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Abstract

Let G = (V, E) be a graph. A set S C V is a total restrained dominating set if every
vertex is adjacent to a vertex in S and every vertex of V' — S is adjacent to a vertex in
V — 5. The total restrained domination number of G, denoted by 7:.(G), is the smallest
cardinality of a total restrained dominating set of G. We show that if T" is a tree of
order n, then 7, (T) > [2£2]. Moreover, we show that if 7" is a tree of order n = 0 mod
4, then v, (T) > [242] + 1. We then constructively characterize the extremal trees T
of order n achieving these lower bounds.

1 Introduction

In this paper, we follow the notation of [1]. Specifically, let G = (V| E) be a graph with
vertex set V' and edge set E. Moreover, the notation P, will denote the path of order n. A
set S C V is a dominating set of G if every vertex not in S is adjacent to a vertex in S. The
domination number of G, denoted by v(G), is the minimum cardinality of a dominating set.
The concept of domination in graphs, with its many variations, is now well studied in graph
theory. The recent book of Chartrand and Lesniak [1] includes a chapter on domination. A
thorough study of domination appears in [3, 4].

In this paper, we continue the study of a variation of the domination theme, namely that
of total restrained domination. A set S C V is a total restrained dominating set (denoted
TRDS) if every vertex is adjacent to a vertex in S and every vertex in V' — S is also adjacent
to a vertex in V' —.S. Every graph has a total restrained dominating set, since S = V is such
a set. The total restrained domination number of G, denoted by 74.(G), is the minimum
cardinality of a TRDS of G. A TRDS of cardinality v (G) will be called a v, (G)-set.



The concept of total restrained domination was introduced by Chen, Ma and Sun in [2],
and further studied by Zelinka in [6]. We may note that the concept of total restrained
domination was also introduced by Telle and Proskurowski [5], albeit indirectly, as a vertex
partitioning problem. Here conditions are imposed on a set S, the complementary set V —.5
and on edges between the sets S and V' — S. For example, if we require that every vertex in
V' — S should be adjacent to some other vertex of V' — S (the condition on the set V' — 5)
and to some vertex in S (the condition on edges between the sets S and V — S), and every
vertex in S is also adjacent to some vertex in S (the condition on edges among vertices of
S), then S is a TRDS.

We refer to a vertex of degree 1 in a tree T" as a leaf of T. A vertex adjacent to a leaf we
call a remote vertex of T. For v € V(T) and a leaf ¢ of T, the path vz ...zl is called a
v — L path if deg z; = 2 for each i. If the vertex v need not be specified, a v — L path is also
called an endpath.

We show that if 7" is a tree of order n, then ;. (T) > ["%F2]. Moreover, we constructively
characterize the extremal trees T of order n achieving this lower bound. Lastly, we show
that if T is a tree of order n = 0 mod 4, then ;,-(T') > [2$2] + 1, and also constructively
characterize the extremal trees T' of order n achieving this lower bound.

2 The lower bound

The following result was established in [2], using a more cumbersome proof. As we shall
see, this result will be useful in establishing a sharp lower bound on the total restrained
domination number of a tree.

Proposition 1 Ifn > 2 is an integer, then v, (P,) = n — 2| "52].

Proof. Suppose S is a TRDS of P,, whose vertex set is V = {v,...,v,}. Note that
v1,v2 € S. Moreover, any component of V' — S is of size exactly two. Each component is
adjacent to a vertex of S, which, in turn, is adjacent to another vertex of S. Suppose there
are m such components. Then 2m + 2m + 2 < n and so m < [2:2]. Thus |S| =n —2m >
n—2[%72]. On the other hand, V —{v;|i € {3,4,7,8,...,4|%2] —1,4|%2]}} is a TRDS
of P,, whence v, (P,) =n — 2| ";2]. O

Corollary 2 Ifn > 2 is an integer, then V4. (Pp) > [nT“}

Proof. Since n —2|22| > [2£2], the result follows from Proposition 1. O

Let T'= (V, E) be a tree and v,a,b € V such that degv > 3 and a,b € N(v). Let ¢, be a
leaf of the component of T'— v that contains b. Then the tree 7" which arises from T by
deleting the edge va and joining a to ¢ is called a (v, a,b)-pruning of T.

Theorem 3 If T is a tree of order n > 2, then y,(T) > [242].



Proof. We use induction on n. It is easy to check that the result is true for all trees T of
order n < 8. Suppose, therefore, that the result is true for all trees of order less than n,
where n > 9. Let v, = min{v,(T) | T is a tree of order n}. We will show that ;, > [2£2].

Let T ={T | T is a tree of order n such that v4(T)) = vy }. Among all trees in 7, let T be
chosen so that the sum s(7") of the degrees of its vertices of degree at least 3 is minimum.
If s(T) = 0, then T = P, and so v = Yir(Pn) > [%42]. Suppose, therefore, that s(T") > 1.
Since s(T') > 1, there exists a vertex v such that deg(v) > 3. Let S be a 4,.(T')-set of T.

Claim 1 Ifv is a vertex of degree at least 3, then

(i) v &S,

(ii) v is adjacent to exactly one vertex of S,

(iii) deg(v) = 3.

Proof. Suppose v € S. Then there exist a,b € N(v) such that b € S. Let 7" be a
(v,a,b)-pruning of T. Then S is a TRDS of T’, and so, by definition of 7, we have
that v < v (T") < |S| = Y. Hence, T € T. However, as s(T") < s(T), we obtain a
contradiction.

Thus, assume v ¢ S and let a,b € N(v) such that a ¢ S and b € S. If ¢ € N(v) — {a, b}
is in S, then, by considering the (v, b, ¢)-pruning of T', we obtain a contradiction as before.
We therefore assume that b is the only vertex in S which is adjacent to v.

Suppose deg(v) > 4, let {c1,. .., Ceg(v)—2} = N(v) — {a,b}, let ¢ = c1 and let £, be a leaf
of the component of T' — v that contains b. Let T” be the tree which arises from T by
deleting the edges vc; for i = 1,...,deg(v) — 2 and joining ¢ to £y, o, . .., Cieg(v)—2- Note
that degg(v) = degq (€y) = 2,degy(c) = deg(c) + deg(v) — 3 > deg(c) + 1 > 3, while all
other vertices have the same degree in 77 as in T. On the one hand, if deg(c) = 2, then
s(T") = s(T') — deg(v) + deggv(c) = s(T') — 1. On the other hand, if deg(c) > 3, then
s(T") = s(T) — deg(v) + deg(v) —3 = s(T) — 3. Then S is a TRDS of T". As T’ € 7 and
s(T") < s(T'), we obtain a contradiction in both cases. Thus, deg(v) = 3. ¢

Claim 2 No two vertices of degree 3 are adjacent.

Proof. Using the notation employed in Claim 1, b is the only neighbor of v in S. By
Claim 1, deg(b) < 2. If deg(c) = 3, then, by Claim 1, ¢ is adjacent to a vertex in V' — S
(other than v). Let 7" be the (v,c¢,b)-pruning of T. Then S is a TRDS of 7", and so,
by definition of 74, we have that v < v4,-(T") < |S| = . Hence, T" € T. However, as
s(T") < s(T'), we obtain a contradiction. ¢

Using the notation employed in the proof of Claim 1, the vertex b € S and, as it must be
adjacent to another vertex in S, deg(b) = 2 (cf. Claim 1). Let &’ € S be the vertex adjacent
to b and suppose V' is not a leaf. Then, by Claim 1, deg(d’) =2 . Let b” be the neighbor of
b’ different from b. Then S is a TRDS of a tree T” obtained from T by deleting the edge
b'b” and joining the vertex b” to some leaf of the component of T'— v containing c¢. Thus
T' €T and V' is a leaf of T’. Hence we may assume that b’ is a leaf of T'.



By Claim 2, deg(a) = deg(c) = 2. Let d/(¢/, respectively) be the neighbor of a (¢, respec-
tively) which is different from v. Necessarily, a’,¢’ € S. Then deg(a’) = deg(c) = 2 (cf.
Claim 1). As each vertex in S is adjacent to another vertex of S, there exist vertices a” and
c’ in S which are adjacent to a’ and ¢’ respectively. We may assume, as we did for ¥/, that
a” is a leaf of T.

If n = 9, then v, (T) = 6 = [22]. Suppose, therefore, that n > 10. Let 7" be the
component of T'— ¢c’ containing ¢’. Then SNV (T”) is a TRDS of 77, so that |SNV(T")| >
Y (T"). Hence, |S| > 4 + 4,(T"). Applying the inductive hypothesis to the tree T of
order n — 7, we have v, (T") > [%52], and so v, (T) = |S| > [253] > [%2]. O

3 Extremal trees T with ;,.(T) = ’-n(T2)+2‘|

Let 7 be the class of all trees T of order n(T) such that ., (T) = (W} We will

constructively characterize the trees in 7. In order to state the characterization, we define
four simple operations on a tree 7.

O1. Join a leaf or a remote vertex of 1" to a vertex of K, where n(T) is even.
02. Join a vertex v of T which lies on an endpath vzz to a leaf of P3, where n(T) is even.

03. Join a vertex v of T' which lies on an endpath vzizez to a leaf of P3, where n(T) is
even.

O4. Join a remote vertex or a leaf of T' to a leaf of each of ¢ disjoint copies of Py for some
(> 1.

Let C be the class of all trees obtained from P» by a finite sequence of Operations O1- O4.
We will show that T' € 7 if and only if T € C.

Lemma 4 Let T' € T be a tree of even order n(T"). If T is obtained from T’ by one of the
Operations O1-03, then T € T.

Proof. Let S be a 4,-(T")-set of T” throughout the proof of this result.
Case 1. T is obtained from T” by Operation O1.

Let u be a leaf or a remote vertex of T, and suppose T is formed by attaching the singleton
v to u. Then SU{v} is a TRDS set of T, and so [M%m] < (T) < (W} + 1. Since
n(T") is even, we have v,-(T) = [W] Thus, T € 7.

Case 2. T is obtained from T" by Operation O2 or Operation O3.

Suppose v lies on the endpath vxz or vriz92z and T is obtained from T’ by adding the path
11y22’ to T and joining y; to v.



We show that v ¢ S. First consider the case when v lies on the endpath vzz. Suppose v € S.
Then §' = §—{z} is a TRDS of I = T’ {=}, and so [%1 <y (T7) < (M2 g,
However, as n(T") is even, we have n(T2)+2 < (T") < W —1, which is a contradiction.

Thus, v &€ S.

In the case when v lies on the endpath vxx22, one may show, as in the previous paragraph,
that x1 € S. But then v € S, as required.

In both cases, the set SU{yz2, 2’} isa TRDS of T; and so [”(TT,)%} < (T) < [W} +2.
However, as n(T") is even, we have v4,-(T) = "(T2)+6 = ("(TZ)H] Thus, T € 7.

The proof is complete. O

Lemma 5 Let T' € T be a tree of order n(T"). If T is obtained from T' by the Operation
04, thenT € T.

Proof. Let S be a 7, (T")-set of T', and suppose v is a remote vertex or a leaf of T".
Then v € S. Let T be the tree which is obtained from T” by adding the paths u;z;y;z;
to T' and joining w; to v for i = 1,...,¢. Then S U{_, {y;, 2} is a TRDS of T, and so
(IR < (T) < [MEE2] 4 97, Consequently, v, (T) = [“F2] and so T € T. O

We are now in a position to prove the main result of this section.
Theorem 6 T is in C if and only if T is in T.

Proof. Assume T € C. We show that T' € 7, by using induction on ¢(7"), the number
of operations required to construct the tree 7. If ¢(7') = 0, then T' = Py, which is in 7.
Assume, then, for all trees 77 € C with ¢(T") < k, where k > 1 is an integer, that T is in
7. Let T € C be a tree with ¢(T') = k. Then T is obtained from some tree 7" by one of the
Operations O1 — O4. But then 7" € C and ¢(T") < k. Applying the inductive hypothesis
toT', T" is in 7. Hence, by Lemma 4 or Lemma 5 , T is in 7.

To show that T' € C for a nontrivial T' € 7, we use induction on n, the order of the tree T.
If n=2,then T = P, € C. Let T € 7 be a tree of order n > 3, and assume for all trees
T" € T of order 2 < n(T") < n, that 7" € C. Since n(T) > 3, diam(T") > 2.

If diam(7T") = 2, then T is a star with exactly two leaves, which can be constructed from P,
by applying Operation O1. Thus, T € C.

Since no double star is in 7, we may assume diam(7") > 4. Throughout S will be used to
denote a 4. (T')-set of T.
Claim 3 Let z be a leaf of T. If S — {2z} is a TRDS of T"=T — z, then T € C.

Proof. Assume S — {z} is a TRDS of T". Then [2=12] < ~,,(T') < [22] — 1. This

yields a contradiction when n is even. Hence, n is odd, and v, (1") = % = (WW



Thus, 7" € 7, with n(T") = n — 1 even. By the induction assumption, 77 € C. The tree T
can now be constructed from 7" by applying Operation O1, whence T' € C. ¢

Claim 3 implies that if vxz is an endpath of T', then we may assume v ¢ S, since otherwise
the tree is constructible. Claim 3 also implies that every remote vertex of 1" is adjacent to
exactly one leaf, since otherwise it is constructible.

Claim 4 Ifu is a leaf of T and v is either another leaf of T or the remote vertex adjacent
to u, then 8" =S — {u,v} is not a TRDS of T" =T —u — v.

Proof. Suppose, to the contrary, that S’ is a TRDS of 7”. Then [”‘TQH] < v (T) <
(2427 — 2. Thus, [2] + 2 < [252], which yields a contradiction. ¢

Let T be rooted at a leaf r of a longest path.

Let v be any vertex on a longest path at distance diam(7") — 2 from r. Suppose v lies on
the endpath vyz’. Then, by the remark above, v € S, which implies that v is not adjacent
to a leaf. If v also lies on the endpath vaz, then S — {z, z} is a TRDS of T'— = — z, which
is a contradiction by Claim 4.

Thus, we assume each vertex on a longest path at distance diam(7") — 2 or diam(7T") — 1
from r has degree two.

Let v be any vertex on a longest path at distance diam(7) — 3 from r. Let vy;y22’ be an
endpath of T. Then y; ¢ S, and so v € S, which means all neighbors of v have degree at
least 2.

Assume v also lies on the path vzz, where z is a leaf. Then, since each remote vertex is
adjacent to exactly one leaf, vzz is an endpath. If v is dominated by a vertex other than
x, then S — {z,z} is a TRDS of 7" = T — x — z, which is a contradiction (cf. Claim 4).
Hence, v is dominated only by 2. Then S’ = S —{y2,2'} isa TRDS of 7" =T —y; —y2 — 2’
and so [%=3%2] < 4, (T") < [22] — 2. This yields a contradiction when n is even. Hence,

n is odd and v, (T") = %51 = (%] Thus, 7" € T, with n(T") = n — 3 even. By the
induction assumption, 7" € C. The tree T can now be constructed from 7" by applying

Operation O2, whence T € C.

Assume v lies on the path vzjzez. Since x1 (x2, respectively) is on a longest path at
distance diam(7") — 2 (diam(7") — 1, respectively) from r, we have deg(z1) = 2 (deg(z2) = 2,
respectively). This implies that vzizez is an endpath, and so z; ¢ S. But then §' =
S —{x2,2} is a TRDS of T" = T — 21 — x3 — z. Thus, [2=352] < 4, (T") < [22] — 2.
This yields a contradiction when n is even. Hence, n is odd and ~4,.(T") = [%] Thus,
T" € T, with n(T") = n — 3 even. By the induction assumption, 7" € C and T' can now be

constructed from T” by applying Operation O3, whence T € C.

Thus, we assume each vertex on a longest path at distance diam(7") — 3 from r has degree
two.

Let v be any vertex on a longest path at distance diam(7") — 4 from r. As Ps ¢ T, v # r



and diam(T") > 5.

Assume degp(v) > 3. Let vy1y2y32’ be an endpath of 7. But then, as yoys2’ is an endpath
of T, it follows that yo ¢ S, which implies y; ¢ S and v € S. Moreover, S’ = S — {y3, 2’}
isa TRDS of T/ =T — y1 —yo — y3 — 2’. Thus, [2=52] < 4, (T") < [%E2] — 2, whence
Yer (T") = (%] We conclude that 77 € 7, and by the induction assumption, 7" € C. If
degy(v) = 2 or when v is a remote vertex, then T' can be constructed from 7" by applying
Operation O4.

We therefore assume that degp(v) > 3 and that v is not adjacent to a leaf.
If v also lies on the path vxz, where z is a leaf, then v &€ .S, which is a contradiction.

We now suppose v lies on the path vxix2z, where z is a leaf. Then, since x2 is a remote
vertex, we have deg(z2) = 2. As z1x2z is an endpath of T, it follows that x; ¢ S. As x;
must be adjacent to another vertex in V — S, vertex z; lies on a path x1,uq,us, 2”. But
then z1, with deg(x1) > 3, is a vertex at distance diam(7") — 3 on a longest path from r,
which is a contradiction.

Let e be the edge that joins v with its parent, and let T'(v) be the component of T'— e that
contains v. Then T'(v) consists of ¢ disjoint paths u;x;y;z; (i = 1,...,¢) with v joined to
u; for i = 1,...,0. Let i € {1,...,¢}. Since z;y;z; is an endpath of T, we have z; ¢ S,
u; ¢ Sand v € S. Then S — U {y;, 2z} is a TRDS of T/ = T — (T(v) — v), and so
(04582 <y, (T7) < [™32] — 20, whence v, (T') = [%1 Thus, 7" € 7, and by
the induction assumption, 77 € C. Note that v is a leaf of T’. The tree T can now be
constructed from T” by applying Operation O4, whence T' € C. O

Theorem 7 Let T be a tree of order n(T). If n(T) = 0 mod 4, then ~4,.(T) > (%1 +1.

Proof. We will show that every tree T'in 7 = C has n(T") # 0 mod 4, by using induction on
s(T), the number of operations required to construct the tree T'. If s(7') = 0, then 7' = P;,
and 2 # 0 mod 4. Assume, then, for all trees 7" € C with s(7”) < k, where k > 1 is an
integer, that n(7”) # 0 mod 4. Let T € C be a tree with s(T') = k. Then T is obtained
from some tree 7" by one of the Operations O1 — O4. Then 7" € C, and by the induction
hypothesis, n(7") #Z 0 mod 4. If T' is obtained from T” by one of the Operations O1 — O3,
then n(T’") = 2 mod 4, and, since either a path of order one or a path of order three is
attached to T” to form T, n(T) # 0 mod 4. Moreover, n(T) = n(T") + 4 if T is obtained
from 7" by Operation O4, whence n(T") # 0 mod 4. The result now follows. O

4 Extremal trees T of order n(7) = 0 mod 4 with ~,.(T) =
(71(712)—1—2] +1

Let 7% = {T|T is a tree of order n(T) = 0 mod 4 such that v,-(T) = [%:2] + 1}. In order
to constructively characterize the trees in 7%, we define the following operations on a tree
T:



O5. Join a leaf or a remote vertex v of T' to a vertex of K, where n(7T) = 3 mod 4.

06. Join a vertex v of T which lies on an endpath vzz to a vertex of Ko, where n(T) = 2
mod 4.

O7. Join a vertex v of T' which lies on an endpath vx;222 to a vertex of Ko, where n(7T") = 2
mod 4.

08. Join a vertex v of T" which lies on an endpath vzz to a leaf of P3, where n(7T") = 1 mod
4.

09. Join a vertex v of T which lies on an endpath vzixaz to a leaf of Ps, where n(T) =1
mod 4.

Let T = {T'|T is a tree obtained by applying one of the Operations O5 — O9 to a tree
T' € C exactly once}. Let C* = {T|T is a tree obtained from a tree 7" € 7 by applying
Operation O4 to 7" zero or more times}. We will show that 7% = C*.

Lemma 8 Let T" € C be a tree of order n(T") = 3 mod 4. If T is obtained from T’ by
Operation O5, then T € T*.

Proof. Let u be a leaf or a remote vertex of T, and suppose T is formed by attaching the
singleton v to u. Let S be a v, (T")-set of T'. Then S U {v} is a TRDS set of T, and so,

since n(T) = 0 mod 4, (WW +1 <) <|S|+1= (W] +1= (%W + 1.
Hence, v4,.(T) = [%1 +1l,andso T € 7*. O

Lemma 9 Let T' € C be a tree of order n(T') = 2 mod 4. If T is obtained from T' by
either Operation O6 or Operation O7, then T € T*.

Proof. Let {u,v} be the vertex set of Ky and let S be a v (T")-set. The set S U {u,v}
is a TRDS of T, and so, since n(7) = 0 mod 4, [%] +1 < w(T) <|S|+2=
[%] +2= [@1 + 2. Hence, v, (T) = [W] +1l,andso T € T*. O

Lemma 10 Let T" € C be a tree of order n(T") = 1 mod 4. If T is obtained from T' by
either Operation O8 or Operation O9, then T € T*.

Proof. Let S be a v, (T")-set of T'. Assume v lies on the endpath vaz or vrixez and T is
obtained from 7" by adding the path y1y22’ to T” and joining 31 to v. We show that v & S.

First consider the case when v lies on the endpath vxz. Suppose v € S. Then z,z € S,
and S — {z} is TRDS of 7" = T’ — z. Since n(T”) = 0 mod 4, ["EF2] 1 1 < 4, (T") <
IS|—1= [@] —-1= [%1 —1, and so n(T;)H < "(T;’)H, which is a contradiction.
Thus, v &€ S.

In the case when v lies on the endpath vxx22, one may show, as in the previous paragraph,
that z1 ¢ S. But then v € S, as required.



In both cases, the set S U {y2,2'} forms a TRDS of T, so that [W} +1 <7 (T) <
|S|+2= [W} +2= (%W + 2. Hence, 74-(T) = [n(Tme +1,andso T € T*. O

The proof of the following result is similar to that of Lemma 5.
Lemma 11 If T is obtained from T' € T* by Operation O4, then T € T*.
Lemma 12 IfT isin T, then T is in T*.

Proof. Assume T € Z. Then T is obtained from T’ € C by applying one of the Operations
05 — 09 exactly once. Then, by Lemmas 8, 9 and 10, '€ 7*. O

Theorem 13 T is in C* if and only if T is in T*.

Proof. Assume T € C*. We show that T' € 7*, by using induction on ¢(T'), the number of
operations required to construct the tree T'. If ¢(T") = 0, then T € Z, and the result follows
from Lemma 12. Assume, then, for all trees T € C* with ¢(T") < k, where k > 1 is an
integer, that 7" is in 7*. Let T' € C* be a tree with ¢(T") = k. Then T is obtained from
some tree 7" by applying Operation O4. But then 77 € C* and ¢(T") < k. Applying the
inductive hypothesis to 77, T" is in 7*. Hence, by Lemma 11, T is in 7T*.

To show that T' € C* for a nontrivial T' € 7*, we employ induction on 4n, the order of the
tree T'. Suppose n = 1. Then T'= K; 3 or T'= P4, and T can be constructed from P3 € C
by applying Operation O5.

Let T € T* be a tree of order 4n, where n > 2, and suppose 1" € C* for all trees T € T*
of order 4n’ where n’ < n.

The only trees T' with diam(7") < 3 which are in 7* are K 3 and P;. As 4n > 8, it follows
that diam(7T") > 4. Throughout S will be used to denote a y,-set of T\ i.e. |S| = [22] 4 1.

Claim 5 Ifu and v are vertices of T such that T' =T —u—v is a tree and S' = S — {u, v}
is a TRDS of T', then n(T") =2 mod 4 and T' € C.

Proof. As ["=242] < 4, (T') < [%2] 4+ 1 -2, we have 7, (T") = [2=242] = [2T)H2] ang
soT' eC. o

Claim 6 Let z be a leaf of T. If S — {z} is a TRDS of T' =T — z, then T € C*.

Proof. Assume S—{z}isa TRDS of T". Then [2=312] < 7, (T") < [2E2]+1-1 = [2£2].
Hence, n — 1 = 3 mod 4 and ,(T") = [2}] = [W] Thus, 7" € C. The tree T can
now be constructed from 7" by applying Operation O5, whence T' € C*. ¢



Claim 6 implies that if vzz is an endpath of T', then we may assume v € S, since otherwise
the tree is constructible. Claim 6 also implies that every remote vertex of T is adjacent to
exactly one leaf, since otherwise it is constructible.

Let T be rooted at a leaf r of a longest path.

Let v be any vertex on a longest path at distance diam(7") — 2 from r. Suppose v lies on
the endpath vyz’. Then, by the remark above, v € S, which implies that v is not adjacent
to a leaf. If v also lies on the endpath vzz, then S — {z,z} is a TRDS of T'— z — z and
so T € C (cf. Claim 5), whence T' € C* (as it can be constructed from 7’ by applying
Operation O6).

Thus, we assume each vertex on a longest path at distance diam(7") — 2 or diam(7T") — 1
from r has degree two.

Let v be any vertex on a longest path at distance diam(7) — 3 from r. Let vy;y22’ be an
endpath of T. Then y; € S, and so v € .S, which means all neighbors of v have degree at
least 2.

Assume v also lies on the path vxz, where z is a leaf. Then, since each remote vertex
is adjacent to exactly one leaf, vxz is an endpath. If v is dominated by a vertex other
than x, then S — {z,z} isa TRDS of 7/ = T — 2 — z and so T" € C (cf. Claim 5),
whence T € C* (as it can be constructed from 7" by applying Operation O7). Hence, v is
dominated only by x. Then S’ =S — {ys,2'} isa TRDS of 7" =T — y; — y2 — 2’ and so
[2=342] < 5, (T7) < [%£2] — 1. But then v, (T) = [%52] = [2E42]. Thus, 7’ € C. The
tree T' can now be constructed from 7" by applying Operation O8.

Assume v lies on the path vzizez. Since x1 (z2, respectively) is on a longest path at
distance diam(7T') — 2 (diam(7T") — 1, respectively) from r, we have deg(z1) = 2 (deg(z2) = 2,
respectively). This implies that vzizoz is an endpath, and so x; ¢ S. But then S' =
S —{z9,2z}isa TRDS of 7" =T — 21 — 23 — 2. Thus, ("‘me <y (T) < [”T“'Q} —1. But
then v;,.(T") = [%52] = [M] Thus, 7" € C and so T can now be constructed from 7"

2 2
by applying Operation O9.

Thus, we assume each vertex on a longest path at distance diam(7") — 3 from r has degree
two.

Let v be any vertex on a longest path at distance diam(7) —4 from r. As Ps ¢ T*, v #r
and diam(T") > 5.

Assume degp(v) > 3. Let vy1y2y32” be an endpath of 7. But then, as yoys32’ is an endpath
of T, it follows that yo & S, which implies y; ¢ S and v € S. Moreover, S" = S — {ys3, 2"} is
aTRDS of 7' =T — y1 — yo — y3 — 2/. Thus, [252] + 1 < 4, (T") < [242] — 1, whence
Yer(T') = [%] + 1. We conclude that 77 € 7*, and by the induction assumption,
T" € C*. If degp(v) = 2 or when v is a remote vertex, then 7" can be constructed from T”
by applying Operation O4, whence T' € C*.

We therefore assume that degp(v) > 3 and that v is not adjacent to a leaf.
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If v also lies on the path vxz, where z is a leaf, then v &€ .S, which is a contradiction.

We now suppose v lies on the path vxix2z, where z is a leaf. Then, since x2 is a remote
vertex, we have deg(x2) = 2. As z1x9z is an endpath of T, it follows that x1 &€ S. As a3
must be adjacent to another vertex in V — S, vertex z; lies on a path x1,uq,us,2”. But
then x1, with deg(z1) > 3, is a vertex at distance diam(7) — 3 on a longest path from r,
which is a contradiction.

Let e be the edge that joins v with its parent, and let T'(v) be the component of T'— e that
contains v. Then T'(v) consists of ¢ disjoint paths u;x;y;2z; (i = 1,...,¢) with v joined to
u; for i = 1,...,0. Let i € {1,...,¢}. Since z;y;z; is an endpath of T', we have z; ¢ S,
u; ¢ S and v € S. Then S — U {y;, 2z} is a TRDS of T/ = T — (T(v) — v), and so
[A=42] + 1 < 3, (T7) < [242] — 20 + 1, whence (") = f%} + 1. Thus, 77 € T,
and by the induction assumption, 7" € C*. Note that v is a leaf of T'. The tree T can now
be constructed from T’ by applying Operation O4, whence T € C*. O
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