CSE 5523: Lecture Notes 9
Normal distributions

Normal distributions are widely used continuous distributions.
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9.1 Normal distributions (De Moivre — Laplace Theorem)

A normal or Gaussian distribution is (w/in O (\/Lﬁ) of) the limit of a binomial over N trials as N—o0

(this fits around the peak — e.g. binomials are > 0 only from O to N, Gaussians are > 0 everywhere):

: N n N-n _ 713 N! n N-n . :
1\1/1_1)1;} (n)p (I-p)* ™" = 1\1]1_{130 n!(N——n)!p (1-p) def. of combination
V2nN (%)N
~ = P (1=-p)N " Stirling’s approx.

1.
o) e (22

lim 07T N e—N ann NN—n( 1 _p)N—n
N-ow \| (27)2 n(N-n) e"e~N-m  pn (N—n)N-n

, / 2 N (Np\'(N(1-p)\"™" .

/\1/1_1’)[010 202 n(N=n) (7) ( Nen ) mult. inverses
. / 2n N Np N(1-p)

]\1]1_1’)1‘;10 W m eXp {I’l In (7) + (N—I’l) In ( N—n )} def. of nat. log

We now simplify the exponential:

nin (%) + (N=n)In (N](vl_p))

commutative axiom

N_
=-nln i) —(N-n) ln( n ) log of inverses
Np N(1-p)
Np+n—N N-Np-n+N
=-nln M) —(N-n)In (M) add inverses
Np N(1-p)
-N —(n—N
=—-nln|l+ nap ) —(N-n) ln(l + M) multiplicative inverses
p N(1-p)

1



_Np

= —((n—-Np)+ Np)In (1 + 1 add inverses
Np

) ~ (N(1-p)~(1-Np)) In (1 +

n—-Np) 1(71—1\’1?)2 N ((n—Np)3)
Np 2 N?p? N3
(n-Np) 1 (n—=Np)’ (n=Np)’
— (N(1-p) — (n—Np)) [_N(l ~p) 2N (1—p)y O( N3

2 _ 3
PN i\ 1) pp) VR o /) +0((” Np))

—(n—Np))
N(1-p)

= —((n=Np) + Np) [(

)] Maclauren (Taylor) series

2 N2 N3
_ Np(”]—VZZP) Np%(l’lNi\;IZ)z N O((”—AJI\;PP)
V= )5\7(1 p; V= )%Jilz(le))zz +O((n_1\]f\;p)3)
—(n—Np)H (n— )% ]i,’; (le ))2 +0(("_A17\;p )3) distributive axiom
_ _(”—]\]]\;P)2 N %(nz\—]i\’l?f +O((n ]\1,\;19)3)
(N + l(nj\ll\’p)2 +O((n—]\1[\;p)3)
+ (n—Np) + %(;Zl—p))z +O((n_]f[\£p)3)

combine like terms

_(=Np? 1 (n=NpP | ((n—NpP)
N(l-p)  2N*(1-p)?
(n-NpP(1-p)  1(n=Npy’(1-p)* = [(n=Np)’
TTNp(—p) 2 Np(-py ( N )
L(=Np?(i-p) O((n—Np>3)
2~ Np(1-p) N7
2 3
+ (n—Np) + %—(;(1]\39))5 +O((n ]\]]\ip) )
(n—Np)’p 1 (n—Np)*p? (n—Np)?
~ N(-p)p  2N*(1-p)*p? ( N )
_L=Np?  1(=NpP(=p) 1 (n=Npy'p’ O((n—Np>3)
2Np(l-p) ~ 2 N?p(1-p?  2N*(1-p)*p? N3
1 (n—-Np)* (n—Np)?
“2Np(I- p>+0( N2 )

and substitute back:

— (n—Np) +

multiply inverses

combine like terms

subsume small terms

substitution

N2 N
]\1/im (N)p (_pyV" = 'm 2 N o {_1 (n—Np) +O((n Np) )}

(27)2 n(N—-n) 2 Np(1-p) N2



2

1 (n- Np)z}

o 1
N—"’" (27T)2 n(N n) "2 Np(1-p) w1th1n0(_

)

\/ { 1 (n=Np)?
111’1'1 p -
N—eo \[ (27)? (N p+n— Np)(N Np-n+Np) 2 Np(1-p)

2n (n=Np) _1(n=Np)*\| differ by

M[ @ )ZNp(N “Np) [”O( N )”exp{ sza_p)} +(n=Np)
. N 1 (n-Np)* o 1

m \/(2@2 Np(N-Np) P {_ENp(l—p)} W“hmo(ﬁ)

1 1 (n—Np)? It i
m — X e mulit. 1nverses
Now \ 27Np(1=p) P\ "2 Np(1-p)

This is a normal or Gaussian with mean u = Np and variance > = Np(1-p).
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9.2 Conjugacy for Gaussians

Gaussians are conjugate to Normal-Gamma priors (here 7 = Ul—z):
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So the posterior has the same form as the prior:
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‘NormalGamma’ steps aren’t necessary to show conjugacy, just to clean up parameters.)



9.3 Multivariate normal or Gaussians

For mean vector ¢ € RY and covariance matrix X € R"*V:

square of Mahalanobis distance (number of standard deviations)
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For observations X € R¥V (usually samples are rows, variables are columns — as in our .csv’s):
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The concentration matrix X! is the inverse of the covariance matrix X.

Now decompose X’ via orthogonal (all-perpendicular) transforms U to a space with unit variance:
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Since these are orthogonal, the inverse matrices give us the form of a distance metric:
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So a concentration matrix gives a distance metric in orthonormal space (dist. in std. deviations).



	Normal distributions (De Moivre – Laplace Theorem)
	Conjugacy for Gaussians
	Multivariate normal or Gaussians

