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The visual perception of smoothly curved surfaces
from minimal apparent motion sequences
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A series of four experiments was designed to investigate the minimal amounts of information
required to perceive the structure of a smoothly curved surface from its pattern of projected mo-
tion. In Experiments 1 and 2, observers estimated the amplitudes of sinusoidally corrugated sur-
faces relative to their periods. Observers’ judgments varied linearly with the depicted surface
amplitudes, but the amount of perceived relative depth was systematically overestimated by ap-
proximately 30%. The observers’ amplitude judgments were also influenced to a lesser extent
by the amount of rotary displacement of a surface at each frame transition, and by increasing
the length of the apparent motion sequences from two to eight frames. The latter effect of se-
quence length was quite small, however, accounting for less than 3% of the variance in the ob-
servers’ judgments. Experiments 3 and 4 examined observers’ discrimination thresholds for sinusoi-
dally corrugated surfaces of variable amplitude and for ellipsoid surfaces of variable eccentricity.
The results revealed that observers could reliably detect differences of surface structure as small
as 5%. The length of the apparent motion sequences had no detectable effect on these tasks,
although there were significant effects of angular displacement and surface orientation. These
results are considered with respect to the analysis of affine structure from motion proposed by

Todd and Bressan (1990).

One of the most extensively investigated phenomena in
human vision is the perception of three-dimensional struc-
ture from motion, often referred to as the kinetic depth ef-
fect (Wallach & O’Connell, 1953). A particularly compel-
ling method of demonstrating this phenomenon is to present
observers with apparent motion sequences of random-dot
surfaces rotating in depth under orthographic projection.
When any individual image from such a sequence is viewed
in isolation, it appears as nothing more than a pattern of
random dots in the picture plane. When several such im-
ages are presented in rapid succession, however, the de-
picted pattern is almost always perceived as a coherent
surface rotating rigidly in three-dimensional space.

What type of perceptual mechanism would allow ob-
servers to determine the three-dimensional structure of
an object solely on the basis of its pattern of projected
motion? In attempting to develop a computational anal-
ysis of this phenomenon, numerous investigators have
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noted that an apparent motion sequence of an arbitrary
rigid object under orthographic projection must contain
a minimum of three distinct views in order to obtain a
unique interpretation of the object’s three-dimensional
structure, and that this defines a theoretical upper bound
on the perceptual abilities of ideal observers (e.g., see
Bennett, Hoffman, Nicola, & Prakash, 1989; Huang &
Lee, 1989; Ullman, 1977, 1979, 1983). During the past
several years, however, there has been increasing evi-
dence that this theoretical limit may have surprisingly little
relevance to actual human vision. Of particular impor-
tance in this regard are the recent findings from several
different laboratories that two-frame motion sequences
presented in alternation can provide sufficient informa-
tion to obtain compelling kinetic depth effects and to ac-
curately discriminate between different three-dimensional
structures (Braunstein, Hoffman, & Pollick, 1990; Braun-
stein, Hoffman, Shapiro, Andersen, & Bennett, 1987;
Doner, Lappin, & Perfetto, 1984; Lappin, Doner, &
Kottas, 1980; Todd, Akerstrom, Reichel, & Hayes, 1988;
Todd & Bressan, 1990). Similar results can also be ob-
tained by using longer length sequences of scintillating
random-dot surfaces for which no dot if allowed to sur-
vive for more than two successive frames (Dosher, Landy,
& Sperling, 1990; Norman, 1990; Todd, 1985).

To better appreciate the potential information that is
available from two-frame apparent motion sequences, it
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is useful to consider a widely overlooked analysis of
Ullman’s (1977). Ullman noted that any rotary displace-
ment of an object can be decomposed into two compo-
nents: a rotation about an axis in the picture plane that
produces a pattern of parallel image trajectories, and a
subsequent rotation about the line of sight that produces
a pattern of curl in the image. He also developed a specific
algorithm for mathematically transforming any two-frame
motion sequence to eliminate the curl component. (See

Todd & Bressan, 1990, for more details.) One important -

property of this algorithm is that it provides a useful test
for the rigidity of an object’s motion. If elimination of the
curl component does not result in a pattern of parallel tra-
jectories under orthographic projection, the depicted ob-
Jject cannot have a possible rigid interpretation (see also
the related findings of Bennett et al., 1989; and Koenderink
& van Doorn, 1991).

Another useful property of Ullman’s (1977) analysis
is that it allows us to reduce any rigid displacement of
an object to the special case of rotation in depth about
an axis in the image plane, which greatly simplifies any
subsequent analyses of the object’s three-dimensional
structure. In this special case, the instantaneous depth of
any point relative to the rotation axis is optically speci-
fied within an indeterminate scale factor by its projected
velocity (see Braunstein & Todd, 1990; Todd & Bressan,
1990). Although this does not allow a unique rigid inter-
pretation, it severely constrains the structure of the de-
picted object to a one-parameter family of rigid interpreta-
tions. It is important to note in particular that any variation
in the assumed value of the indeterminate depth scaling
parameter is mathematically equivalent to subjecting the
depicted object to an affine ‘‘stretching’’ transformation
along the line of sight (cf. Koenderink & van Doorn,
1991). It follows, therefore, that any structural property
of an object that remains invariant under affine transfor-
mations can be optically specified from two-frame appar-
ent motion sequences.

For the sake of convenience, we shall refer to such
properties as affine structure, but it is important not to
be misled by this nomenclature. The inherent ambiguity
of two-frame apparent motion sequences is restricted to
affine stretching transformations along the line of sight,
which does not encompass the entire class of possible af-
fine transformations. Thus, two objects that are affine
equivalent in the more general sense can still be discrimi-
nated from a two-frame apparent motion sequence if they
are related by a stretching transformation in any direc-
tion that is not parallel to the line of sight.

A wide variety of object properties can be reliably de-
tected solely on the basis of an analysis of affine struc-
ture. For example, it is possible with such an analysis to
determine the metric length ratio between any pair of
parallel line segments; to perform various nominal cate-
gorizations, such as distinguishing between planar and
nonplanar configurations; and to accurately discriminate
structural differences between any pair of objects that can-
not be made congruent by an affine stretching transfor-

mation along the line of sight. It is also interesting in this
regard that an analysis of affine structure from two-frame
sequences is sufficiently powerful to perform most of the
existing psychophysical tasks that have been employed
previously to study observers’ perceptions of structure
from motion, including judgments of rigidity or coher-
ence (e.g., Braunstein, 1962; Dosher, Landy, & Sperling,
1989; Green, 1961; Petersik, 1979, 1980; Todd et al.,
1988), discriminations of rigid from nonrigid motion
(e.g., Braunstein et al., 1990; Cutting, 1987; Doner et al.,
1984; Lappin et al., 1980; Petersik, 1987; Todd, 1982),
judgments of ordinal depth relations (e.g., Hildreth,
Grzywacz, Adelson, & Inada, 1990; Reichel & Todd,
1990), and the discrimination or identification of com-
plex three-dimensional forms (e.g., Braunstein et al.,
1987; Cornilleau-Péres & Droulez, 1989; Dosher et al.,
1990; Husain, Treue, & Andersen, 1989; Loomis & Eby,
1988; Sperling, Landy, Dosher, & Perkins, 1989; Todd,
1984, 1985; Todd & Bressan, 1990; Treue, Husain, &
Andersen, 1991).

Although the analysis of affine structure from motion
may appear at first blush to be surprisingly powerful, it
also has some important limitations that need to be high-
lighted. Knowing the affine structure of an object defines
a ratiometric scale of distance in any given direction, but
the resulting distance metric is anisotropic—that is to say,
it would allow one to determine the relative length ratio .
of any pair of parallel or collinear line segments (e.g.,
see Lappin & Fuqua, 1983), but it cannot be used to de-
termine the relative lengths (or angles) of line segments
oriented in different directions. The latter judgments
would require an analysis of euclidean structure from mo-
tion, in which information must be integrated over a mini-
mum of three distinct frames.

There is some evidence to suggest, however, that the
human visual system may be relatively insensitive to the
higher order relations among three or more frames that
are required for an analysis of euclidean structure, and
that observers’ perceptions of the kinetic depth effect may
therefore be primarily determined by a more abstract anal-
ysis of affine structure. Todd and Bressan (1990) have
recently reported two converging lines of evidence to sup-
port this hypothesis: First, they demonstrated that ob-
servers’ performance on tasks involving judgments of af-
fine structure was an order of magnitude greater than
performance on similar tasks requiring an analysis of eu-
clidean structure; second, they also showed that perfor-
mance did not improve on any of these tasks as the num-
ber of distinct frames in an apparent motion sequence was
increased from two to eight. Since analyses of euclidean
structure require a minimum of three distinct views in
order to be effective with arbitrary structural configura-
tions, the latter finding provides especially strong evidence
that these analyses may have little relevance to actual hu-
man perception.

Whereas the experiments of Todd and Bressan (1990)
were primarily concerned with arbitrary configurations
of randomly positioned dots or lines, the research de-



scribed in the present article was designed to address a
related set of issues for the visual perception of smoothly
curved surfaces. Moving surfaces are different from other
more general configurations in that they produce optical
flow fields that are smoothly continuous over space (ex-
cept at occlusion boundaries). Because this is such a com-
mon and easily verifiable special case of optical motion,
numerous computational models have been designed spe-
cifically to exploit the differential structure of smooth
flow fields for determining a moving object’s three-
dimensional form (Aloimonos & Brown, 1989; Hoffman,
1982; Koenderink & van Doorn, 1975, 1977; Lappin,
1990; Longuet-Higgins & Prazdny, 1984; Waxman &
Ullman, 1985). Can human observers exploit this prop-
erty as well? If so, the relative imprecision of perceived
euclidean metric structure reported by Todd and Bres-
san (1990) might not generalize to observers’ perceptions
of smoothly curved surfaces. In the present series of ex-
periments, we have attempted to explore this hypothesis
by using a variety of converging operations, involving
both subjective depth ratings and surface discrimination
procedures.

EXPERIMENT 1

Method

The experiment was controlled by a Masscomp 5600 computer
with a Lex-90 graphics system. The stimuli were presented within
a 33 X26 cm rectangular region of the display screen with a spatial
resolution of 1,280x 1,024 pixels. The displays were observed
through a monocular viewing hood at a distance of 76 cm, such
that each pixel spanned a visual angle of approximately 1.15'. All
responses were recorded by pressing keys on the computer keyboard.

Each stimulus was designed to simulate an orthographic projec-
tion of a sinusoidally corrugated surface (with vertically aligned
corrugations) composed of 10,000 discrete points that were dis-
tributed randomly in both the horizontal and the vertical dimen-
sions. The spatial period of the sinusoidal corrugations was 320
pixels—that is, they had a spatial frequency of 0.163 cycles per
degree. The peak-to-trough amplitude of the corrugations was varied
across trials, so that the ratio of amplitude/period had five possible
values of 0.19, 0.38, 0.56, 0.75, or 0.94. The observer’s task on
each trial was to estimate the ratio of perceived surface amplitude
relative to the period in increments of 0.1.

To create a visual impression of three-dimensional structure, each
surface was presented in apparent motion, rotating in depth about
a horizontal axis that was parallel to the direction of maximum sur-
face curvature. The length of the apparent motion sequence was
varied across trials from a set of possible sequence lengths of two,
three, four, six, or eight distinct frames. On the first frame of ev-
ery sequence, the depicted surface was oriented at a 20° angle rela-
tive to the vertical, which was increased by 1.5° at each subse-
quent frame transition. Each sequence was presented in continuous
oscillation—first in one direction, then in reverse—until an appropri-
ate response was recorded.

A particularly important consequence of orienting the axis of ro-
tation so that it was orthogonal to the sinusoidal corrugations of
each surface is that the resulting motion patterns produced no sys-
tematic spatial gradients of texture density that might have provided
a potentially confounding source of static information about three-
dimensional structure. Consider, for example, the pair of dot pat-
terns presented in Figure 1, which include Frames 1 and 8 of an eight-
frame sequence for a surface with the largest possible amplitude/period
ratio of 0.96. Note in the figure that the individual static images
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Figure 1. A pair of dot patterns from an apparent motion sequence
in Experiment 1, depicting a sinusoidally corrugated surface with
an amplitude/period ratio of 0.96. Note that each individual image
contains a homogeneous pattern of random noise with no available
information about the depicted three-dimensional structure. When
the same images are presented as part of an apparent motion se-
quence, however, they appear quite clearly as a sinusoidally cor-
rugated surface. A similar effect can also be obtained by turning
the page sideways and viewing the images stereoscopically.

appear as homogeneous patterns of random noise. If the same set
of images were viewed in apparent motion, however, it would pro-
duce a compelling impression of a sinusoidally corrugated surface
in depth. (A similar effect can also be observed by turning the page
sideways and viewing the patterns stereoscopically.)

A preliminary experiment, based on the earlier findings of Todd
et al. (1988) and Todd and Bressan (1990), was performed to de-
termine the optimal timing parameters for each possible sequence
length. Three naive observers compared the relative salience of per-
ceived structure from motion for similar displays with different
stimulus onset asynchronies (SOAs), which could be varied in incre-
ments of 1/60 sec as constrained by the 60-Hz raster refresh rate.
For each display, the observers were asked to judge whether the
perceived salience of the depicted surface could be improved by
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Figure 2. The perceived salience of structure from motion for 3
naive observers as a function of the frame-to-frame stimulus onset

asynchrony in an investigation preliminary to the present series of
experiments. The curve parameter f indicates the number of dis-
tinct frames in an apparent motion sequence.

speeding up or slowing down its rate of oscillation. They were asked
to respond using a 9-point scale from —4 to 4, where 0 represented
an optimal rate of apparent motion, and positive (or negative) values
were used to designate the extent to which the oscillation appeared
too fast (or too slow). The results of this preliminary experiment
are shown in Figure 2. As is evident from the figure, the optimal
SOAs varied systematically with sequence length, which was also
confirmed by the observers’ subjective reports. Longer length se-
quences with slow presentation rates often appeared discontinuous,
whereas shorter length sequences with high presentation rates tended
to appear nonrigid (see Todd et al., 1988). Indeed, at the most ex-
treme values of the latter category (i.e., a two-frame sequence with
a 50-msec SOA), the resulting displays do not elicit a compelling
kinetic depth effect. For sequence lengths of two, three, four, six,
and eight distinct frames, the estimated optimal SOA values were
200, 150, 117, 100, and 83 msec, respectively, which produced
oscillation rates of 2.50, 1.67, 1.43, 1.00, and 0.86 Hz (cf. Todd
& Bressan, 1990). These values were employed for all of the ex-
periments in the present series, with an interstimulus interval of
0 msec.

The design of Experiment 1 included all possible combinations of
the different stimulus manipulations described above, resulting in 25
distinct conditions (5 sequence lengths X 5 amplitude/period ratios).
Five naive observers evaluated the displays over two experimental
sessions. Each session contained four blocks of trials, and each stimu-
lus condition was presented once per block. The first block of each
session was considered practice and was excluded from all subse-
quent data analyses. All of the observers reported that the displays
appeared quite clearly as moving surfaces in three-dimensional space,
and they all expressed considerable confidence in the accuracy of
their judgments. No feedback was provided about their performance.

At the beginning of each experimental session, the observers were
explicitly warned that the displays might sometimes appear to reverse
in depth spontaneously. Because the displays were generated under
parallel projection, the overall direction of slant for the depicted
surfaces was mathematically indeterminate, and it was reasonable
to expect, therefore, that the perceived orientations might be per-
ceptually multistable. Although this should not have been relevant
to the experimental task, it is interesting that all of the observers
reported that spontaneous reversals in the perceived direction of
surface orientation were remarkably rare. As has recently been in-

vestigated by Reichel and Todd (1990), there is a strong bias to
perceive the slant of a depicted surface in such a way that the lower
regions of a display appear to be closer in depth.

Results and Discussion

The combined results of all 5 observers are presented
in Figure 3. An analysis of variance for these data re-
vealed that the simulated amplitude/period ratios had a
significant effect on the observers’ judgments [F(4,16) =
213.3, p < .01}, accounting for over 84% of the total
sum of squares. The observers’ judgments were also in-
fluenced to some extent by the length of the apparent mo-
tion sequences [F(4,16) = 6.5, p < .01], but this effect
was quite small, accounting for only 2% of the total sum
of squares.

In a further attempt to assess the accuracy of the obser-
vers’ perceptions of three-dimensional structure, we mea-
sured the linear correlation between the judged amplitude/
period ratios in each condition with the actual values used
to generate the displays. The analysis revealed a clear
linear relation (r = .98), with an intercept of 0.036 and
a slope of 1.31. That is to say, the results demonstrated
that the observers’ judgments varied linearly with the de-
picted three-dimensional structure, but that the perceived
amplitudes of the surface corrugations were over 30%
‘arger than what was actually specified by the geometry
of the displays.

Let us now consider the available sources of optical in-
formation from which the observers’ judgments of three-
dimensional structure could potentially have been deter-
mined. One important finding that is especially relevant
in addressing this issue is that there were only negligible
improvements in performance as the number of distinct
frames in the apparent motion sequences was increased
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Figure 3. The perceived amplitude/period ratios of § naive ob-
servers in Experiment 1, as a function of the number of distinct

frames in an apparent motion sequence. The curve parameter A/P
indicates the actual amplitude/period ratio of the depicted surface.



from two to eight. It seems reasonable to conclude, on
the basis of this finding, that the perceptually relevant in-
formation for the observers’ judgments was fully present
within the first-order field of element displacements be-
tween a single pair of random-dot images.

For small displacements of a surface rotating about an
axis in the picture plane under parallel projection, the op-
tical motion of any point (i) is defined by the following
equation:

D; = eZ;, (D

where Z; is its position in depth relative to the rotation
axis, D; is its projected displacement in the picture plane,
and e is the angular displacement of the surface in three-
dimensional space (see Braunstein & Todd, 1990; Todd
& Bressan, 1990). For the displays used in the present
experiment, the instantaneous depth of each point rela-
tive to the rotation axis was defined as follows:

Z; = Yicot(a) — acos(¢dX;)/sin(a), ?2)

where X; and Y; are the horizontal and vertical position
coordinates in the picture plane, ¢ is the spatial frequency
of the surface corrugations in depth, a is the amplitude of
those corrugations, and « is the slant of the surface rela-
tive to the line of sight. Combining these two equations,
the field of projected element displacements is given by:

D; = €[Y; cot(a) —a cos(¢X;)/sin(a)]. 3)

One possible strategy by which the observers could have
performed this task would be to estimate some default
value of ¢, and to use that estimate in Equation 1 to de-
termine the relative depth of each element in the display.
If the value of ¢ is estimated incorrectly, this strategy will
produce a predictable pattern of errors. The possible fam-
ily of surfaces consistent with Equation 3 are all sinu-
soidally corrugated with an invariant relationship between
their amplitudes and slants. If ¢’ is the assumed value of
¢, and if all other measurements and computations are per-
formed with perfect accuracy, the perceived angle («’)
of the surface relative to the line of sight would be:

a' = tan™'[(¢’ tan(a)/€)], C))
and the perceived surface amplitude (a’) would be:

!

a' = acos(a')/cos(a). 5)

Note that this strategy could lead to either underesti-
mations or overestimations of surface amplitude, depend-
ing on the particular relation between ¢’ and e. When
€' > ¢, the perceived relative depth of a moving object
would be systematically underestimated, as has been ob-
served in previous studies by Loomis and Eby (1988) and
Todd (1984). When €' < ¢, on the other hand, the per-
ceived relative depth would be systematically overesti-
mated, as occurred in the present experiment and in other
related studies by Tittle, Braunstein, and Liter (1990) and
Todd and Bressan (1990). If this is indeed the strategy
by which observers estimate the amplitude/period ratio
of a sinusoidally corrugated surface, it ought to be possi-
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ble to systematically alter these judgments by manipulating
the size of the rotary displacement e used to generate an
apparent motion sequence. Experiment 2 of the present
series was designed to investigate this prediction.

EXPERIMENT 2

Method

The apparatus and general procedure were identical to those used
in Experiment 1. Observers judged the amplitude/period ratios of
sinusoidally corrugated surfaces rotating in depth about a horizon-
tal axis. The only difference with respect to the earlicr experiment
involved the possible values of various parameters used to gener-
ate the displays. For these displays, there were only two possible
amplitude/period ratios, 0.38 or 0.75, and three possible sequence
lengths, containing two, four, or eight distinct frames. The rotary
displacement of the surface at each frame transition was varied across
trials from possible values of 1°, 1.5°, or 2°.

All possible combinations of these different stimulus parameters
were used, so the resulting experimental design had 18 distinct con-
ditions (3 sequence lengths X 2 amplitude/period ratios X 3 angu-
lar displacements). These were presented without response feed-
back to 5 naive observers over two experimental sessions. As in
the previous experiment, each session contained four blocks of trials,
the first of which was considered practice and was excluded from
all subsequent data analyses.

Results and Discussion

The combined results of all 5 observers are presented
in Figure 4. An analysis of variance for these data re-
vealed that the observers’ judgments were primarily de-

—a- 1.0 deg
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Figure 4. The perceived amplitude/period ratios of 5 naive ob-
servers in Experiment 2, as a function of the number of distinct
frames in an apparent motion sequence. The curve parameter A/P
indicates the actual amplitude/period ratio of the depicted surface.
The different possible angular displacements of 1.0°, 1.5°, and 2.0°

" are represented by filled triangles, filled circles, and open diamonds,

respectively.
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termined by the simulated amplitude/period ratios [F(1,4)
= 100.9, p < .01], which accounted for over 64% of
the total sum of squares. There were also significant ef-
fects of angular displacement [F(2,8) = 26.1, p < .01}
and sequence length [F(2,8) = 11.9, p < .01], whose
relative proportions of the total sum of squares were 5%
and 3%, respectively. There were no significant inter-
actions.

Our main purpose in performing this experiment was
to test the hypothesis that observers’ judgments would be
based on a simple linear mapping between projected ve-
locity and perceived depth relative to the rotation axis.
If that were the case, then doubling the range of projected
element displacements by increasing the rotary displace-
ment of a surface from 1° to 2° (see Equation 1) should
have produced a 90% increase of perceived surface am-
plitude (see Equations 4 and 5). As is clearly evident in
Figure 4, this prediction was not confirmed. Although
there was a statistically significant effect of rotary dis-
placement, the effect was much smaller than would have
been predicted on the basis of a simple linear mapping
hypothesis. Indeed, as the rotary displacement was in-
creased from 1° to 2°, the corresponding increase in the
observers’ judgments was only 23 % . When the simulated
amplitude/period ratios were doubled from 0.38 t0 0.75, in
contrast, the observers’ judgments increased by over 87%.

These findings provide strong evidence that observers’
perceptions of three-dimensional structure in these dis-
plays are determined, at least in part, by some analysis
of the optical flow fields that is more complex than a sim-
ple linear mapping between projected displacement and per-
ceived depth. Whatever this analysis is, it seems to pro-
vide some degree of constancy over changes in an object’s
angular displacement (or velocity). There are several pos-
sible strategies by which this could be achieved. For ex-
ample, one reasonable approach would be to always select
an interpretation of an object that minimizes some mea-
sure of structural complexity (see, e.g., Aloimonos &
Brown, 1989). Because the set of possible rigid inter-
pretations remains invariant over small variations in an
object’s rotary displacement, any strategy of this type
would be expected to produce perfect displacement con-
stancy. Another possible strategy would be to rescale the
field of projected element displacements by some global
measure that varies proportionally with the magnitude of
an object’s rotary displacement in three-dimensional
space. For example, Loomis and Eby (1988) have sug-
gested that perceived relative depth may be determined
by image shear divided by the average projected veloc-
ity. Similarly, Tittle et al. (1990) have proposed that im-
age displacements can be rescaled by the overall magni-
tude of compression.

It remains to be demonstrated by future research whether
any of these strategies can adequately account for ob-
servers’ perceptions of rotating sinusoidal surfaces. The
primary difficulty in this regard is that displacement con-
stancy is imperfect—that is to say, when the simulated
angular displacements were varied in the present experi-

ment, there was a corresponding gain of perceived sur-
face amplitude of approximately 23 % . Precisely how this
occurs remains unclear. What we can conclude with more
confidence, however, is that the mechanism responsible
for this partial constancy seems to be restricted to an anal-
ysis of the first-order field of projected element displace-
ments, and that it cannot make use of other potential con-
straints that are available in principle from integrating
information over three or more successive views.

EXPERIMENT 3

In the two experiments described above, the magnitude
of perceived depth was measured in a numerical estima-
tion task. Although it is clear from the results of these
experiments that observers are capable of discriminating
differences in amplitude of sinusoidally corrugated sur-
faces, the procedure was not sufficiently powerful to
determine the precise limits of their performance. Ex-
periment 3 was designed, therefore, to measure observers’
amplitude discrimination thresholds for variable-length
apparent motion sequences with variable angular dis-
placement.

Method

The apparatus and stimuli were identical to those used in the previ-
ous experiments, but the procedure was quite different. A method
of constant stimuli was employed, in which observers judged
whether the depicted amplitude/period ratio in each display was
larger or smaller than an implicit standard of 0.75. Six different
test stimuli were employed with possible amplitude/period ratios
that differed from the standard by —8.3%, —5%, ~1.7%, 1.7%,
5%, or 8.3%, respectively.

In addition to the variations in surface amplitude, the displays
were presented with two possible sequence lengths of two or eight

" distinct frames, and two possible angular displacements at each

frame transition of 1.5° or 2°. All possible combinations of these
different stimulus parameters were used, so the resulting experimen-
tal design had 24 distinct conditions (6 amplitudes X 2 sequence
lengths X 2 angular displacements). Five practiced observers evalu-
ated the displays over five experimental sessions, and each condi-
tion was presented 10 times per session in a random sequence. At
the beginning of each session, the observers were given 24 trials
of practice to make it possible for them to adapt themselves to the
implicit standard. Response feedback was provided after every trial
throughout each experimental session.

Results and Discussion

Figure 5 shows the percentage of trials in which ob-
servers responded ‘larger,”’ as a function of the percent-
age difference between each possible test stimulus and the
implicit standard. To achieve perfect performance on this
task, an ideal observer would have to always respond
‘“‘larger’’ whenever there was a positive difference be-
tween the test stimulus and the standard, and to always
respond ‘‘smaller’” whenever there was a negative differ-
ence. As is evident from the figure, the actual observers
were far from perfect, and their performance varied sys-
tematically with the size of the difference they were re-
quired to detect.
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Figure 5. The percentage of “larger” responses for 5 practiced ob-
servers in Experiment 3, as a function of the percentage difference
between the depicted amplitude of a test stimulus and the implicit
standard. The two- and eight-frame apparent motion sequences are
represented by filled and open circles, while the 1.5° and 2.0° an-
gular displacements are represented by solid and dotted lines.

An analysis of variance of these data revealed signifi-
cant effects of surface amplitude [F(5,20) = 88.36,p <
.01] and angular displacement [F(1,4) = 22.6,p < .01].
The effect of sequence length was not statistically signifi-
cant as it was in the two previous experiments. We also
computed an overall discrimination threshold for this task
by converting the data to percent correct and collapsing
over variations in angular displacement and sequence
length. The results of this analysis revealed a mean dis-
crimination threshold of 6.7%. That is to say, the ob-
servers were able to detect a 6.7% variation of surface
amplitude relative to the standard with 75% accuracy.

One important issue to consider in evaluating these re-
sults is the potential use of two-dimensional velocity cues
for performing the required discriminations. Sperling
et al. (1989) have recently warned against the use of
structure-from-motion tasks for which accurate perfor-
mance could potentially be achieved by measuring pro-
jected velocities in just one or two areas of a display (see,
however, Braunstein & Todd, 1990). Could observers
have employed such a strategy in Experiment 3? It is im-
portant to keep in mind with respect to this issue that the
manipulations of angular displacement in our displays
produced much larger variations in projected velocity than
did the manipulations of surface amplitude, which the ob-
servers were instructed to discriminate. Thus, if their
judgments had been based instead on a simple compari-
son of two-dimensional image velocities, the manipula-
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tions of angular displacement should have had the largest
effect on performance. Note, however, that this is not
what occurred in the actual experiment. Although there
were significant effects of angular displacement, they ac-
counted for only 11% of the total sum of squares, whereas
the effects of surface amplitude accounted for over 77%.
It is clear from this finding that the observers’ judgments
could not have been based on a simple comparison of the
two-dimensional image velocities.

From a theoretical point of view, one of the most im-
portant aspects of these results is that performance did
not improve significantly as the number of distinct frames
in an apparent motion sequence was increased from two
to eight. When considered in conjunction with the simi-
lar pattern of results obtained in Experiments 1 and 2 us-
ing a magnitude-estimation task and the earlier discrimi-
nation studies of Braunstein et al. (1990), Braunstein et al.
(1987), and Todd and Bressan (1990) using random con-
figurations of dots or lines, these findings provide strong
converging evidence that the perceptual analysis of struc-
ture from motion by actual human observers may be re-
stricted to the use of first-order velocity (or displacement)
measures that are available within two-frame apparent mo-
tion sequences. Moreover, because it is not mathemati-
cally possible to uniquely determine the euclidean metric
structure of an arbitrary object from a two-frame appar-
ent motion sequence, an additional implication of these
results is that perceived three-dimensional structure from
parallel projected motion must be inherently ambiguous
up to an affine stretching transformation along the line
of sight.

It is important to recognize in this regard that although
the surfaces employed in the present experiments were
affine equivalent in the more general sense of the term,
they were not affine equivalent along the line of sight,
and they were therefore discriminable from two-frame ap-
parent motion sequences. To appreciate better why this
is so, it is useful to reconsider the structure of the field
of projected element displacements at each frame transi-
tion, as described by Equation 3.

D; = €[Y;cot(ar) —a cos(9Xi)/sin(a)].

The parameter « in this equation defines the overall sur-
face orientation relative to the line of sight. For most
values of «, including the range between 56° and 70° used
in the present experiments, the optical effects of varying
surface amplitude (a) are clearly different from those pro-
duced from comparable variations in the amount of angu-
lar displacement e. There is one degenerate orientation,
however, for which this is not the case. When the sur-
face corrugations are all oriented in parallel with the pic-
ture plane (i.e., when a = 90°), Equation3 is
reduced to:

D; = eacos(¢X;). 6)

Because all possible variations of surface structure defined
by this reduced equation are affine equivalent along the
line of sight, the optical effects of varying a or ¢ in that
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case would be mathematically (and perceptually) indistin-
guishable.

Thus, from the perspective of an analysis of affine struc-
ture from motion, the ability of observers to discriminate
variations of surface structure from comparable variations
in angular displacement is critically dependent on the spe-
cific orientations from which a surface is viewed. It fol-
lows from this conclusion that some pairs of frames within
a multiple-frame apparent motion sequence may be more
perceptually informative than others for performing a dis-
crimination task. As an object rotates continuously in
depth, it may sometimes pass through a degenerate orien-
tation for which it is affine equivalent along the line of
sight with some other specific comparison object. As it
continues to rotate, however, it will eventually arrive at
a new orientation for which this particular structural am-
biguity will no longer be present.

To demonstrate the generality of this point, it is useful
to consider an alternative structural configuration from
the sinusoidally corrugated surfaces employed in the pres-
ent experiments. Equation 7 defines a family of ellipsoid
surfaces, which can all be generated by stretching a unit
sphere along the z-axis by a variable proportion g:

X2 + Y2 + Z*(1+¢q)* = 1. )]
Suppose that a particular surface within this family is
viewed under parallel projection from a position P such
that the line of sight forms an angle § with respect to the
z-axis (see Figure 6). If the surface is rotated about the
y-axis by a small angular displacement e, the optical mo-

tion of any point i is defined by the following quadratic
relation:

(Dil€)*[sin*() + cos*(6)/(1 +q)*]
+ (Dile){2X;sin(f) cos(8)[1—1/(1+9)*]}
+ [X3} cos*(6)+X3sin*(0)/(1+¢g)*+Yi—1] = 0, (8)
where X; and Y; are its horizontal and vertical position
coordinates, and D; is its projected displacement in the

X
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Figure 6. An ellipsoid surface that differs from a unit sphere by
a variable proportion g. The surface is viewed from a position P
at an angle ¢ from the axis of variable eccentricity.

image plane. Note in this equation that for most possible
values of 8, the effects of g and ¢ on the overall pattern
of optical flow are quite different. The degenerate orien-
tation for which the possible variations of surface struc-
ture are all affine equivalent along the line of sight occurs
when § = 0. Equation 8 can be reduced in that case to:

D? = é(1+q)* (1-X*-Y?), ®

It should be evident from this equation that any variations
of e and g will have identical effects on the instantaneous
flow pattern, and cannot therefore be distinguished within
a two-frame apparent motion sequence.

This last example is especially instructive for interpret-
ing the results of a recent experiment by Norman (1990).
Norman measured observers’ discrimination thresholds
for rotating random-dot ellipsoids similar to those de-
scribed above, using apparent motion sequences composed
of either 2 or 15 distinct frames. The results of this ex-
periment revealed what appeared to be a large effect of
sequence length, in that the 2-frame displays produced
much higher discrimination thresholds than did the 15-
frame displays (see also Loomis & Eby, 1988). Could this
be a relevant counterexample to the conclusions of Todd
and Bressan (1990) concerning observers’ insensitivity to
higher order relations among 3 or more frames of an ap-
parent motion sequence? Before drawing any premature
conclusions, however, there is one important aspect of
Norman’s experimental design that needs to be high-
lighted. For the 2-frame displays employed in this study,
the depicted ellipsoids were always presented at a degener-
ate orientation for which the possible variations of sur-
face structure were all affine equivalent along the line of
sight, and could not therefore be reliably discriminated
solely on the basis of an analysis of affine structure from
motion. For the 15-frame displays, in contrast, the ellip-
soids were rotated up to 35° away from this degenerate
orientation, so that some pairs of frames within the overall
sequence would have provided sufficient information about
differences in affine structure to allow accurate perfor-
mance on the required discrimination task. In other words,
what might appear at first blush to be a clear counter-
example to the theory of affine structure from motion pro-
posed by Todd and Bressan (1990) might turn out instead
to provide strong confirmation for one of the fundamen-
tal predictions of that theory.

One possible method of testing this hypothesis would be
to include an additional two-frame condition in which each
depicted object would be viewed at an angle of 35° relative
to the degenerate orientation. If the number of distinct
frames in an apparent motion sequence is a critical pa-
rameter for the observer’s performance, then this new two-
frame condition should yield significantly higher discrimi-
nation thresholds than those obtained with longer length
sequences. If, on the other hand, the depicted orientation
of a surface is the critical parameter, this new two-frame
condition should produce levels of performance that are
roughly comparable to those obtained with muitiframe dis-
plays. Experiment 4 was designed to test these predictions.



EXPERIMENT 4

Method

The basic procedure employed in this study was designed to con-
form as closely as possible to the earlier experiment by Norman
(1990) described above. The displays were generated from a *‘stan-
dard’’ sphere with a radius of 116 pixels (3 cm). For each display,
this sphere would be covered with 900 randomly positioned dots,
which would then be expanded or compressed along the z-axis by
a variable proportion g as defined by Equation 7. The resulting el-
lipsoid surfaces were then presented in apparent motion, rotating
in depth about a vertical axis with their occluded dots removed.
The observer’s task on each trial was to indicate whether the three-
dimensional structure of the depicted surface appeared ‘‘expanded’’
or ‘‘compressed,’’ by pressing an appropriate key on the computer
keyboard. Response feedback was presented after each trial.

There were three different experimental conditions in which the
orientations of the depicted ellipsoids and the length of the appar-
ent motion sequences were systematically manipulated. These will
be referred to as the eight-frame condition, the two-frame slanted
condition, and the two-frame straight condition.
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For the eight-frame condition, each depicted ellipsoid appeared
initially at the degenerate orientation for which the possible vari-
ations of surface structure were all affine equivalent along the line
of sight. It then rotated to the left with a frame-to-frame angular
displacement of either 4° or 6°, which was determined at random
on each trial. As in our previous experiments, these eight-frame
displays were presented with an SOA of 83 msec and an inter-
stimulus interval of 0 msec. Each apparent motion sequence was
presented in continuous oscillation—first in one direction, then in
reverse—until an appropriate response was recorded. The difficulty
of the discrimination task was systematically manipulated by ad-
justing the proportion, ¢, with which the standard sphere was de-
formed to produce expanded or compressed ellipsoids. The abso-
lute value of ¢ remained constant within each block of trials, but
it was varied across blocks from possible values of +0.06S, +0.050,
+0.035, or £0.020.

For the two-frame slanted condition, the displays were identical
to those described above except that the apparent motion sequences
consisted of only two distinct frames presented in continuous alter-
nation with an SOA of 200 msec. The ellipsoid depicted in the first
frame of every sequence was always presented at an angle of 35°

EERE

Figure 7. Two pairs of dot patterns similar to those used in the two-frame slanted condition of Experiment 4. The upper pair of images
depicts a 0.065 compressed ellipsoid, while the lower pair of images depicts a 0.065 expanded ellipsoid. When presented in apparent
motion, these displays can produce a compelling impression of a smoothly curved surface. A similar effect can also be obtained by viewing

the images stereoscopically.
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from its degenerate orientation (i.e., the average of the most ex-
treme orientations for the eight-frame displays).

For the two-frame straight condition, in contrast, the displays
were the same as those employed in the two-frame slanted condi-
tion, except that each depicted ellipsoid was presented at its de-
generate orientation for which the possible variations of surface
structure were affine equivalent along the line of sight. It quickly
became apparent during pilot studies for this experiment that these
two-frame straight displays were much more difficult to discriminate
than those employed in the other conditions. Thus, in an effort to
obtain a more informative measure of the limits of the observers’
performance, the range of variation between the expanded and com-
pressed ellipsoids was increased for this condition to include pos-
sible g values of +0.20, +0.15, +0.10, or +0.05.

To eliminate any possible confounding sources of information
from the changing shape of an ellipsoid’s occlusion boundary (see
Andersen & Cortese, 1989; Loomis & Eby, 1989; Todd, 1985),
all of the displays were presented behind a simulated opaque blue
occluding surface through a circular aperture with a radius of 112
pixels. The size of this aperture was just small enough to occlude
the boundaries of the depicted ellipsoid surfaces in all possible con-
ditions. The resulting experimental displays appeared in each frame
of an apparent motion sequence as a random configuration of white
dots on a black circle within a homogeneous blue background.
Figure 7 shows two pairs of images depicting a 0.065 compressed
ellipsoid and a 0.065 expanded ellipsoid similar to those used in
the two-frame slanted condition. When either of these pairs is
presented in continuous alternation, it produces a compelling im-
pression of a smoothly curved surface rotating in depth behind a
circular aperture. A similar effect can also be obtained by viewing
the surfaces stereoscopically.

The displays were evaluated by 3 highly practiced observers, in-
cluding both authors and 1 naive subject who was unaware of the
theoretical issues being investigated or any specific details of how
the displays were generated. Each observer participated in six ex-
perimental sessions, composed of four 60-trial blocks of a single
experimental condition. The difficulty of the required discrimina-
tions was varied across blocks in order of increasing difficulty. Thus,
for the two-frame straight condition, a session would begin with
a block of 60 trials with possible g values of +0.20, and it would
end with a block in which the g values were reduced to +0.05.
Similarly, for the two-frame slanted and eight-frame conditions,
the sessions would begin with possible g values of +0.065 and
would end with those values reduced to +0.02. The order of the
six experimental sessions was determined at random for each ob-
server.

Results and Discussion ,

Figure 8 shows the combined percentage of ‘‘ex-
panded’’ responses for all 3 observers in the two-frame
straight condition as a function of each surface’s percent-
age distortion from the standard sphere. The data are plot-
ted separately for both possible values of angular displace-
ment. It is important to keep in mind that to achieve perfect
performance on this task, an observer would have to re-
spond ‘‘expanded’’ for all positive differences from the
standard and respond ‘‘compressed’’ for all negative dif-
ferences. Note in the figure that for most of the displays
the observers’ performance was barely above chance. Al-
though they were highly practiced and received immedi-
ate feedback after every trial, they could not attain a 75%
threshold of accuracy even when the structural variations
to be detected were as large as +20% (see also Norman,
1990). Indeed, the structural variations of the depicted
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Figure 8. The percentage of “expanded” responses for 3 practiced
observers in the two-frame straight condition of Experiment 4, as
a function of the percentage difference between the depicted eccen-
tricity of a test stimulus and a standard sphere. The 4° and 6° an-
gular displacements are represented by solid and dotted lines, respec-
tively.

ellipsoids accounted for only 28% of the total sum of
squares, whereas the variations in angular displacement
accounted for over 46%. These results should not be sur-
prising, in light of the fact that the only possible variations
of surface structure in the two-frame straight condition
were all affine equivalent along the line of sight, and that
the optical effects produced by these variations were math-
ematically indistinguishable from those produced by com-

~ parable variations in angular displacement.

The results obtained from the two-frame slanted and
eight-frame conditions are presented together in Figure 9.
Several important aspects of these data deserve to be high-
lighted. First, note that there were no significant effects
of sequence length when the extreme orientations of the
ellipsoids depicted in the two-frame and eight-frame dis-
plays were equated. Second, the overall level of accuracy
for these displays improved by almost an order of mag-
nitude relative to the two-frame straight condition. A
structural variation of only +3.5% for objects viewed at
a slant was more perceptually salient than a structural vari-
ation of +20% for objects viewed at a degenerate orien-
tation. Finally, in the two-frame slanted and eight-frame
conditions, the observers had no difficulty in discriminat-
ing the effects of surface structure from angular displace-
ment as they did in the two-frame straight condition. The
manipulations of surface structure accounted for over 86%
of the total sum of squares, whereas the much larger ma-
nipulations of angular displacement accounted for less than
3% . Since the largest differences between the patterns of
velocity in these displays were produced by the manipula-
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Figure 9. The percentage of “expanded” responses for 3 practiced
observers in the two-frame slanted and eight-frame conditions of
Experiment 4, as a function of the percentage difference between
the depicted eccentricity of a test stimulus and a standard sphere.
The two-frame slanted and eight-frame conditions are represented
by filled and open circles, while the 4° and 6° angular displacements
are represented by solid and dotted lines.

tions of angular displacement, this last finding shows clearly
that the observers’ judgments could not have been based
on a simple direct comparison of the two-dimensional im-
age velocities.

When considered as a whole, the results of this experi-
ment provide strong support for the theoretical analysis
of affine structure from motion proposed by Todd and
Bressan (1990). According to this theory, the relevant in-
formation for perceiving structure from motion is re-
stricted to first-order measures of velocity (or displace-
ment) that are available within two-frame apparent motion
sequences, and, as a consequence of this restriction, ob-
servers should be incapable of discriminating variations
of surface structure that are affine equivalent along the
line of sight. It is important to recognize that the percep-
tual ambiguities predicted by this analysis are direction-
ally anisotropic, in such a way that any pair of distinct
objects should always be discriminable except when viewed
from a degenerate orientation. The present experiment
was designed specifically to test this prediction, and the
results provided a clear confirmation of its psychological
validity.

It is also interesting in this regard that the significant
effects of object orientation could easily have been mis-
taken for an effect of sequence length if the two-frame
slanted condition had not been included in the experimen-
tal design (cf. Loomis & Eby, 1988; Norman, 1990). As
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the objects depicted in the eight-frame displays rotated
farther and farther from their degenerate orientations, the
variations in their structure must have gradually become
more and more discriminable over time, relative to the
displays in the two-frame straight condition. However,
in order to demonstrate a true effect of sequence length,
it is necessary to show that a multiframe display is capa-
ble of producing more accurate performance than would
be possible for any single pair of images presented in iso-
lation. Although the eight-frame condition of the present
experiment produced much higher performance than did
the two-frame displays of objects depicted at a degener-
ate orientation, this difference was eliminated in the two-
frame slanted condition by controlling which pairs of im-
ages from the longer length sequences would be used to
generate the displays.

GENERAL DISCUSSION

Our primary conclusion from the present experiments
and the related work of Todd and Bressan (1990) is that
when all other relevant variables are equated, the length
of an apparent motion sequence has little or no effect on
the abilities of human observers to perceive structure from
motion. Although some reports in the literature may ap-
pear to conflict with this conclusion, we believe that most
of these discrepancies can be attributed to other confound-
ing variables that have been allowed to covary with se-
quence length. One such variable, whose effects were
demonstrated in Experiment 4, is the specific orientation
at which an object is depicted within a two-frame appar-
ent motion sequence. If it is viewed at a degenerate orien-
tation from which all possible structural variations are af-
fine equivalent along the line of sight, the accuracy of
observers’ judgments may be severely impaired.

Another important variable to consider in this context
is stimulus duration. The perceptual analysis of two-frame
apparent motion sequences need not occur instantane-
ously. If observers require some minimal amount of time
to sample and process the available information, perfor-
mance might be expected to suffer when a display is ter-
minated after too brief an interval. There is some evidence
to suggest that temporal duration can have a large effect
on the accuracy of observers’ judgments about three-
dimensional form. When a two-frame sequence is immedi-
ately terminated (Hildreth et al., 1990) or followed by a
blank interval (Loomis & Eby, 1988) after a single presen-
tation, performance is significantly reduced relative to
longer length displays. This should not be confused, how-
ever, with a true effect of sequence length. Indeed, there
is growing evidence—including the results of the present
experiments and the earlier studies of Braunstein et al.
(1990), Braunstein et al. (1987), Todd et al. (1988), and
Todd and Bressan (1990)—that the effects of sequence
length can be effectively eliminated by presenting each
display in continuous alternation so that observers can
sample the available information for as long as is neces-
sary for them to arrive at a maximally accurate judgment.
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Still another potentially confounding variable can arise '

when one investigates the temporal buildup of perceived
structure from motion by limiting the lifetimes of in-
dividual feature points (Dosher et al., 1990; Husain et al.,
1989; Norman, 1990; Todd, 1985; Treue et al., 1991).
To manipulate element lifetimes within an extended ap-
parent motion sequence, some proportion of a depicted
object’s visible features can be randomly repositioned at
each frame transition. As this proportion is gradually in-
creased, the amount of perceived depth in a display will
eventually become attenuated. One possible interpretation
of this result is that the visual perception of structure from
motion can be facilitated by allowing observers to track
individual features over muitiple frames. The problem
with this conclusion is that as element lifetimes are de-
creased, there is a corresponding increase in the relative
proportion of uncorrelated noise. Our own observations
have indicated that when the level of noise is equated for
all displays, there is no noticeable perceptual effect of any
increase beyond two in the number of distinct frames for
which each element is allowed to survive. A similar find-
ing has also been reported by Dosher et al. (1990).

Why would observers fail to exploit the available infor-
mation about euclidean metric structure within multiple-
frame apparent motion sequences? One likely explana-
tion for this theoretically surprising result is that human
observers have poor sensitivity to higher order temporal
derivatives of an object’s projected motion. Previous re-
search has shown, for example, that observers perform
poorly on tasks such as the discrimination of scalar ac-
celeration, in which the relative displacements of a mov-
ing point must be compared over multiple time intervals
(e.g., see Gottsdanker, 1952, 1955; Gottsdanker, Frick,
& Lockard, 1961; Todd, 1981).

If it is indeed true that the perceptual analysis of struc-
ture from motion is restricted to the use of first-order tem-
poral derivatives (or displacements), as we have argued
above, then it ought to be possible to confirm this limita-
tion through a variety of converging operations. The mathe-
matical analysis of Todd and Bressan (1990) provides
some highly specific predictions about which tasks are the-
oretically possible from two-frame apparent motion se-
quences, and which ones are not. In the discussion that
follows, we will examine these predictions in considerable
detail for several generic tasks that have previously been
employed to measure observers’ perceptions of three-
dimensional form.

Discriminations of Length or Angle

The primary limitation of restricting an analysis of
structure from motion to the available information within
two-frame apparent motion sequences is that there is no
general solution for determining the relative lengths or
angles between line segments oriented in different direc-
tions. Todd and Bressan (1990) have recently demon-
strated that a similar limitation may also exist for human
perception. Observers in their experiments were asked
to discriminate the relative three-dimensional lengths or

angles between moving line segments, whose relative
orientations were carefully controlled so that performance
above chance could not be achieved solely on the basis
of the projected lengths or projected angles depicted in
each display. The results on both tasks were perfectly con-
sistent with what would be expected on the basis of the
available information within two-frame apparent motion
sequences. That is to say, the overall level of performance
at discriminating variations of euclidean metric structure
was quite poor, and there were no appreciable improve-
ments as the number of frames in the apparent motion
sequences was increased from two to eight.

There are some exceptions to the general limitations de-
scribed above. Indeed, there are at least two specialized
circumstances in which it is theoretically possible to de-
termine an object’s euclidean metric structure from a two-
frame apparent motion sequence. One interesting excep-
tion, which has been analyzed by Hoffman and Flinchbaugh
(1982), occurs for objects viewed under orthographic
projection whose motion is confined to a fixed plane (see
also Lappin, 1990). A similar exception has also been
demonstrated by Longuet-Higgins (1981) for arbitrary
configurations under strong polar perspective. With
respect to the psychological validity of these analyses, a
recent experiment by Lappin and Love (in press) has pro-
vided some evidence that a planarity constraint can be ex-
ploited by actual human observers, but the effects of per-
spective on the visual perception of euclidean metric
structure have not been systematically investigated.

One type of length discrimination that is always theo-
retically possible from two-frame apparent motion se-
quences includes judgments of relative depth. Note in
Equation 1 that when an object rotates about an axis in
the picture plane, the projected displacement of each point
is linearly related to its position in depth relative to the
axis of rotation. Similar information is also available for
objects rotating about a slanted axis, though the analysis
in that case is more complex, requiring the removal of
the component of rotation about the line of sight (see Todd
& Bressan, 1990; Ullman, 1977). There is little evidence
to suggest the extent to which human observers are able
to make use of this information. Hildreth et al. (1990)
have recently demonstrated that observers are sensitive
to ordinal depth relations among elements rotating about
a slanted axis under orthographic projection, but no one
has yet examined observer sensitivity to relative depth in-
tervals in this context (cf. Lappin & Fuqua, 1983).

Discriminations of Objects or Surfaces

A particularly common procedure for studying the visual
perception of structure from motion is to measure an ob-
server’s ability to discriminate objects or surfaces (e.g.,
see Braunstein & Andersen, 1984; Braunstein et al., 1987;
Dosher et al., 1990; Husain et al., 1989; Loomis & Eby,
1988; Sperling et al., 1989; Todd, 1984, 1985; Treue
et al., 1991). As a general rule, any object-discrimination
task should be theoretically possible with two-frame ap-
parent motion sequences unless two specific conditions



are satisfied: (1) the variations of object structure to be
discriminated are all affine equivalent along the line of
sight; and (2) they are presented in apparent motion with
varying amounts of angular displacement.

Experiment 4 of the present series was designed to ex-
amine the psychological validity of this theoretical limi-
tation for actual human perception. The results confirmed
that structural variations that are affine equivalent along
the line of sight cannot be discriminated from comparable
variations in the amount of angular displacement (or ve-
locity) at each frame transition. It is important to keep
in mind, however, that both of these conditions must be
satisfied simultaneously for performance to be impaired.
For example, if all of the depicted objects to be discrimi-
nated are rotated about an axis in the picture plane with
the same frame-to-frame angular displacement, as in Todd
(1984), then observers’ discriminations can be quite ac-
curate. Similarly, if the objects to be discriminated are
not affine equivalent along the line of sight, then the ef-
fects of angular displacement will be greatly diminished.

Detection of Planar Surfaces

From the available information within two-frame ap-
parent motion sequences, it is theoretically possible to de-
tect any structural property of an object that remains in-
variant under arbitrary affine transformations. One such
property is surface flatness (i.e., if a planar surface patch
is stretched in any direction, its flatness remains un-
changed). In order to detect whether a configuration of
moving elements under orthographic projection is copla-
nar, it is useful first to remove the component of rotation
about the line of sight to produce a pattern of parallel im-
age trajectories. Within this transformed pattern, any sub-
set of points must be coplanar if there exists a set of con-
stant coefficients a, b, ¢, and d, such that for any point i:

aX;i + bY; + ¢D; + d = 0, (10)

where X; and ¥; are its instantaneous position coordinates
in the image plane, and D; is its transformed projected
displacement.

The available evidence indicates that human observers
are remarkably sensitive to small deviations from a per-
fectly flat surface (see Cornilleau-Péres & Droulez, 1989;
Norman, 1990; Todd & Bressan, 1990). Moreover, in the
studies that have manipulated sequence length, there have
been no appreciable improvements in performance as the
number of distinct frames in an apparent motion sequence
is increased beyond two. The latter finding provides strong
evidence that the perceptually relevant information for dis-
criminating planar from nonplanar surfaces is fully avail-
able within the first-order field of projected displacements,
and that observers’ performance on these tasks cannot
therefore be based on an analysis of euclidean metric
structure.

Magnitude Estimations
Another popular task for studying the perception of
structure from motion involves magnitude estimations of
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depth, slant, or curvature (e.g., see Braunstein & Ander-
sen, 1984; Loomis & Eby, 1988, 1989; Tittle et al., 1990;
Todd, 1984, 1985). Experiments 1 and 2 of the present
series are typical examples of this paradigm. Observers
in these studies made numerical ratings of the amplitudes
of sinusoidal surfaces relative to their periods. The results
indicated that observers can accurately discriminate vari-
ations of surface amplitude, that performance is only min-
imally affected by sequence length, and that the perceived
amplitudes are systematically overestimated. The last of
these three findings poses the most difficulty for an anal-
ysis of affine structure from motion. Because two-frame
apparent motion sequences are inherently ambiguous up
to an affine stretching transformation along the line of
sight, they cannot uniquely specify a particular value of
absolute depth, slant, or curvature. Although this is con-
sistent with the overall inaccuracy of the observers’ judg-
ments, it cannot account for their reliability. Why should
the surfaces be systematically overestimated? Indeed, why
should they appear reliably to have any specific depth at all?

The available evidence from the present series of experi-
ments and other previous investigations does not provide
a definitive answer to these questions. There is evidence
to suggest, however, that the magnitude of perceived sur-
face amplitude in these displays could not have been based
on a simple linear mapping between the depth of each
point relative to the rotation axis and its projected dis-
placement in the image plane. If perceived relative depth
were determined directly as a simple linear mapping of
projected displacement, it should also have varied propor-
tionally with the amount of rotation at each frame transi-
tion of an apparent motion sequence. The available evi-
dence does not confirm this prediction. Although there
are significant effects of rotary displacement on perceived
relative depth, they are many times smaller than what
would be expected on the basis of a simple linear map-
ping hypothesis. One likely explanation of this finding is
that the perceptual analysis of structure from motion in-
corporates a form of automatic gain control to provide
some degree of constancy over possible variations in the
angular velocities of moving objects. The precise mecha-
nisms by which this is achieved have yet to be determined,
although some plausible hypotheses have been proposed
by Loomis and Eby (1988) and by Tittle et al. (1990).

Detection of Rigidity

Still another commonly used task for studying the per-
ception of structure from motion involves judgments of
rigidity or coherence (e.g., see Braunstein, 1962; Braun-
stein et al., 1990; Cutting, 1987; Doner et al., 1984;
Dosher et al., 1989; Green, 1961; Lappin et al., 1980;
Petersik, 1979, 1980, 1987; Todd, 1982; Todd et al.,
1988; Todd & Bressan, 1990). The theoretical possibil-
ity of detecting rigidity from two-frame apparent motion
sequences under orthographic projection was first noted
by Ullman (1977). The method that he proposed for ac-
complishing this task involves mathematically removing
the component of an object’s rotation about the observer’s
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line of sight. If this results in a pattern of parallel image
trajectories, there is an overwhelming probability that the
depicted motion is rigid. If it does not, the motion must
be nonrigid (see also Bennett et al., 1989; Koenderink &
van Doorn, in press).

Most previous experiments on the discrimination of
rigid from nonrigid motion by actual human observers
have employed displays that are theoretically discrimina-
ble by using Ullman’s test, and there is growing evidence
that the relevant information for the perception of rigid-
ity in these displays is fully available within two-frame
apparent motion sequences. As with other types of dis-
crimination tasks involving the perception of structure
from motion, the available evidence indicates that ob-
servers are surprisingly poor at integrating information
over multiple views to perceptually discriminate rigid
from nonrigid motion. Recent studies by Braunstein et al.
(1990) and Todd and Bressan (1990) have shown that in-
creasing the number of distinct frames in an apparent mo-
tion sequence beyond two can have little or no effect on
performance when the amount of nonrigid distortion to
be detected is equated over different sequence lengths.

Some investigators have also examined the perception
of nonrigid motions that are theoretically undetectable by
using Ullman’s test. For example, in one such study by
Norman and Todd (1991), observers were presented with
random configurations of moving lines that were rotated
in depth about a fixed axis in the picture plane. For some
of the trials, the depicted object was rotated rigidly with
a variable angular displacement at each frame transition.
For other trials, the depicted object was rotated with a fixed
angular displacement, but it was stretched along the line
of sight at each frame transition. Observers’ rigidity rat-
ings revealed that these two types of motion were per-
ceptually indistinguishable, even when the objects were
presented in continuous rotation with apparent motion se-
quences composed of several hundred distinct frames. Be-
cause the large depicted distortions in the stretching dis-
plays could easily have been detected by using an analysis
of euclidean structure from motion, this result provides
especially strong evidence that human observers may be
restricted to a more abstract analysis of affine structure.

Another degenerate form of nonrigid motion that can-
not be detected by using Ullman’s test has been inves-
tigated by Todd (1982). Observers in this study were again
presented with random configurations of connected line
segments rotating in depth about a fixed axis in the pic-
ture plane. Nonrigid distortions were produced in some
of the displays by having each vertex rotate at a different
angular velocity. Although any two discrete views from
the resulting patterns of projected motion had possible
rigid interpretations, observers had no difficulty identify-
ing the motion as nonrigid if they were allowed to view
a sufficient proportion of its overall trajectory. It is clear
in this case that observers must be able to integrate infor-
mation over more than two frames of an apparent motion
sequence. It should also be noted, however, that accurate

performance on this task does not require a precise mea-
sure of second-order derivates of position with respect
to time. Observers need only note that the oscillatory fre-
quency of each point is different in order to correctly label
the motion as nonrigid. This finding suggests strongly that
observers may be sensitive to some types of higher order
spatiotemporal relations but not others. Developing a more
precise inventory of which properties can be perceptu-
ally integrated over time and which ones cannot is an in-
teresting and important question that will have to await
future research.
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