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In this paper we show that the rotational structure of the ν5 /2ν9 infrared band near 11 µm can be synthesized to high accuracy
from pure rotational measurements in the millimeter- and submillimeter-wave region. The analysis uses an internal axis system
Hamiltonian that accounts for the rotational dependence of the torsional splitting in 2ν9 , the induced torsional splitting in
ν5 , and all of the infrared line positions, including those in the regions of strongest mixing and of highest excitation. This
model also predicts the strength of the 2ν9 infrared band due to the strong Fermi mixing with ν5 . The analysis is based on the
C 2001 Academic Press
2317 millimeter/submillimeter lines and uses the well-documented SPFIT routines of JPL. °
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I. INTRODUCTION

Nitric acid (HNO3 ) has been extensively studied in both the
microwave and infrared spectral regions because it is both a
fundamental chemical species and an important constituent of
the upper atmosphere. This is especially true for the ν5 (NO2
in plane bend) and 2ν9 (OH torsion) bands because their strong
spectral features occur in the region around 900 cm−1 , a favorable region for atmospheric remote sensing. Because a strong
Fermi resonance couples these bands into an interacting dyad,
the development of their analyses has become intertwined.
The spectrum in this region was first observed at high resolution by Brockman et al. (1), who measured, but did not assign,
a portion of the ν5 spectrum. Subsequently, Maki and Wells (2)
measured and assigned transitions in ν5 and found it was necessary to consider a Fermi resonance with the nearby 2ν9 band.
Giesen et al. (3) were able to resolve the torsional splittings
(∼ 0.002 cm−1 /60 MHz) in a diode laser spectrum of about
25 lines of 2ν9 . More recently, Maki and Wells (4) extended
their earlier work to include over 1400 infrared lines in both ν5
and 2ν9 (as well as 72 unpublished millimeter and submillimeter
(mm/submm) ν5 lines from our laboratory) and published a more
detailed analysis of the effect of the Fermi resonance. They, too,
observed a small splitting in many of the 2ν9 transitions in their
diode laser spectrum. Perrin et al. (5) also have analyzed this
region using as an experimental basis a high-resolution Fourier
transform spectrum. Although these data did not resolve the 2ν9

Supplementary data for this article are available on IDEAL (http://www.
idealibrary.com) and as part of the Ohio State University Molecular Spectroscopy Archives (http://msa.lib.ohio-state.edu/jmsa hp.htm).

doublets, they did provide for a detailed analysis of the perturbations between the two states.
A number of years ago Crownover et al. (6) reported in a
mm/submm study of the pure rotational spectra of the excited
vibrational states the observation of a small (∼ 2 MHz) torsional
splitting in the ν9 state. More recently, Goyette et al. (7) observed
splittings in the 2ν9 (∼ 50 MHz) and, perhaps surprisingly, in
ν5 (∼ 35 MHz) as well. Because both of these observed splittings have their physical origin in the torsional motion of the ν9
vibrational mode, it was possible to use the measured ratio of
these splittings to calculate directly the mixing of the two “pure”
vibrational states. This calculation quantified the value of F0 at
8.53 cm−1 and predicts the intensity ratio of the two infrared
bands to be 1.43, in good agreement with the observed value
of 1.4.
Coudert and Perrin (8) then combined the mm/submm observations of the splittings of Ref. (7) with their FTIR data set in the
context of an IAM Hamiltonian. In this work they determined
separate torsional parameters for each of the vibrational states.
More recently (9) we reported 860 mm/submm transitions in
the symmetric-top limit (i.e., those lines not split by asymmetry)
of the ν5 /2ν9 dyad. All of these data were analyzed to within
experimental accuracy (∼ 0.1 MHz/3 × 10−6 cm−1 ) by means
of a Hamiltonian which included (1) a set of rotation/distortion
constants for each of the torsional states of 2ν9 and a single
set for ν5 , and (2) Fermi interaction terms which couple ν5 and
2ν9 . In this model no adjustable parameters were provided for
the observed splittings in ν5 , which are effectively predicted
by the model from the physically real splittings in 2ν9 and the
vibrational interaction terms.
In this paper we present a complete analysis of the ν5 /2ν9 dyad
using an IAS Hamiltonian that accurately models the rotational
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dependence of the torsional splitting and the strong Fermi and
Coriolis resonances. We compare the results with energy levels
derived previously (5) from infrared measurements and a model
of the mm/submm rotational levels in the ground vibrational
state. We will show that the mm/submm analysis accurately
predicts the entire rotational manifold of the infrared band. We
will also argue that this case is particularly stringent and that
this method should be generally applicable.
II. EXPERIMENTAL

Of the 2317 transitions used in this analysis, 860 have been
reported previously (9). Of the remaining 1457, those above
178 GHz were measured in a FASSST spectrometer with video
detection and optical calibration (10, 11). Lines between 118
and 178 GHz were measured in a system that used a KVARTZ
synthesizer in a conventional FM source modulation mode. For
the aforementioned lines, a glass cell of ∼ 5 m length and 10 cm
diameter was used and the radiation detected with a liquid Hecooled InSb hot electron bolometer. Lines below 118 GHz were
either assigned from previous measurements or measured at the
Jet Propulsion Laboratory with a phase-locked klystron system,
a diode detector, and a 1-m-long double-pass absorption cell, as
described in Ref. (12). In all cases, the cell pressure was maintained near 10 mTorr to ensure the measured lines had Doppler
limited widths. We estimate the accuracy of all the data to be
∼100 kHz or better.
III. HAMILTONIAN MODEL AND ANALYSIS

Several approaches have been used to treat the ν5 /2ν9 dyad.
The most important features are the perturbations that mix the
vibrational states and the torsional motion associated with 2ν9 .
In 2ν9 the large amplitude torsional motion splits the energy
levels into two sublevels, half of which are not populated. This
leads to two torsional states that share one set of rotational labels, half in each torsional state. For 2ν9 any energy level with
K a = even (symmetric torsional wavefunction) will be shifted
down and any level with K a = odd (antisymmetric torsional
wavefunction) will be shifted up (8).
We have previously shown that as the Fermi interaction term
F0 between 2ν9 and ν5 becomes comparable to the vibrational
energy splitting 1E, the mixing of the two states causes the
torsional splitting of 2ν9 to be induced onto ν5 and the values of
the observed splittings δ2ν9 and δν5 to become nearly equal (7).
Consequently, in our analysis of the symmetric-top-like states,
we have used this mixing to induce from the base torsional states
2ν9 the torsional splittings observed in ν5 (9). An interesting feature of this approach is that by using the observed splitting in
each of the bands it is possible to separate the highly correlated
Fermi mixing term F0 and vibrational energy 1E and determine
the mixing coefficients for the combined wavefunction. These

mixing coefficients then predict the observed infrared intensity
of 2ν9 , which is primarily “borrowed” from ν5 (9). Alternatively,
Coudert and Perrin have shown that the splittings can be analyzed in the context of an IAM approach with a different set of
torsional parameters for 2ν9 and ν5 (8).
In our earlier analysis of the symmetric-top-like transitions,
we used SPFIT (13) in the induced splitting mode described
above. Predictions from this analysis served as a starting point
for assigning transitions with asymmetry splitting. Unfortunately, it soon become obvious that these lines could not be fit
with our earlier Hamiltonian, which could not model the rotational dependence of the torsional splitting into the asymmetric
top limit. Additionally, in this much more complete data set,
many of the levels are so highly mixed that their labeling becomes ambiguous, resulting in an unstable analysis. Without an
analysis that provides predictions on the order of ∼1 MHz accuracy, we could not bootstrap the assignments very far into the
asymmetric top limit due to several other unassigned rotational
transitions in ν3 , ν4 , 3ν9 , ν6 + ν7 , and ν2 vibrational states, all
of which have similar intensities to the transitions we were interested in. Consequently, we needed to adopt a Hamiltonian
that could model the rotational dependence of the torsional
splitting.
The new internal axis system (IAS) Hamiltonian includes
a Fourier expansion of spectroscopic parameters in terms of
cos(πρ K ) (14). To initially generate the IAS Hamiltonian, we
used the experimentally determined equilibrium structure from
Cox et al. (15) and the potential barrier to internal rotation from
Perrin et al. (16) as inputs for a series of programs written by
Pickett (14), MOIAM and IAMCALC. As part of the output,
these programs determined the first order parameters for the
IAS Hamiltonian and generated the constants ρ, E ρ , A, B, C,
and Dab for the 2ν9 vibrational state. With NO2 being considered the top and OH the frame, symmetry considerations
allowed both even and odd K a to be conveniently labeled as
belonging to the same vibrational state. The initial values for
the centrifugal distortion and vibrational resonance terms were
used from our previous work (9). However, it should be pointed
out that a direct comparison of the fitted parameters between
our early work and this work should not be made since this
work does not use a principal axis system Hamiltonian. With
the initial set of rotational and torsional parameters, it was
straightforward to get the previously measured transitions in
the symmetric top limit and initial assignments of transitions
with asymmetry splitting fitted to their experimental uncertainties.
With the IAS Hamiltonian, the assignment and analysis of
the spectrum continued with the program SPFIT (13) and the
effective vibration–rotation–torsion Hamiltonian had the form
of a 2 × 2 block matrix. The diagonal operators consisted of a
Watson-type Hamiltonian in the A-reduction and I r representation (17), rotated to an internal axis system, along with a Fourier
series expansion of individual elements of the Hamiltonian. The
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Hamiltonian can be expressed as
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Off-diagonal Hvv0 operators included both Fermi- and Coriolistype terms with a corresponding Fourier series expansion terms
and can be expressed as
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[A, B]+ = AB + B A.

50/50 and the vibrational assignments (and therefore the rotational assignments) are very sensitive to slight adjustments of
spectroscopic parameters. This caused the assignments of certain transitions with J ≥ 28 to become ambiguous and unstable
and the assigned rotational label needed to be changed from
one iteration of the fit to the next. While this problem did not
degrade the quality of the fit, it did become inconvenient. This
problem was avoided by removing the fundamental Fermi interaction term, F0 , and using a set of torsional parameters for
the ν5 vibrational state. This model is referred to as the artificial
spitting analysis and resulted in stable and more conventional
assignments of the transitions. Periodically, the induced splitting
analysis, which included F0 but no torsional parameters for ν5 ,
was updated with newly fitted transitions from the artificial splitting analysis. Both models fit the observed mm/submm-wave
transitions to the experimental accuracy with the same number
of parameters.
As pointed out in the previous paragraph, the rotational energy
levels follow the normal asymmetric rotor labeling scheme. This
differs from our early work (9), as well as that of Coudert and
Perrin (8), where the lower energy level in the symmetric top
limit would be assigned to the even K a rotational level due to
the torsional splitting. The transitions from our early paper have
been relabeled for this paper.
IV. RESULTS AND DISCUSSION

[5]

[6]
[7]

where
2
Jbc
= Jb2 − Jc2
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[8]
[9]

A difficulty in the analysis occurs when the torsional and
asymmetry splittings are similar (∼ 50 MHz) and is related to
the rotational energy level labeling and the strong Fermi resonance. When the Hamiltonian was diagonalized, vibrational
assignments of the energy levels were made using the projection of the eigenvectors onto the vibrational states. Once all of
the vibrational assignments were made, the energy levels were
then sorted in ascending order and the normal asymmetric rotor
labeling was assigned (13). The large Fermi resonance term, F0 ,
which was the focus of interest in our early work (7), leads to a
fundamental 59/41 percent mixing of the vibrational wave functions. When the asymmetric and torsional splittings are similar,
the percent mixing between the two vibrational states is near

Tables 1 through 3 show the transitions measured in this work
and their residuals in the artificial splitting analysis. The overall
rms deviation of the fit to these data and the data from our earlier work (9) is 0.097 MHz in the artificial splitting analysis and
0.098 MHz in the induced splitting analysis. Each analysis has
56 adjustable spectroscopic parameters and contains the same
2317 mm/submm-wave transitions, all weighted equally with
a 100 kHz experimental uncertainty. Table 4 shows the spectral parameters derived from artificial splitting and the induced
splitting analyses. In each analysis, the band center for ν5 was
fixed at the value determined by Ref. (8). The initial value for
the internal axis system parameter ρ was based on the structure
of the molecule, as discussed previously, and then determined
empirically by adjusting this parameter until the rms deviation
of the analysis was minimized. The results of the artificial splitting analysis, including all measured transitions and rotational
assignments, are available as supplementary data at the journal’s
home page.
Table 4 shows the first order spectroscopic parameters,
E ρ , A, B, C, and Dab , to be significantly different between the
two analyses. This difference is due to large correlation coefficients between the parameters in the induced spitting analysis
that is caused by the F0 Fermi term. A better comparison of
the constants can be made by noting the agreement between
the average values of the rotational constants for each analysis,
as shown in Table 5. Additionally, there is agreement in the

C 2001 by Academic Press
Copyright °

124

PETKIE ET AL.

TABLE 1
Newly Observed Millimeter-/Submillimeter-Wave Transitions in the ν5 = 1 Vibrational State

Observed − calculated (o − c) are given in kHz. All experimental uncertainties are 100 kHz. An index d after the o − c indicates an
unresolvable symmetric top limit doublet with the K a + 1 levels not listed in the table. An index # also indicated an unresolvable doublet, but
in the asymmetric top limit involving levels K c and K c + 1.
a
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TABLE 1—Continued

determination of the difference between the perturbed band centers, 1E. The interstate transitions between ν5 and 2ν9 listed in
Table 3, other transitions involving levels with significant mixing, and the measurement of the torsional splitting in each state
allow an accurate determination of 1E in each analysis. However, if the ν5 band center in the induced analysis is allowed to
vary by including infrared energy levels, the uncertainties in the
unperturbed band centers, 1E 0 , and the Fermi constant become
quite large and have values of ∼48 MHz and ∼ 9 MHz, respectively. This again is due to the large correlation (∼ −0.999)
between these parameters. However, even with this correlation,
the determination of 1E is not affected.
The microwave transitions for the ν5 vibrational state include
rotational quantum numbers up to Jmax ≤ 54 and K a max ≤ 39,
while those for the 2ν9 vibrational state include Jmax ≤ 51 and
K a max ≤ 37. Figure 1 shows the locations (J, τ = K a − K c ) of
the ν5 energy levels connected by transitions in the microwave
fit. This figure includes a contour map of the mixing coefficients

for the ν5 energy levels in terms of the 2ν9 vibrational state
wave function contributions in the artificial splitting analysis. A
large region of significant mixing, where the percentage reaches
50%, is due to the 1K a = ±2 Fermi interaction. A figure for
2ν9 energy levels exhibits similar characteristics.
Rotational dependence of the torsional splitting is shown in
Fig. 2 for J = 45 in the ν5 vibrational state and was calculated
from the artificial splitting analysis. The figure shows a plot
of the differences between the (K a , K c ) and (K a + 1, K c )
energy levels on two different scales; the left axis shows the
torsional contribution and the right axis shows the asymmetric
splitting contribution. The torsional dependence is easily
recognized in the symmetric top limit. As the asymmetric
splitting becomes comparable to the torsional splitting, mixing
significantly effects the rotational energy level labeling and no
systematic pattern is discernable. Far into the asymmetric limit,
a pattern reemerges when the energy levels with (K a , K c ) and
(K a , K c + 1) become clustered (8).
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TABLE 2
Newly Observed Millimeter-/Submillimeter-Wave Transitions in the ν9 = 2 Vibrational State

Observed − calculated (o − c) are in kHz. All experimental uncertainties are 100 kHz. An index d after the o − c indicates an unresolvable
symmetric top limit doublet with the K a + 1 levels not listed in table. An index # also indicated an unresolvable doublet, but in the asymmetric
top limit involving levels K c and K c + 1.
a
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TABLE 3
Newly Observed Millimeter-/Submillimeter-Wave Transitions between the ν5 = 1
and ν9 = 2 Vibrational States

a

Observed − calculated (o − c) are given in kHz. All experimental uncertainties are 100 kHz.
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TABLE 4
Spectroscopic Parameters (in MHz) for the ν5 and 2ν9 Vibrational States of HNO3 a

a
b

Estimated errors in parenthesis represent one standard deviation. Enough digits are supplied to reproduce the spectra.
The band center was fixed at the value determined from the infrared/microwave analysis in Ref. (8).
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TABLE 5
Comparison of Spectroscopic Parameters (in MHz)

a
b

Estimated errors in parenthesis represent one standard deviation.
Represents the combined torsional splitting, E ρ,ν5 + E ρ,2ν9 .

Both analyses accurately predict the observed 1.4 intensity
ratio of the two infrared bands (5). For the induced splitting
analysis, the ratio of the mixing coefficients of the J = 0 levels
predict an intensity ratio of 1.43, while ratio of the torsional
splitting parameters, E ρν in Eq. [3], predicts an intensity ratio
of 1.37.

FIG. 1. Solid circles (d) show the locations of the rotational levels included
in the fit of the ν5 microwave transitions. An overlapping contour plot of the
mixing coefficients from the artificial splitting analysis illustrates the location of
the perturbations with 2ν9 . The number on the contour represents the percentage
of the total wave function belonging to 2ν9 . In the induced spitting analysis, the
mixing starts at 41% with the J = 0 rotational states. The analysis and data for
2ν9 results in a similar plot.

FIG. 2. Rotational dependence of the torsional splitting for J = 45 in ν5
calculated from the artificial splitting analysis. The differences between the
K a , K c and K a + 1, K c energy levels are shown on two different scales; the left
axis shows the torsional contribution, indicated by open circles (s), and the
right axis shows the asymmetry splitting contribution, indicated by plus signs
(+). The torsional dependence is easily recognized in the symmetric top limit.
When the asymmetry splitting becomes comparable to the torsional splitting,
rotational energy level labeling becomes ambiguous and no systematic pattern is
discernable. Far into the asymmetric limit, a pattern reemerges when the energy
levels with K a , K c and K a , K c + 1 become clustered (8).

The ν5 /2ν9 band of HNO3 is a particularly stringent test for the
capacity of microwave analyses to synthesize infrared spectra
because of the strong perturbations between the two states and
the extensive, high quality infrared data that sets the standard
for comparison. Figure 3 shows the locations of the experimentally determined ν5 = 1 infrared energy levels of Refs. (5). The
accuracy of the predictions of these same levels from the results
of the microwave analysis and the infrared analysis of Ref. (5)
are also indicated by symbols on the graph and summarized in
Table 6. Inspection of Table 6 shows that the distribution of errors for the microwave predictions of the infrared energy levels
and the predictions of these same levels using the spectroscopic
parameters from Ref. (5) are about the same, thus showing the
synthesis capability of the microwave analysis for this complex
dyad. However, the synthesis is in all likelihood much better. For
many of the infrared levels the corresponding pure rotational
spectrum has been directly measured to microwave accuracy
(∼ 0.1 MHz) and that part of the synthesized spectrum should
be more accurate by approximately the ratios of the measurement uncertainties (∼ ×100).
Inspection of Fig. 3 shows that the distribution of error in
J, τ = K a − K c for ν5 is similar between the infrared analysis
and the microwave predictions of the infrared levels, with most
of the error located at the very edge of the infrared data set.
A similar distribution of error is observed for 2ν9 . From the
available information, it is not possible to tell if this is because
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TABLE 6
Distribution of Error in the Predictions of the Infrared Energy Levels
from the Results of the Microwave and Infrared Analysesa

a The experimental infrared energy levels, along with the spectroscopic parameters used to
generate the infrared predictions, were reported in Ref. (5).

the microwave model extrapolations deteriorate very rapidly at
the edge of the infrared data set, or if the infrared measurements
which led to these levels are of lesser accuracy than the rest of
the infrared data.

V. CONCLUSIONS

In this paper, we have shown by analysis of the pure rotational spectrum of both the ground and ν5 /2ν9 dyad of HNO3
that it is possible to synthesize to high accuracy the rotational
manifold of the corresponding infrared band. This case is particularly challenging because of the complex torsional structure
and strong mixing of the two states. Additionally, the quality of
the infrared analysis sets a high standard for comparison. We
conclude that this approach should be especially advantageous
for heavier species, whose Doppler-limited infrared spectrum is
too crowded for a detailed analysis.
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