, that constituent quark masses reduce to current quark
masses). See Fig. 11 for such LQCD calculations and a schematic picture of conjectured QCD
phases. At chemical potential µ = 0, lattice QCD calculations predict Tc ≈ 170 MeV, which is
about 1012 K. But the naive expectation of a weakly interacting plasma is not found experimentally
in relativistic heavy-ion collisions. Characterizing the properties of this strongly interacting liquid
is a primary goal of relativistic heavy-ion physics.
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QCD phase diagram

Figure 11: Left: Order parameters for deconfinement and chiral symmetry breaking as a function
of temperature. From LQCD calculations. Figure from ???. Right: schematic QCD phase diagram
in terms of the temperature T and the baryon chemical potential µ. The nuclear liquid-gas phase
transition is well determined. The high density phases are not established but based on theoretical
models and general considerations. Figure adapted from ???.
We will focus instead on the low temperature, low baryon density region of the QCD phase
diagram. The degrees of freedom in this region are nucleons and pions (and ∆s, more later) and,
for very low energies, only nucleons or even collective density modes.

f. Some comments on units
We will work with units where ~ = c = 1. This means that velocities are specified as multiples
of the speed of light and angular momenta as multiples of Planck’s constant divided by 2π. This
takes care of two out of three dimensions, and we will typically use an appropriate power of either
MeV or fm for the remaining dimension. To convert between them, use
~c = 197.327 MeV–fm ≈ 200 MeV–fm ,

(30)

where the latter is useful for rough estimates. Just insert it anywhere it is needed to cancel powers
of MeV or fm. For example, the pion mass mπ :
mπ ≈ 140 MeV ≈

140 MeV
140 MeV
≈
≈ 0.7 fm−1 ,
~c
200 MeV–fm

(31)
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which is the inverse deBroglie wavelength. We will also make use of
~2
≈ 41.4 MeV–Fm2
MN
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