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Sources of uncertainty in EFT calculations

I Uncertainties in the input data (experimental errors)
I Errors from the many-body method
I Truncation of [EFT] expansion with unknown higher coefficients

. But not arbitrary =⇒ use naturalness constraints

. Exploit completeness of theory (EFT is model independent!)

. Test theory or alternative theories for which is better
Goals: Develop a framework that reflects all sources of uncertainty,
enables statistical comparisons with experiment, and facilitates tests

What are the issues in an EFT fit?

[from pingax.com/regulatization-implementation-r]

I What can happen in an EFT fit? What are the complications?
. More statistical power if larger energy range included, but EFT is

less accurate approaching breakdown scale =⇒Where to fit?
. How do we combine data and theory uncertainties?
. Is the EFT working? Are there too few or too many LECs?

Why is a Bayesian framework well suited to EFT errors?

I Bayesian probabilities: pdf is a measure of state of our knowledge
. Ideal for treating systematic errors (such as theory errors!)
. Assumptions (or expectations) about EFT encoded in prior pdfs
. Can predict values of observables with credibility intervals (errors)
. Incorporates usual statistical tools (e.g., covariance analysis)

I For EFT, makes explicit what is usually implicit, allowing assumptions
to be applied consistently, tested, and modified given new information

Bayesian rules of probability as principles of logic

Notation: pr(x |I) is the probability (or pdf) of x being true given information I

1. Sum rule: If set {x i} is exhaustive and exclusive,

∑
i

pr(x i|I) = 1 −→
∫

dx pr(x |I) = 1

. cf. complete and orthonormal

. implies marginalization (cf. inserting complete set of states)

pr(x |I) = ∑
j

pr(x ,y j|I) −→ pr(x |I) =
∫

dy pr(x ,y |I) = 1

2. Product rule: expanding a joint probability of x and y

pr(x ,y |I) = pr(x |y , I)pr(y |I) = pr(y |x , I)pr(x |I)

. If x and y are mutually independent: pr(x |y , I) = pr(x |I), then

pr(x ,y |I)−→ pr(x |I)pr(y |I)
. Rearranging product rule equality yields Bayes’ theorem

pr(x |y , I) =
pr(y |x , I)pr(x |I)

pr(y |I)

Applying Bayesian methods to LEC estimation

Definitions:
a≡ vector of LECs =⇒ coefficients of an expansion (a0,a1, . . .)
D ≡ measured data (e.g., cross sections)
I ≡ all background information (e.g., data errors, EFT details)

Bayes theorem: How knowledge of a is updated

pr(a|D, I)︸ ︷︷ ︸
posterior

= pr(D|a, I)︸ ︷︷ ︸
likelihood

× pr(a|I)︸ ︷︷ ︸
prior

/ pr(D|I)︸ ︷︷ ︸
evidence

I Posterior: probability distribution for LECs given the data
I Likelihood: probability to get data D given a set of LECs
I Prior: What we know about the LECs a priori
I Evidence: Just a normalization factor here

[Note: The evidence is important in model selection]

The posterior lets us find the most probable values of parameters
or the probability they fall in a specified range (“credibility interval”)

Limiting cases in applying Bayes’ theorem

Suppose we are fitting a parameter H0 to some data D given a model
M1 and some information (e.g., about the data or the parameter)

Bayes’ theorem tells us
how to find the posterior
distribution of H0:

pr(H0|D,M1, I) =

pr(D|H0,M1, I)×pr(H0|M1, I)
pr(D|I)

[From P. Gregory, “Bayesian Logical Data
Analysis for the Physical Sciences”]Special cases:

(a) If the data is overwhelming, the prior has no effect on the posterior
(b) If the likelihood is unrestrictive, the posterior returns the prior

Toy model for natural EFT [Schindler/Phillips, Ann. Phys. 324, 682 (2009)]

“Real world”: g(x) = (1/2 + tan (πx/2))2

“Model” ≈ 0.25 + 1.57x + 2.47x2 +O(x3)

atrue = {0.25,1.57,2.47,1.29, . . .}

Generate synthetic data D with noise with 5% relative error:

D : dj = gj× (1 + 0.05ηj) where gj ≡ g(xj)

η is normally distributed random noise→ σj = 0.05gj ηj

Pass 1: pr(a|D, I) ∝ pr(D|a, I)pr(a|I) with pr(a|I) ∝ constant

=⇒ pr(a|D, I) ∝ e−χ2/2 where χ2 =
N

∑
j=1

1
σ2

j

(
dj−

M

∑
i=0

aix i
)2

That is, if we assume no prior information about the LECs (uniform
prior), the fitting procedure is the same as least squares!

Toy model Pass 1: Uniform prior

Pseudo-data: 0.03 < x < 0.32

M χ2/dof a0 a1 a2

true 0.25 1.57 2.47
1 2.24 0.203±0.01 2.55±0.11
2 1.64 0.25±0.02 1.6±0.4 3.33±1.3
3 1.85 0.27±0.04 0.95±1.1 8.16±8.1
4 1.96 0.33±0.07 −1.9±2.7 44.7±32.6
5 1.39 0.57±0.3 −14.8±6.9 276±117

M=3$(up$to$x3)$
Uniform$prior$

I Results highly unstable with changing order M (e.g., see a1)
I Errors become large and also unstable; but χ2/dof is not bad!

Toy model Pass 2: A prior for naturalness

Now, add in our knowledge of the
coefficients in the form of a prior

pr(a|I) =

(
M

∏
i=0

1√
2πR

)
exp
(
− a2

2R2

)

R encodes “naturalness” assumption,
and M is order of expansion.
Results for R = 5: Much more stable!

M a0 a1 a2

true 0.25 1.57 2.47
2 0.25±0.02 1.63±0.4 3.2±1.3
3 0.25±0.02 1.65±0.5 3±2.3
4 0.25±0.02 1.64±0.5 3±2.4
5 0.25±0.02 1.64±0.5 3±2.4

M=3$(up$to$x3)$
Gaussian$prior$with$R=5$

I Uniform prior: parameters
play off each other

I Naturalness: much less
correlation (see a2, a3)

Diagnostic tool: Variable xmax plots =⇒ change fit range

Uniform prior Naturalness prior (R = 5)

I Higher orders (xM) same as marginalization over M here
I Uniform prior: Need higher orders but unstable fits
I Naturalness prior: Fits stabilize at higher orders for full xmax

Diagnostic tool: How do you know what R to use?

Gaussian naturalness prior but
let R vary over a large range

actual&
value&

actual&
value&

actual&
value&

I Error bands from posteriors
(integrating over other variables)

I Light dashed lines are maximum
likelihood (uniform prior) results

I Naturalness prior for R implies
marginalizing from Rmin and Rmax

I Each ai has a reasonable plateau
from ≈ 2 to 10 =⇒ Rmin and Rmax!

Diagnostic tool: Error plots (à la Lepage)

Plot residuals (data − predicted)
from truncated expansion
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I 5% relative data error shown by bars
on selected points

I Theory error dominates data error for
residual over 0.05 or so

I Slope increase order =⇒ reflects
truncation =⇒ “EFT” works!

I Intersection of different orders at
breakdown scale

How the Bayes way fixes issues in the model problem

I By marginalizing over higher-order terms, we are able to use all the
data, without deciding where to break; we find stability with respect to
expansion order and amount of data

I Prior on naturalness suppresses overfitting by limiting how much
different orders can play off each other

I Statistical and systematic uncertainties are naturally combined
I Diagnostic tools identify sensitivity to prior, whether the EFT is

working, breakdown scale, theory vs. data error dominance, . . .

New NN potential and EFT truncation errors

“Improved chiral nucleon-nucleon potential up to next-to-next-to-next-to-leading order” by E. Epelbaum,
H. Krebs, and U.-G. Meißner, arXiv:1412.0142 [see also arXiv:1412.4623]

I Identify expansion parameter Q:

Q = max
(

p
Λb

,
mπ

Λb

)

which entails identifying Λb, the
breakdown scale of the EFT

I Uncertainty for observable X (p)
from lower-order calculations.
Example: uncertainty ∆X N3LO(p) of
N3LO prediction X N3LO(p):

∆X N3LO(p) =max
(

Q5×|X LO(p)|,
Q3×|X LO(p)−X NLO(p)|,
Q2×|X NLO(p)−X N2LO(p)|,
Q×|X N2LO(p)−X N3LO(p)|

)

I Before: error band from cutoff
variation =⇒ unsystematic
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FIG. 7: Order-by-order convergence of the chiral expansion for the np total cross section at energies of Elab = 50 MeV,
Elab = 96 MeV and Elab = 143 MeV and Elab = 200 MeV. Dotted (color online: light brown), dashed (color online: green),
dashed-dotted (color online: blue), solid (color online: red) and dashed-double-dotted (color online: pink) lines show the results
based on the cuto↵ R = 1.2 fm, R = 1.1 fm, R = 1.0 fm, R = 0.9 fm and R = 0.8 fm, respectively. The horizontal band refers
to the result of the NPWA with the uncertainty estimated by means of deviations from the results based on the Nijmegen I, II
and Reid 93 potentials as explained in the text. Also shown are experimental data of Ref. [108].

expects to see in chiral EFT: one observes fast convergence at the lowest energy which becomes increasingly slower at
higher energies. Notice that the large size of higher-order corrections at the energy of Elab = 200MeV relative to the
leading ones is actually due to the NLO contributions being smaller than expected as will be shown below. One also
observes another feature which persists at all energies, namely that the size of the N2LO corrections decreases with
increasing the values of R. Given that the only new ingredient in the potential at N2LO is the subleading TPEP, this
pattern simply reflects that the TPEP is stronger cut o↵ for soft cuto↵ choices.

The results shown in Fig. 7 provide a good illustration of the above mentioned issues associated with the estimation
of the theoretical uncertainty by means of a cuto↵ variation. In particular, while the spread in the predictions
does, in general, decrease with the chiral order, it remains nearly the same at NLO and N2LO. Furthermore, at
NLO, it misses (albeit barely) the result of the NPWA which is consistent with the expected underestimation of the
theoretical uncertainty at this order. On the other hand, while the spread in the predictions based on di↵erent cuto↵s
is roughly consistent with the deviations between the theory and the NPWA result for the lowest energy, it appears
to significantly overestimate the uncertainty of the calculation based on lower (i.e. harder) cuto↵s R if one estimates
it via the deviation between the theory and the NPWA results. This behavior at high energy suggests that the spread
between the predictions for di↵erent values of R is actually governed by artefacts associated with too soft cuto↵s
and does not reflect the true theoretical uncertainty of chiral EFT. We, therefore, conclude that while being a useful
consistency check of the calculation, cuto↵ variation in the employed range does not provide a reliable approach for
estimating the theoretical uncertainty. As we will show below, estimating the uncertainty via the expected size of
higher-order corrections, as it is common e.g. in the Goldstone boson and single-baryon sectors of chiral perturbation
theory, provides a natural and more reliable approach which, in addition, has an advantage to be applicable at any
fixed value of the cuto↵ R.

For a given observable X(p), where p is the cms momentum corresponding to the considered energy, the expansion
parameter in chiral EFT is given by

Q = max

✓
p

⇤b
,

M⇡

⇤b

◆
, (7.33)

where ⇤b is the breakdown scale. Based on the results presented in sections IV and V, we will use ⇤b = 600 MeV
for the cuto↵s R = 0.8, 0.9 and 1.0 fm, ⇤b = 500 MeV for R = 1.1 fm and ⇤b = 400 MeV for R = 1.2 to account for
the increasing amount of cuto↵ artefacts which is reflected by the larger values of �2/datum in Table III. We have
verified the consistency of the choice ⇤b = 400MeV for the softest cuto↵ R = 1.2 fm by making the error plot similar
to the one shown in Fig. 5. We can now confront the expected size of corrections to the np total cross section at
di↵erent orders in the chiral expansion with the result of the actual calculations. In particular, for the cuto↵ choice

R"="0.8"fm"

R"="1.2"fm"

I New way:
systematic
theory
errors at
each Ri
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FIG. 8: Predictions for the np total cross section based on the improved chiral NN potentials at NLO (filled squares, color
online: orange), N2LO (solid diamonds, color online: green) and N3LO (filled triangles, color online: blue) at the energies of
Elab = 50 MeV, Elab = 96 MeV, Elab = 143 MeV and Elab = 200 MeV for the di↵erent choices of the cuto↵: R1 = 0.8 fm,
R2 = 0.9 fm, R3 = 1.0 fm, R4 = 1.1 fm, R5 = 1.2 fm. Vertical boxes depict the cuto↵ dependence of the theoretical predictions
at di↵erent orders. The horizontal band refers to the result of the NPWA with the uncertainty estimated by means of deviations
from the results based on the Nijmegen I, II and Reid 93 potentials as explained in the text. Also shown are experimental data
of Ref. [108].

In all cases shown in Fig. 8, the predicted results calculated using di↵erent values of the cuto↵ R agree with each other
within the theoretical uncertainty. It is comforting to see that our procedure for estimating the uncertainty yields the
pattern which is qualitatively similar to the one found based on the �2/datum for the description of the Nijmegen
np and pp phase shifts as shown in Table III. In particular, we see that the most accurate results at the lowest
energy are achieved with the cuto↵ R = 1.0 fm (with the uncertainty for the R = 0.9 fm case being of a comparable
size). At higher energies, the cuto↵ R = 0.9 fm clearly provides the most accurate choice. We also observe that at
the lowest energy, the cuto↵ variation does considerably underestimate the theoretical uncertainty at NLO and, to
a lesser extent, at N3LO as expected based on the arguments given above. This pattern changes at higher energies.
For example, at Elab = 200MeV, the cuto↵ bands at NLO and N3LO appear to be of the same size as the estimated
uncertainty based on the optimal cuto↵ R = 0.9 fm. It is actually a combination of two e↵ects which work against
each other which results in a “reasonable” estimation of the NLO and N3LO uncertainties at higher energies by the
cuto↵ bands: on the one hand, as already mentioned above, cuto↵ bands measure the impact of the order-Q4 and
order-Q6 contact interactions and, therefore, underestimate the uncertainty at NLO and N3LO. On the other hand,
at higher energies, cuto↵ bands get increased due to using softer values of R as it is clearly visible from Fig. 8. This
conclusion is further supported by the N2LO cuto↵ band which strongly overestimates the estimated uncertainty
in the case of R = 0.9 fm. We also learn from Fig. 8 that N2LO results for the total cross section for the cuto↵s
of R = 0.9 fm and R = 1.0 fm have the accuracy which is comparable to N3LO calculations with the softest cuto↵

I Can we justify these errors in a
Bayesian framework?

Bayes approach to estimating truncation errors

I Adapt Bayesian technology used in pQCD [Cacciari and Houdeau (2011)]

k th order: σQCD ≈
k

∑
n=0

cnα
k
s −→ σnp ≈ σ0

k

∑
n=0

cn

(
p
Λb

)k

where Λb ≈ 600MeV (in the future: determine self-consistently!)
I Goal: find ∆k ≡ ∑

∞

n=k+1 cnzn where z = αs or p/Λb)
I Underlying assumption: all cn’s are about the same size or have a pdf

with the same upper bound, denoted c̄. Possible priors for c̄:
set pr(cn|c̄) pr(c̄)

A
1
2c̄

θ (c̄−|cn|)
1

2| lnε|
1
c̄

θ (c̄− ε)θ (
1
ε
− c̄)

B
1
2c̄

θ (c̄−|cn|)
1√

2π c̄σ
e−(log c̄)2/2σ2

C
1√
2π c̄

e−c2
n/2c̄2 1

2| lnε|
1
c̄

θ (c̄− ε)θ (
1
ε
− c̄)

I For set A, apply Bayes’ theorem and marginalization repeatedly:

pr(∆k |c0, . . . ,ck)≈
(

nc

nc + 1

)
1

2zk+1c̄(k)





1 if |∆k | ≤ zk+1c̄(k)(
zk+1c̄(k)

|∆k |

)nc+1

if |∆k |> zk+1c̄(k)

Estimating nuclear EFT truncation errors for R2

I Let’s try it! First, check whether the assumption of cn’s being the same
size works for σnp ≈ σ0(1 + c2Q2 + c3Q3 + · · · ) with Q = p/600MeV

I Yes! So apply set A (left plot blue) to σnp at Elab = 96MeV =⇒ Q ≈ 1/3
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Figure 1 – Dependence of the posterior distribution on the prior on the hidden parameter c̄. On the left, comparison
at LO of the default log-uniform prior with respect to a log-normal one. On the right, the same comparison but
at NNLO.

expansion parameter is not uniquely defined. To address these issues, we introduce a parameter
� which reflects our ignorance of the optimal expansion parameter for QCD observables. Our
expression for a generic QCD observable is then given by

Ok =
kX

n=l

⇣↵s

�

⌘n
(n � 1)! �n cn

(n � 1)!
⌘

kX

n=l

⇣↵s

�

⌘n
(n � 1)! dn, (7)

where we have isolated a factor (n � 1)! in the expansion which can be motivated from theory
by looking at the behaviour of the coe�cients cn for large n due to renormalon chains. We
assume the same priors on the modified coe�cients dn as on the original cn. Then, we tune �
by measuring the performance of the model for a fixed � value on a given set of observables.
At a given order and for a given degree of belief (DoB), we calculate for each observable the
corresponding interval. Then, we compute the success rate defined as the ratio between the
number of observables whose next-order is within the computed DoB interval over the total
number of observables in the set. We define the optimal � value to be such that the success rate
is equal to requested DoB.

With these modifications, the analytic expression for the posterior density distribution for
�k is given by

f(�k|dl, . . . , dk) '
✓

nc

nc + 1

◆
�k+1

2k!↵k+1
s d̄k

8
><
>:

1 if |�k|  k!
�
↵s
�

�k+1
d̄k

⇣
k!↵k+1

s d̄k

|�k|�k+1

⌘nc+1
if |�k| > k!

�
↵s
�

�k+1
d̄k

(8)

where nc is the number of coe�cients available in the computation and d̄k = max(|d1|, . . . , |dk|).
This analytic expression captures the general features of the posterior distributions for �k

produced by this class of models: a flat top with power suppressed tails.

3.1 The model’s dependence on the prior on c̄

The choice of the priors in a Bayesian model is arbitrary and subjective. In the original formu-
lation, the prior on c̄ was chosen as non-informative as possible, i.e. a log-uniform distribution.
However, the downside of such a conservative choice is that at low perturbative orders, the tails
of the posterior distribution for �k are very long and give rise to very large intervals if a large
DoB is given as an input to the model. As a test, we use a more informative prior. If we scale
all coe�cients dn by the first coe�cient dl, the hypothesis that all coe�cients are of order unity
is equivalent to the original hypothesis that all coe�cients are of the same order of magnitude.
Hence, we can also consider a log-normal distribution around zero

f(c̄) =
1p

2⇡c̄�
e�

log2 c̄

2�2 , c̄ > 0 (9)

pr(Δk|c0,*c1,*c2)*
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I 68% credibility interval widths are 4.0, 1.2, 0.40, 0.13 mb =⇒ agrees!

Summary: Goals of theory UQ for EFT calculations

I Reflect all sources of uncertainty in an EFT prediction
=⇒ likelihood or prior for each =⇒ Next: apply to NN fits

I Compare theory predictions and experimental results statistically
=⇒ error bands as credibility intervals =⇒ Next: model problem blind

tests; then apply to A > 2 nuclear observables
I Distinguish uncertainties from IR vs. UV physics

=⇒ separate priors
I Guidance on how to extract EFT parameters (LECs)

=⇒ Bayes propagates new info (e.g., will an additional or better
measurement or lattice calculation help?) =⇒ Next: MN from lattice

I Test whether EFT is working as advertised— do our predictions exhibit
the anticipated systematic improvement?
=⇒ trends of credibility interval =⇒ Future: model selection

The Bayesian framework lets us consistently achieve our UQ goals!
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