


2 



3 

p(x) =
K∑

k=1

πkpk(x; θk)



4 

Zk ∼ pk(·, θk)

(I1, · · · , IK) ∼ multinomial(1, π1, · · · , πK)

X =
K∑

k=1

IkZk

p(x) =
∑K

k=1 πkpk(x; θk)



5 

p(x) = 0.9N(−3, 12) + 0.1N(0, 0.32)



6 



7 

p̂(x) =
K∑

k=1

π̂kpk(x; θ̂k)

max
k=1,··· ,K

P (Ik = 1|x)



8 



9 



10 



11 

M t(π, θ) = E(Xt)
(π, θ)

M
t = (

∑n
i=1 Xt

i )/n

(π̂, θ̂) M t(π, θ) = M
t



12 

(π1, µ1, σ1, µ2, σ2)



13 

p(x) =
K∑

k=1

πkpk(x; θk)

L(π, θ) = Πn
i=1 pπ,θ(x)



14 



15 

T ∼ Pα pα(t)

S ≡ S(T ) ∼ Qα qα(s)

α



16 

Zk ∼ pk(·, θk)

(I1, · · · , IK) ∼ multinomial(1, π1, · · · , πK)

X =
K∑

k=1

IkZk

T = (I1, · · · , IK , Z1, · · · , ZK) S = X

α = (π1, · · · , πK , θ1, · · · , θK)



17 

J(α|α0) ≡ Eα0

(
log

p(T, α)
p(T, α0)

| S(T ) = s

)

αold = α0

J(α|α0) α

J(α|α0) α

αnew = arg max J(α|αold) αold = αnew



18 

α = (π1, µ1, σ1, µ2, σ2)

γi = E(Ii,1|α, Xi) = P (Ii,1 = 1|α, Xi)

α̂ = (π̂1, µ̂1, σ̂1, µ̂2, σ̂2)

γ̂i =
π̂1φµ̂1,σ̂1(xi)

π̂1φµ̂1,σ̂1(xi) + (1− π̂1)φµ̂2,σ̂2(xi)



19 

µ̂1 =
∑n

i=1 γ̂ixi∑n
i=1 γ̂i

µ̂2 =
∑n

i=1(1− γ̂i)xi∑n
i=1(1− γ̂i)

σ̂2
1 =

∑n
i=1 γ̂i(xi − µ̂1)2∑n

i=1 γ̂i

σ̂2
2 =

∑n
i=1(1− γ̂i)(xi − µ̂2)2∑n

i=1(1− γ̂i)

π̂1 =
∑n

i=1 γ̂i/n



20 

p(x) = 0.9N(−3, 12) + 0.1N(0, 0.32)
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22 

W (C) =
1
2

K∑

k=1

∑

C(i)=k

∑

C(j)=k

d(xi, xj)
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