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Abstract
We use color contour plots to examine the SRG differential equation that uses the relative kinetic

energy to evolve. Together with pictures of the potential as it evolves, we can identify the individual
roles of the two terms on the right side of the equation.
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The Similarity Renormalization Group (SRG) shows great promise for nuclear few- and
many-body problems. Consider evolving a Hamiltonian Hs, where s is the flow variable,
according to the equation

dHs

ds
= [[Trel, Hs], Hs] = [[Trel, Vs], Hs] , (1)

where Trel is the relative kinetic energy. In a momentum basis, this choice suppresses off-
diagonal matrix elements, forcing the hamiltonian towards a band-diagonal form as s in-
creases, which decouples high- and low-energy states [6]. In the space of relative momentum
nucleon-nucleon (NN) states (i.e., only two-body states), the partial-wave momentum-space
potential evolves as (with normalization so that 1 = 2

π

∫ ∞
0

q2 dq |q〉〈q| and in units where
~ = c = m = 1 with nucleon mass m),

dVs(k, k′)

ds
= −(k2 − k′2)2 Vs(k, k′)

+
2

π

∫ ∞

0

q2 dq (k2 + k′2 − 2q2) Vs(k, q) Vs(q, k
′) . (2)

(The additional matrix structure of Vs in coupled channels such as 3S1–
3D1 is implicit.) Our

goal here is to understand pictorially and analytically the roles of the two terms on the right
side of Eq. (2) in the evolution.

If the first term dominates for a particular matrix element with (k, k′), then the flow of
this element is simply

Vs(k, k′) = Vs=0(k, k′) e−s(k2−k′2)2 = Vs=0(k, k′) e−[(k2−k′2)/λ2]2 , (3)

which drives it to zero at a rate dependent on the energy difference k2 − k′2. In Figs. 1–4
we show a sequence of plots for the 3S1–

3S1 partial wave as it evolves with increasing s. In
practice we use λ ≡ 1/s1/4, which is a momentum, as a convenient measure of the flow. The
width of the diagonal band in a plot of the potential is roughly λ2, as implied by Eq. (3).
The initial potential is the N3LO chiral EFT potential from Ref. [1]. In each figure, we see
that the first and second terms have no noticable overlap (keeping in mind that the colors
have limited resolution and so small overlaps will not be visible). Therefore we can conclude
that the first term does drive the evolution of the far off-diagonal elements.

In Figs. 5–8 we show a similar sequence but for the N3LO chiral EFT potential from
Ref. [2]. Here we see a similar pattern, although there is more overlap between the terms.
Still, for the most off-diagonal matrix elements the first term is heavily dominant. In Figs. 9–
13 we show a similar sequence but for the Argonne v18 potential. Note that the scale is very
much larger than for the N3LO potentials (up to k2 = 60 fm−1 rather than k2 = 12 fm−1). In
this case there is noticibly more overlap between the two terms, which prevents a sweeping
conclusion. However, for most off-diagonal momentum it is again the first term that is
clearly dominant.

Note that the second term funnels changes from the off-diagonal matrix elements to
matrix elements closer to the diagonal. E.g., for k, k′ small and near the diagonal (k ≈ k′),
the factor k2 + k′2 − 2q2 is large and negative for q � k and the VsVs term is positive
definite. So these elements are driven further negative. Glazek and Perry have worked out
some general results for such behavior, which will be posted soon.
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FIG. 1: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) at λ = ∞ and 4.0 fm−1

starting from Entem and Machleidt N3LO (500 MeV) [1].

In the rest of the figures we show a selection of partial waves for both the chiral EFT and
AV18 potentials. There are many different patterns to the potentials, which lead to many
different behaviors for the second term. The first term is much more regular. There is also
much variation in the degree of overlap between the first and second terms. However, it still
seems universal that the first term dominates for the off-diagonal; that is, at distances λ2/2
or larger from the diagonal.

What about the evolution of operators other than the Hamiltonian? If we restrict our-
selves to the relative momentum NN space, an operator Os evolves as

dOs(k, k′)

ds
=

2

π

∫ ∞

0

q2 dq
[
(k2 − q2) Vs(k, q) Os(q, k

′)

+ (k′2 − q2) Os(k, q) Vs(q, k
′)
]
. (4)

So the first term is absent in this case. What do we expect?
What can we say about many-body interactions? If we just think about a big Hamiltonian

matrix ordered by the energies of the basis states, it would again seem to be the same
situation where the first term is dominant for far off-diagonal matrix elements. It certainly
works this way in the simple model calculations (e.g., two-level systems).

Can we generalize the observations for evolution with the kinetic energy immediately by
considering energies εi and εj rather than k2 and k′2? That is,

dVs(i, j)

ds
= −(εi − εj)

2 Vs(i, j)

+
∑

l

(εi + εj − 2εl) Vs(i, l) Vs(l, j) , (5)

where {i, j, l, . . .} label the energies in the chosen basis. This covers the case of a different
diagonal operator in a given basis doing the evolution as well as three-body (or higher body)
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FIG. 2: As in Fig. 1 for λ = 3.5 and 3.0 fm−1.

FIG. 3: As in Fig. 1 for λ = 2.5 and 2.0 fm−1.

FIG. 4: As in Fig. 1 for λ = 1.5 and 1.0 fm−1.
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FIG. 5: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) at λ = ∞ and 4.0 fm−1

starting from Epelbaum, Gloeckle, and Meißner N3LO (550/600 MeV) [2].

interactions in the momentum basis. (For diagonal operators that are simply powers of Trel

it is trivial, but requires more work for other operators like HD because the commutators
are different, so Vs in Eq. (5) must be defined appropriately.) The many-body interaction
generalization is the most relevant, because we would like to argue directly that we will
always have decoupling.
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FIG. 6: As in Fig. 5 for λ = 3.5 and 3.0 fm−1.

FIG. 7: As in Fig. 5 for λ = 2.5 and 2.0 fm−1.

FIG. 8: As in Fig. 5 for λ = 1.5 and 1.0 fm−1.
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FIG. 9: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) at λ = ∞ and 15.0 fm−1

starting from AV18 [? ].

FIG. 10: As in Fig. 9 for λ = 8.0 and 7.0 fm−1.

FIG. 11: As in Fig. 9 for λ = 6.0 and 5.0 fm−1.
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FIG. 12: As in Fig. 9 for λ = 4.5 and 4.0 fm−1.

FIG. 13: As in Fig. 9 for λ = 3.5 and 3.0 fm−1.

FIG. 14: As in Fig. 9 for λ = 2.5 and 2.0 fm−1.
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FIG. 15: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 1S0 channel at
λ = 4.0 fm−1 and 3.0 fm−1 starting from Entem and Machleidt N3LO (500 MeV) [1].

FIG. 16: As in Fig. 15 for λ = 2.4 and 2.0 fm−1.

FIG. 17: As in Fig. 15 for λ = 1.4 and 1.0 fm−1.
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FIG. 18: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 1P1 channel at
λ = 4.0 fm−1 and 3.0 fm−1 starting from Entem and Machleidt N3LO (500 MeV) [1].

FIG. 19: As in Fig. 18 for λ = 2.4 and 2.0 fm−1.

FIG. 20: As in Fig. 18 for λ = 1.4 and 1.0 fm−1.
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FIG. 21: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 3P1 channel at
λ = 4.0 fm−1 and 3.0 fm−1 starting from Entem and Machleidt N3LO (500 MeV) [1].

FIG. 22: As in Fig. 21 for λ = 2.4 and 2.0 fm−1.

FIG. 23: As in Fig. 21 for λ = 1.4 and 1.0 fm−1.
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FIG. 24: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 3D2 channel at
λ = 4.0 fm−1 and 3.0 fm−1 starting from Entem and Machleidt N3LO (500 MeV) [1].

FIG. 25: As in Fig. 24 for λ = 2.4 and 2.0 fm−1.

FIG. 26: As in Fig. 24 for λ = 1.4 and 1.0 fm−1.
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FIG. 27: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 3F3 channel at
λ = 4.0 fm−1 and 3.0 fm−1 starting from Entem and Machleidt N3LO (500 MeV) [1].

FIG. 28: As in Fig. 27 for λ = 2.4 and 2.0 fm−1.

FIG. 29: As in Fig. 27 for λ = 1.4 and 1.0 fm−1.
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FIG. 30: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 1S0 channel at
λ = ∞ and 6.0 fm−1 starting from AV18 [? ].

FIG. 31: As in Fig. 30 for λ = 5.0 and 4.0 fm−1.

FIG. 32: As in Fig. 30 for λ = 3.0 and 2.0 fm−1.
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FIG. 33: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 1P1 channel at
λ = ∞ and 7.0 fm−1 starting from AV18 [? ].

FIG. 34: As in Fig. 33 for λ = 5.0 and 4.0 fm−1.

FIG. 35: As in Fig. 33 for λ = 3.0 and 2.0 fm−1.
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FIG. 36: The first term (top, left of each set) and the second term (top, right of each set) of the
right side of Eq. (2) and the potential Vs(k, k′) (bottom, left of each set) in the 3P0 channel at
λ = ∞ and 7.0 fm−1 starting from AV18 [? ].

FIG. 37: As in Fig. 36 for λ = 5.0 and 4.0 fm−1.

FIG. 38: As in Fig. 36 for λ = 3.0 and 2.0 fm−1.
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