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Line positions, strengths, and absolute energies are calcu-
lated for the pure rotational spectrum of water in the
region between 0 cm-1 and 877 cm-1. These calculations are
done in the context of a reduced centrifugal distortion
Hamiltonian, and are based on microwave measurements of
this spectrum to 1 THz, and Far Infrared measurements
between 32 cm-1 and 715 cm-1.

Key words: Rotational spectrum of water, submillimeter
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Introduction

Water is perhaps the most important molecular species,
and certainly one of the most pervasive. Because of its
strong interaction with radiation, it plays an important
role in a wide variety of processes, from propagation
through the Earth's atmosphere to energy transfer in cool
stars. Water is also one of the most interesting spectro-
scopic species. It is the prototype bent, tri-atomic X-Y-X
or X-Y-Z molecule, whose geometric simplicity conceals great
spectroscopic complexity.

LThis work supported by the U.S. Army Research Office.
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In this paper we report a detailed, combined analysis
of the pure rotational spectrum measured by high resolution
microwave techniques to 1 THz (33 cm-1) [1,2], and by
Fourier Transform techniques between 32 cm-1 and 715 cm-1
[31. This data set, containing 305 transitions, is a re-
presentative selection of the pure rotational transitions
that absorb significant electromagnetic energy at T~300 K.
The analysis then provides a complete map of the pure rota-
tional transitions of water that absorb significant amounts
of electromagnetic energy at ~300 K.

One of the most important applications of these results
is in the calculation of the atmospheric propagation of
electromagnetic radiation. Mizushima [4] has addressed this
issue recently, using the results of our earlier analysis
[2] that included the microwave and infrared data available
in 1971. In his paper, Mizushima sets forth useful,
straight-forward techniques that lead to a model for atmo-
sheric transmission, which includes the well-known and
troublesome far-wing regions.

Experimental

We have previously discussed the spectroscopic techni-
ques that we have developed for high resolution spectroscopy
in the shorter millimeter and submillimeter spectral region
[1,5]. A block diagram of this system is shown in Figure 1.
Briefly, a reflex klystron in the 55 GHz region is phase
locked to a signal referenced to a microprocessor controlled
frequency synthesizer, which is in turn referenced to WWVB.
The output of this klystron is matched into a crystal har-
monic generator which produces harmonics over a wide region
of the millimeter and submillimeter spectrum. This power is
then focused via quasi-optical techniques through the sample
cell and detected by a 1.5 K InSb detector. This system has
been recently used to measure transitions at frequencies
above 1 THz, and to measure 5 new microwave lines of water
[1] that were not included in our original study. The com-
plete microwave data set is shown in Table I. Historical
references on each of the 15 previously measured lines may
be found in reference 2.
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TABLE I. Microwave Lines (MHz)

Transition Measured Predicted wt. A
1(1, 0)- 1(0,1) 556936.002  556936.335 105  +0.33
2(1, 1)- 2(0,2) 752033.227 752032.636 105 -0.59
2(0, 2)- 1(1,1) 987926.764 987929.689  10° +2.93
3(1, 3)- 2(2,0) 183310.117 183309.015 100 -1.10
4(1, 4)- 3(2,1) 380197.372 380197.637 104 +0.27
4(2, 3)- 3(3,0) 448001.075 448001.997 104 +0.92
4(2, 2)- 3(3,1) 916171.582 916169.950 104 -1.63
5(1, 5)- 4(2,2) 325152.919 325152.867 104 -0.05
5(3, 3)- 4(4,0) 474689.127 474690.072 103 +0.95
5(3, 2)- 4(4,1) 620700.807 620702.711 103 +1.90
5(2, 4)- 4(3,1) 970315.022 970316.242 104 +1.22
6(1, 6)- 5(2,3) 22235.080 22234.638 104 -0.44
6(4, 3)- 5(5,0) 439150.812 439142.394 102 -8.42
6(4, 2)- 5(5,1) 470888.947 470881.284 102 -7.65
7(1, 7)- 6(2,4) -488491.133 -488490.050 104 +1.08
7(5, 3)- 6(6,0) 437346.667 437386.472 5 +39.8
7(5, 2)- 6(6,1) 443018.295 443058.314 5 +40.0
8(6, 2)- 7(7,1) 504482.692 504416.841 1 -65.9
8(6, 3)- 7(7,0) 503568.532 503502.773 ] -65.8

11(2,10)-10(3,7) -390134.508 -390162.715 102 -28.2

Theory

The problems associated with the analysis of the spec-
trum of a light asymmetric rotor are substantial. The
general theory was described by Wilson and Howard [6] many
years ago, but, until the work of Watson [7], a fitting in-
determinancy precluded its use for the analysis of most ex-
perimental spectra. Watson's reduced Hamiltonian, through
6th order, can be written as
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ge= 3+ 3,8+ 5,6

d d
I = 3,(B+C)P% + [A-k(B+C)1(P.%-b P ?)
r z p -
(4) _ 4 2p 2 _ 4 25 2
R S L Y A
2 2 2.2
- 8, (PP P %P °)
(6) _ ., o6 4. 2 2 4 6 4. 2
7,000 = H PO+ Hy PP S+ H PP 4 P T + 2h PP
2, 20 2.0 2.2 4.2 24
+ hy PE(P 2P 24P P ) + hy (PP S+ %P7
where bp = (C-B)/(2A-B-C)
2 2 2
and PZ =P, - Py

Its extension to higher order is straightforward [8]. Al-
though each of the spectroscopic quantities in the Hamilton-
jan above can be related to molecular parameters (e.g. bond
lengths or force constants) [9,10], for many applications
they can best be viewed as spectral fitting parameters (al-
beit theoretically well founded parameters). This is espe-
cially true for the higher order parameters. In our earlier
work, we have discussed extensively the application of these
techniques to a number of 1ight asymmetric species (HDS[111,
HDO [8], DpS [12]). Other similar implementations of this
theory have also been developed [13,14]. These differ pri-
marily in notation, or in some cases different linear com-
binations of the parameters have been used. An interesting
alternative has been put forth by Kneizys, Freedman, and
Clough [15].

There are special problems associated with the analysis
of very light, bent triatomic species such as H20. Figure 2
shows the geometry of Hp0. Because of the small mass of the
hydrogen nuclei, the amplitude of the bending motion is
large, and the singularity in the moment of inertia about
the a-axis, Iz, at 6=180° is approached. Thus, the power
series in the coefficients of <P22n>converges very slowly.
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Figure 2. Geometry of the water molecule
showing the principal axes of the moments
of inertia.

Consequently, a large number of terms are required to fit
data for states with large K-1 (i.e. those states with large
angular momentum about the a-axis). For example, our earli-
er analysis of H20, which included levels only through
K-1=10 required 21 parameters.

The Tine strength of an asymmetric top transition be-
tween levels (J,t) and (J',t'), due to a dipole moment along
the g-axis, is given by Gordy and Cook [9] as

9s(Jd,1; J , Tl) = ) [<J,T,M1®Fg]J|,TI,MI)|2,

F.M.M

where &ry is the direction-cosine relating the space-fixed
axis F t0 the molecule-fixed axis g. Explicit expressions
for 95(J,T3J',t') have been given by Moazzen-Ahmadi [16] in
a form well suited for evaluation on the computer. These
expressions have been used to compute line strengths for the
predicted transitions. The accuracy of the computer program
used to calculate 95(J,1;J',7') was checked by evaluating
the strengths for the rigid rotor for k=+0.5 for quantum
numbers up to J=12, and comparing the results with values
given in Townes and Schawlow [17].
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Analysis

Our original analysis [2] of the rotational structure
of the ground vibrational state of Hp0 was based on a
weighted data set that consisted of 15 microwave lines and
the infrared results that were available in the literature
at that time. More recently, extensive new near-infrared
spectra, due to vibration-rotation transitions of Hp0 have
been recorded on a large FT spectrometer at Orsay, and
analyzed by the techniques discussed above [18,19]. In ad-
dition, an excellent FIR FT spectrum of the pure rotational
spectrum of Ho0 has been published [3].

Since it is our goal to calculate, as accurately as
possible, the pure rotational spectrum of water at tempera-
tures ~300 K, we have chosen to fit only the microwave data
and the FIR pure rotational data. This is a selection cri-
terion based not upon the relative accuracies of the FIR and
IR data, but rather on a recognition that the inclusion of
states that are difficult to fit would only decrease the
accuracy of our results. The Tines included in the FIR data
set are highly correlated with the spectrum we wish to pre-
dict, so their inclusion seems appropriate.

In any analysis that mixes infrared and microwave data,
careful attention must be paid to the weighting scheme. A
fit of the FIR data currently available shows an rms devia-
tion of ~30 MHz. The microwave data is ~300 times more ac-
curate. Standard data analysis theory immediately leads to
the conclusion that the microwave data should be weighted
~105 relative to the infrared data. However, if this is
done, the quality of the fit seriously deteriorates (the rms
deviation goes from ~30 MHz to ~60 MHz). The reason for
this is that the weighting of data according to the inverse
square of its accuracy is valid only if the theoretical
model is also accurate at the high level. Clearly, the
accuracy of the model can be improved by simply adding high-
er power terms to the Hamiltonian, but there are already
more terms in the Hamiltonian than microwave lines, and it
could be argued that this approach is mostly numerology.

Our strategy for weighting the data is as follows. We
weight the microwave lines only as_heavily as the accuracy
of the theoretical model through P10 will allow. This
means that the model will not predict some high J,K micro-
wave lines as accurately as they were measured. However,



512 Messer et al.

since we have directly measured all significant lines below
1 THz, this is of no serious practical consequence.

The weights were determined as follows. Since, at low
K, the model should be accurate even to microwave accuracy,
we initially weighted the K-1=0 microwave transitions 10°,
and ran an analysis on the FIR and K-1=0 microwave data.
Since the addition of the microwave data did not signifi-
cantly increase the variance of the fit, we concluded that
the assumption of model accuracy to microwave precision was
correct through K_1=0, and increased the weighting to 10%° on
the next higher K_1. This process was repeated until the
deviation significantly increased (J=3, K-1=2), and, for
this state, a weighting of 104 was selected. This process
was continued until all of the microwave data was included
in the fit. The weights which result are shown in Table I.

Results

Table I shows the measured microwave frequencies. In
order to eliminate possibilities of impurity lines at dif-
ferent harmonics, we have measured each of the millimeter
and submillimeter lines from two different harmonics (e.q.
17th and 18th). As a further test, each 1line has been pre-
dicted from an analysis that did not contain the line in
question. Table I shows this comparison. It should be
noted that although the accuracy of the model decreases at
higher K_1, and approaches the accuracy of the FIR data, the
error in the prediction of each component of a K- doublet
is virtually identical. We therefore conclude that the fre-
quency measurements and assignments of these lines are cor-
rect.

The spectral constants that result from this analysis
are shown in Table II. Since no clear relationship between
the higher order spectral constants and the molecular dis-
tortions has been derived, the inclusion of such terms in
the power series expansion is Targerly empirical, but based
upon statistical tests of significance. We have discussed
these tests in detail previously [2,8,11].

In Table III, we show the calculated microwave and FIR
pure rotational spectrum of water. These have been sorted
according to increasing frequency. The calculated uncer-
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TABLE II. Rotational Constants of H2]60 (MHz) .

A = 835839.8760. 14 hy = (9.4784:0.05)x10"
B = 435346.811+0.06 Ly = (—9.270i0.2)x1056

C = 278140.4810.10 Lygk = (5.80720.5)x10™>
Ay = (3.758280t0.0005)x10; JK = (-2.0367+0.05)x]

By = (=1.7336120.0003)x107 Ly = (8.5898:0.1)x1073
XK = (9.742470+0.0003)x1 Ly = (-2.509310.02)x10
83 = (1.521950+0.0001)10 £3 = (-4.727+0.1)x1076
5k = (3.96461£0.005)101 Lyy = (3.85020.4)x10-4 )
Hy = (1.6284:0.006)x1072 £y = (-1.079120.02)x10"

Hyk = (-5.2534:0.08)x1072 Prg = (1.738720.2)x10-5,

Hky = (-5.42802+0.04)x107! Prgg = (-5.9902%0.4)x10-3
Hg = (3.84436+0.004)x1Q0 Pk = (1.2065:0.03)x10~
hy = (8.1611£0.02)x10~3 Py = (-3.3190.4)x10"

hjy = (-2.56070.05)x1072 Py = (5.5019:0.3)x1075

tainties, oy, in the Tine positions were calculated via [11]

2

o, % 919501 361C;
where o; is the standard error in the i-th spectral constant,
Ci the corresponding coefficient in the frequency expression,
and pji the correlation coefficients between the i-th and
j-th constants and the sum is over the terms retained in the
power series. These statistical uncertainties will only be
valid for transitions that do not require additional Hamil-
tonian terms. However, because of the data sets used, and
the restrictions placed on which Tines would be calculated,
the statistical uncertainties of Table III should be gener-
ally realistic.

Also included in Table III is the line strength, 95, and
the absolute energy of the lower level, E. Since 9S and E
are tabulated separately, these results can be used for

systems in which both the temperature and partial pressure
of the system vary.

Because the extrapolation of the results of a power
series model of this type to high J and K is poor, the pre-
dictions of the model have been limited approximately to the
range of the input data set. Basically, the predictions in-
clude all transitions of significant transition moment (i.e.
those down to and including AK-1=+5, AKy=-3) whose absolute
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energy falls below 2625 cm-1. Note that in a few cases the
line strength is zero to 4 places. We have decided not to
exclude these lines, and point out that, in these cases,
95<5x1075. Readers in need of parameters for higher energy
states are referred to reference 20.

There are two ways that the results of this work can be
used. First, the spectral constants of Table II can be used
along with the computational techniques that we have de-
scribed. We offer two cautions about this approach. First,
the significant figures published in Table II are absolutely
necessary to accurately calculate the spectrum, even though
they greatly exceed the statistical uncertainty in the con-
stants. This is because some of these constants are highly
correlated. Secondly, all of our calculations and constants
are in the context of a basis set which includes centrifugal
distortion. Calculations which use operators evaluated in a
rigid rotor basis must consider "2nd order corrections".
While these are small for most molecules, they can be large
in molecules with extreme centrifugal distortion. For a
more detailed discussion of this, readers are referred to
references 8 and 9.

The other approach is to simply use the results tabu-
lated in Table III. The authors can make this table
available to interested readers on magnetic media, preferably
DEC RX02 floppy disks. Alternatively, DEC VAX11/780 tape
could be produced.
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