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Human observers make use of many different sources
of information to perceive the three-dimensional (3-D)
structure of their environment. One of the most impor-
tant of these sources is the changing pattern of retinal
stimulation created by the movements of the observer
and environmental objects. Wallach and O’Connell (1953)
showed that motion information could by itself create an
impression of 3-D structure. In their demonstration, an
apparently two-dimensional (2-D) form created by the pro-
jected shadows of a wireframe figure suddenly appeared
to have a compelling 3-D structure when the wireframe
was rotated in depth.

Early theoretical analyses of this phenomenon defined
the minimal information that would permit an observer
to determine the 3-D structure of a configuration of points.
To simplify the analysis, these models typically assume
that the input is a set of image points moving across dis-
crete frames. For general configurations under ortho-
graphic projection, a minimum of three distinct views of

four noncoplanar points are needed to compute the 3-D
structure of an object up to a reflection in depth (e.g., see
Bennett & Hoffman, 1986; Hoffman & Bennett, 1985,
1986; Hoffman & Flinchbaugh, 1982; Ullman, 1979).
For objects observed under polar projection, only two
views of five points are needed to specify 3-D structure
(Longuet-Higgens & Prazdny, 1980), although, in this
case, without additional information to specify an objec-
t’s distance from the point of observation, the analysis is
ambiguous as to the object’s exact size.

A large number of psychophysical tests have been per-
formed to determine how well these computational the-
ories apply to human observers. Many of the results have
indicated that observers have no trouble perceiving 3-D
shapes when presented with only two frames under or-
thographic projection (see Braunstein, Hoffman, & Pol-
lick, 1990; Braunstein, Hoffman, Shapiro, Andersen, &
Bennett, 1987; Lappin, Doner, & Kottas, 1980; Norman
& Todd, 1993; Todd, Akerstrom, Reichel, & Hayes,
1988). Moreover, for many different perceptual tasks,
there is no significant difference between observers’ per-
formance when shown two views and their performance
when shown more than two views (see Liter, Braunstein,
& Hoffman, 1993; Todd & Bressan, 1990; Todd & Nor-
man, 1991). These results demonstrate that observers are
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Observers viewed the optical flow field of a rotating quadric surface patch and were required to
match its perceived structure by adjusting the shape of a stereoscopically presented surface. In Ex-
periment 1, the flow fields included rigid object rotations and constant flow fields with patterns of
image acceleration that had no possible rigid interpretation. In performing their matches, observers had
independent control of two parameters that determined the surface shape. One of these, called the
shape characteristic, is defined as the ratio of the two principle curvatures and is independent of ob-
ject size. The other, called curvedness, is defined as the sum of the squared principle curvatures and
depends on the size of the object. Adjustments of shape characteristic were almost perfectly accurate
for both motion conditions. Adjustments of curvedness, on the other hand, were systematically over-
estimated and were not highly correlated with the simulated curvedness of the depicted surface patch.
In Experiment 2, the same flow fields were masked with a global pattern of curl, divergence, or shear,
which disrupted the first-order spatial derivatives of the image velocity field, while leaving the second-
order spatial derivatives invariant. The addition of these masks had only negligible effects on observers’
performance. These findings suggest that observers’ judgments of three-dimensional surface shape
from motion are primarily determined by the second-order spatial derivatives of the instantaneous field
of image displacements.
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able to perceive compelling 3-D structure with less in-
formation than the minimum amount specified in the
computational theories.

In light of these findings, more recent theoretical analy-
ses have examined more closely the available informa-
tion that can be obtained from only two distinct views of
an apparent motion sequence or from the instantaneous
field of image velocities for objects observed under ortho-
graphic projection (see Bennett, Hoffman, Nicola, & Pra-
kash, 1989; Koenderink & van Doorn, 1991; Todd &
Bressan, 1990; Ullman, 1977). These analyses have shown
that first-order temporal information can specify the struc-
ture of an object up to an infinite family that varies along
a single parameter. Despite this ambiguity, however, there
are some aspects of 3-D structure that are common to all
members of this one-parameter family and can therefore
be determined uniquely.

To better understand which aspects of 3-D structure are
unambiguously specified from first-order temporal in-
formation and which ones are not, it is useful to consider
the special case of rotation about a vertical axis in the
image plane. Ullman (1977) proved that any rigid 3-D ro-
tation under orthographic projection can be decomposed
into two components: a rotation about an axis in the
image plane, followed by a rotation about the line of
sight. He further proved that the component of rotation
about the line of sight can be mathematically eliminated
from the global pattern of image motion, such that any
3-D rotation can effectively be reduced to our assumed
case. In the analysis presented below, we will restrict our
discussion to the instantaneous pattern of velocities for
objects observed in continuous motion, although a re-
lated analysis for two discrete frames of apparent motion
is provided in the Appendix.

Consider a Monge surface, for which the depth (z) of
any point can be expressed as a simple function of its
horizontal position, x, and its vertical position, y:

z � l(x,y). (1)

The image velocity field, V, formed by the orthographic
projection of this surface as it rotates about a vertical
axis, can be expressed as a function of the horizontal and
vertical positions:

V � v(x,y). (2)

These two functions are related by a constant scale factor,
ω, which is the rate of the surface’s angular rotation:

V(x,y) � l(x,y)ω. (3)

The scale factor, ω, is a specific quantity that must be
determined in order to get an unambiguous measurement
of surface structure from the velocity field. The constant
relationship between the image-velocity field and the sur-
face structure holds also for the first and second partial
derivatives across space. To simplify the notation, a sub-
scripted letter is used to identify a partial (spatial) deriv-
ative in a given direction. Two subscripted letters indi-

cate a second partial derivative in the directions specified.
For example, the first partial derivatives of the velocity
field are given by

Vx � ωlx and Vy � ωly . (4)

The second partial derivatives are

Vxx � ωlxx , Vxy � ωlxy , and Vyy � ωlyy. (5)

Although it is desirable to obtain an unambiguous
measure of an object’s structure from its projected mo-
tion, the existence of an unknown scale factor ω means
that the structure is only specified up to a one-parameter
family of possible interpretations. However, if we con-
sider instead the ratios of these measures, the scale fac-
tor ωwould drop out. Ratios of the partial derivatives are
unambiguous measures and thus represent invariant prop-
erties for rotating objects under orthographic projection.

The distinction between ratio and nonratio quantities
is a powerful one. This idea allows us to predict which
properties in the environment can be unambiguously de-
termined from the velocity field and which cannot. For
example, consider the well-known descriptions of sur-
face attitude—slant (σ) and tilt (τ ):

(6)

tan τ � � . (7)

The difference between these two quantities is evident:
slant has an inherent ambiguity, as it is reflected in the
velocity field, but tilt does not. This means that any es-
timate of slant is only as good as the observer’s estimate
for the angular rotation velocity, whereas tilt is specified
uniquely by the first spatial derivatives of the velocity
field (see Cornilleau-Pérès & Droulez, 1989; Koenderink
& van Doorn, 1975, 1977; Te Pas, Kappers, & Koen-
derink, 1996).

In the same manner in which the attitude of surfaces
in the environment are related to the first spatial deriva-
tives, the surface shape is related to the second spatial de-
rivatives of the image-velocity field. To better explain this
relationship, we will use the concepts of differential geo-
metry to describe any 3-D shape. At a given surface lo-
cation, the local shape is defined by the normal curva-
tures, or the curvature of the surface in every direction in
the tangent plane. A concise definition of the local sur-
face shape is the minimum and maximum normal curva-
ture called the principal curvatures: κ min and κ max (see
Figure 1). The directions in the tangent plane of the prin-
cipal curvatures are called the principal directions and
are always perpendicular to one another.

We shall now consider several important shape prop-
erties and whether they are unambiguously measurable
from the image-velocity field. For example, the angle (α)
of rotation about the line of sight that is needed to align
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the principal curvatures with the horizontal and vertical
axes can be unambiguously determined:

(8)

The magnitudes of these realigned principal curvatures
are defined by the following equations:

(9)

(10)

Note that these equations both contain the scale factor ω,
so that the principal curvatures are not uniquely speci-
fied by the instantaneous velocity field. There are, how-
ever, some invariant relationships between the principal
curvatures that can be determined under appropriate
conditions.

Consider, for example, the ratio of the two principal
curvatures, which is sometimes referred to as the shape
characteristic (Mamassian, 1993; see Figure 2):

(11)

For cases where the first spatial derivatives of the velocity
field are zero (i.e., where the tangent plane to the surface
is frontoparallel) or where they are equal to one another,
the shape characteristic is unambiguously measurable.
This is not strictly the case for points outside these re-
gions, though the resulting error is negligible over a rel-
atively broad range of surface slants (see Dijkstra, Sno-
eren, & Gielen, 1994).

Another commonly used relationship among the two
principal curvatures is called curvedness and is defined
as the square root of their sum of squares (Koenderink,

1990). Because this is a sum rather than a ratio, the scale
factor ω is not removed, so that the curvedness portion
of 3-D shape cannot be uniquely specified by the instan-
taneous velocity field. It could, however, be perceptually
specified if the visual system were sensitive to higher
order temporal derivatives, such as image accelerations.

It is especially interesting to note, in this context, that
a similar distinction between the shape characteristic and
curvedness is also applicable to the perceptual analysis
of structure from motion for objects that are observed
under polar projection. It is important to keep in mind that
an instantaneous velocity field under polar projection al-
lows a one-parameter family of possible interpretations
that are related to one another by a homogeneous scaling
transformation. Thus, it is similar to orthographic projec-
tion, in that the shape characteristic of a surface patch is
uniquely specified but not its curvedness.

Although the analysis presented above requires some
preliminary transformations in order to achieve a specific
coordinate system and a specific rotation axis, a more
general formulation without these requirements can be
found in Koenderink and van Doorn (1992) or Dijkstra
et al., (1994). In the latter paper, several simulations are
also presented to show that estimations of the shape
characteristic are only minimally perturbed if the tangent
plane of a surface patch is slanted in depth or if it is
viewed under polar perspective (see also Lappin, Ahl-
ström, Craft, & Tschantz, 1995).

The research described in the present article was de-
signed to compare the predictions of this analysis with
the perceptual performance of human observers. In Ex-
periment 1, we examined the importance of higher order
temporal derivatives for the visual perception of surface
curvature by comparing performance for two different
types of displays—rigid object rotations and constant flow
fields for which the pattern of image accelerations were
mathematically inconsistent with any rigid object rota-
tion. In Experiment 2, we investigated the importance 
of higher order spatial derivatives in the image velocity
field by comparing performance for moving surfaces
presented both with and without a first-order masking
field.
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Figure 1. The principal directions, C1 and C2, and principal curvature, �1 are shown at
a surface point p. From “Perception of Local Three-Dimensional Shape,” by F. Phillips
and J. T. Todd, 1996, Journal of Experimental Psychology: Human Perception & Perfor-
mance, 22, p. 931. Copyright 1996 by the American Psychological Association. Adapted
with permission.
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EXPERIMENT 1

Method
The basic procedure employed in this experiment was to have ob-

servers first view a motion stimulus depicting a randomly chosen
3-D shape and then adjust a stereoscopically presented stimulus
until it appeared to have the same shape. The motion stimuli were
either regular rigid object rotations or displays with the second and
higher temporal derivatives that were inconsistent with any rigid
object rotation. A comparison of observers’ adjusted shapes in
these two conditions allowed an estimation of the extent to which
observers utilized the image accelerations or higher order relations
among three or more views.

Stimuli. The stimuli depicted paraboloid quadric surfaces, each
having the form

z � , (12)

where κ1 and κ2 represent the principal curvatures at the origin. Ex-
amples of this kind of surface can be seen in Figure 2. The depicted
surfaces were rotated in the image plane so that the principal cur-
vatures were oriented at a 45º angle to the horizontal and vertical.
This manipulation was performed in order to nullify the effects of
the known anisotropies in the horizontal and vertical directions (e.g.,
see Todd, Tittle, & Norman, 1995).

In half of the displays, the pattern of image accelerations was in-
consistent with any rigid object rotation. The technique for creating

these stimuli was the same as that used in Perotti, Todd, and Norman
(1996). To understand how this was done, consider how one would
define the image-displacement field for an orthographically pro-
jected, rigidly moving 3-D object. The projected displacement field,
D, depends on three factors: the horizontal position, x; the vertical
position, y; and the time, t, at which the displacement is measured:

D � f (x, y,t). (13)

For one rare situation in nature, the projected displacements at each
image location do not change over time; thus, they create a constant
displacement flow field. This situation occurs when a surface of rev-
olution rotates about its axis of symmetry (see also Lappin & Ahl-
ström, 1994). In general, however, a constant displacement flow field
will not be consistent with any rigid object rotation.

The motion of an image point in a constant (displacement) flow
field, D, depends only on its horizontal and vertical position, x and y:

D � f (x, y). (14)

Each 2-D position in the image is associated with a particular dis-
placement that remains fixed over time. To create a compelling
stimulus, the movement of a set of randomly placed points is deter-
mined by these displacements. When a point arrives at a particular
2-D location, it is assigned the displacement associated with that
position, and it moves accordingly on the next frame transition. The
important property of constant flow fields is that the first temporal
derivatives of the points’ positions are consistent with a rigid object
motion, but their image accelerations are not. Thus, if observers rely

(κ1x2 � κ 2 y2)
��

2

κ max

κ min
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…

Figure 2. If the two principal curvatures (�min and �max) of a surface patch are plotted in Carte-
sian coordinates, the curvedness (C) and shape characteristic (S) can be obtained using a transfor-
mation to polar coordinates. From “Perception of Local Three-Dimensional Shape,” by F. Phillips
and J. T. Todd, 1996, Journal of Experimental Psychology: Human Perception & Performance, 22,
p. 933. Copyright 1996 by the American Psychological Association. Adapted with permission.
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on the higher order temporal derivatives, the 3-D shapes that they
reconstruct from the constant flow field stimuli should be much less
accurate than those that they reconstruct from the rigid object mo-
tion stimuli. However, if observers can only utilize the first tempo-
ral derivatives, then the constant flow field and the rigid object ro-
tation stimuli should yield equally accurate 3-D shapes.

The stereograms in Figure 3 give a schematic depiction of the
quadric surfaces that were used in the experiment. The surfaces were
generated from the equations described below, where x and y are
the horizontal and vertical image positions at which a displacement
is computed, and κ1 and κ2 are constants chosen at random from the
range [�3.0,3.0] cm�1. For the rigid rotations and the stereoscopic
matching stimuli, the z depth values of the points (in pixels) were
generated, using the following equations:

(15)

(16)

For the stereoscopic matching stimuli, the subscript adj indicates
that the values of κ1 and κ2 were interactively adjusted by the ob-
server. A similar equation was also used to generate the image dis-
placements (expressed in pixels per frame) in the constant flow field
conditions:

(17)

The rigid stimuli rotated about a vertical axis between �22.5º and
+22.5º from frontoparallel at a rate of 0.75º per frame. Thus, it took
60 total frames to rotate the rigid surface through its full extent of
motion. The surface continued to rotate between the two extrema
until the observer indicated that a judgment had been made. Con-
stant flow fields also alternated back and forth through 60 unique
frames, with a flow field that was identical to the rigid rotations in
their frontoparallel orientation. In both cases, the initial direction of
rotation was chosen at random.

Both the motion and the stereoscopic stimuli were composed of
2,000 points, whose positions were defined in a Cartesian coordi-
nate system with an origin at the center of the display screen, which
had a horizontal and vertical resolution of 1,280 � 1,024 pixels.
Thus, the horizontal position of each element ranged from �640.0
to 640.0 pixels, and the vertical positions ranged from �512.0 to
512.0 pixels. The constant flow field patterns were viewed through
a circular aperture that was 380 pixels in diameter, with the video
screen a uniform black outside this area. For the rigid rotation con-
ditions, a similar aperture was not used, because it greatly limited
the available range of curvedness that was possible. Instead, the
rigid rotation stimuli initially projected to a 380-pixel-diameter cir-
cle, but during the rotation had a deforming boundary consistent
with the simulated shape.

Procedure. Each observer monocularly viewed a motion stimu-
lus depicting the selected 3-D shape for as long as desired and then
toggled (using a mouse button) to a binocularly viewed stereoscopic
adjustment stimulus. Observers manipulated the stereoscopic stim-
uli using horizontal and vertical movement of the mouse to adjust
the two principal curvatures of the depicted quadric surface. They
were instructed to switch back and forth between both displays until
the apparent 3-D shapes were matched as closely as possible. Once
this was achieved, a trial was terminated by pressing a separate
mouse button. Rigid rotation and constant flow field stimuli were
presented in separate blocks, each containing 100 trials.

Apparatus. The displays were presented on a Silicon Graphics
VGXT workstation. The refresh rate for all displays was 60 Hz. All
displays were viewed through Crystal Eyes LCD shuttered glasses,
at a viewing distance of 57.3 cm. The motion displays were viewed
with an eyepatch over one eye, whereas the stereoscopically pre-
sented displays were viewed with both eyes uncovered.

Observers. Three of the authors (V.P., J.T., and F.P.) participated
as observers, all of whom had corrected-to-normal vision.

Results and Discussion
All of the observers reported that the task seemed

quite natural and that they were able to adjust the stereo-
scopic displays to closely match the apparent 3-D shapes
of the motion test surfaces. They also reported that there
was little apparent difference between the rigid rotations
and constant flow fields, and that both types of display
appeared perfectly rigid, as has been reported previously
by Perotti et al. (1996).

Two factors complicated the analysis of the data. The
first was an inherent ambiguity between the direction of
rotation and the sign of curvature for objects displayed
under orthographic projection. For example, a motion
pattern of a bump rotating in one direction is identical to
the motion pattern depicting a dimple rotating in the op-
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Figure 3. Stereograms illustrating the type of surfaces used in
Experiment 1. From the top: an elliptic bump, a parabolic cylin-
der, and a hyperbolic saddle shape are depicted.
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posite direction. In order to resolve this ambiguity, the
one alternative that was closest to the adjusted shape was
considered to be the test stimulus.

A second potential problem involved scaling the shape
characteristic. As suggested by Koenderink (1990), we
transformed this to a circular measure by computing the
arctangent of the ratio of the adjusted values for κ1 and
κ2. These angular data were then analyzed by perform-
ing a linear regression between the adjusted and simu-
lated shapes along the circumference of a circle. A sep-
arate linear regression was performed for the curvedness
component of the observers’ adjustments, which was
calculated on each trial as the square root of the sum of
squares of κ1 and κ2.

To provide a typical example of the overall pattern of
performance, Figure 4 shows a scatter plot of the data for
observer J.T. in the constant flow field condition. The data
for the other observers are summarized in Table 1, which
gives the R2 values for adjusted versus simulated shape
characteristic and curvedness in all conditions. It is clear
from these results that the observers were remarkably ac-
curate in their judgments of the shape characteristic. In-
deed, the adjusted values of this component in the stereo-

scopic displays were almost perfectly correlated with
their simulated values in the motion displays. Across all
observers and conditions, the average R2 for the shape
characteristic correlations was .994, the average slope of
the best fitting regression line was 1.00, and the average
intercept was 0.03. It is important to keep in mind that
the shape characteristic is unambiguously specified in
both the constant flow fields and rigid rotations, so it is
not theoretically surprising that the observers produced
equivalent performance in both conditions.

It is interesting to note in Figure 4 that there is a no-
ticeable gap in the central region of the shape character-
istic scatter plot. This phenomenon arises because the
sign of relief is mathematically ambiguous for moving
surfaces under orthographic projection. For hyperbolic
(i.e., saddle-shaped) surface patches in the present ex-
periment, both possible interpretations of surface relief
were perceived with equal frequency, but for the elliptic
patches, the observers were strongly biased to see the
surfaces as convex, relative to the point of observation.

Curvedness adjustments were much less accurate than
those for shape characteristic, which is consistent with
the hypothesis that the perception of 3-D structure from
motion is primarily determined by the first-order pattern
of projected image velocities. In contrast to the shape
characteristic, curvedness requires an analysis of higher
order relations among three or more views and cannot be
uniquely specified by a pattern of image velocities or dis-
placements. To the extent that observers are able to make
use of this information, we would expect to see differ-
ences between the rigid rotations and constant flow fields,
because their patterns of image acceleration are quite
different. To compute a correlation for the constant flow
fields, the simulated curvedness was calculated using the
values of κ1 and κ2 from Equation 17 that were used to
generate the field of image displacements. Because the
patterns of image acceleration in that condition are in-
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Figure 4. Simulated versus adjusted shape characteristic and curvedness for observer J.T. in the constant flow field condition of Ex-
periment 1. The diagonal lines indicate perfect reconstruction performance. Note the superior performance for judgments of shape
characteristic in comparison with those of curvedness.

Table 1
The R2 Values for the Linear Correlations Between
Simulated and Adjusted Shape Characteristic and

Curvedness for All Observers and Conditions in Experiment 1

R2 for Shape R2 for
Observer Motion Stimulus Characteristic Curvedness

F.P. constant flow field .9927 .1886
rigid rotation .9901 .3741

J.T.T. constant flow field .9964 .4398
rigid rotation .9972 .7246

V.J.P. constant flow field .9972 .2083
rigid rotation .9975 .5521

Average constant flow field .9954 .2789
rigid rotation .9949 .5503
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compatible with any rigid body motion, it is perhaps not
surprising that the correlations between simulated and
adjusted curvedness produced a mean R2 of only .27.

An interesting question to consider is how the ob-
servers perceived any curvedness at all from the constant
flow field stimuli, since the information to specify curv-
edness was not reliable in those displays. One possibil-
ity is that the observers used some sort of heuristic anal-
ysis to estimate a unique structure. For example, Liter et al.
(1993) and Todd and Norman (1991) have suggested that
perceived depth may be scaled by the overall range of
projected displacements in a moving display. If that were
the case, perceived depth should increase proportionally
with the angular velocity of an object’s rotation. How-
ever, Todd and Norman and Perotti, Todd, Tittle, and
Norman (1994) have found little difference in observers’
performance when angular velocity is systematically
varied.

Although there was potential information about curved-
ness in the higher order temporal relations of the rigid
rotation displays, there was not much improvement in
the observers’ performance. In order to compare the re-
liability of adjusted curvedness for the rigid rotation and
constant flow field conditions, an F test was performed
for each observer on the ratio of residual variance from
the linear correlations. For one observer, V.P., the R2 val-
ues that were obtained in the two conditions were signif-
icantly different [F(99,99) � 2.05568, p < .05], but for the
other two observers they were not. We also performed a Fis-
cher’s protected least significant difference test (PLSD)
to compare the average signed error in the different con-
ditions (see Figure 5). For two of the observers, V.P. and
F.P., the magnitude of adjusted curvedness was signifi-

cantly greater in the constant flow field displays ( p <
.001), though this effect did not occur for observer J.T.
These small differences in performance between the
rigid rotation and constant flow field conditions could
be due to observers’ limited sensitivity to the pattern of
image accelerations (see also Norman & Todd, 1993; Per-
otti et al., 1996), or alternatively, they could be due to the
fact that the constant flow field displays had fixed cir-
cular boundaries, whereas those for the rigid rotations de-
formed over time.

Although it may seem theoretically reasonable to at-
tribute errors of adjusted curvedness to distortions that
occur in the perceptual analysis of structure from mo-
tion, that is not necessarily the case. It is also possible
that the errors were due to observers’ perceptions of the
stereoscopic matching stimuli. With appropriate infor-
mation about interocular distance and the state of con-
vergence, it would be theoretically possible to accurately
compute 3-D structure from binocular disparity, but the
available evidence does not suggest that human observers
are capable of that (e.g., see Norman, Todd, Perotti, &
Tittle, 1996; Tittle, Todd, Perotti, & Norman, 1995).
Several studies have shown that either motion or stereo
provides sufficient information to accurately discriminate
the shape characteristics of quadric surfaces (de Vries,
Kappers, & Koenderink, 1994; Phillips & Todd, 1996;
van Damme, Oosterhoff, & van de Grind, 1994), but this
does not appear to be true for the scale-dependent prop-
erty of curvedness, as indicated by the low R2 values
shown in Table 1. This also suggests, moreover, that the
errors occurring in these two modalities are not linearly
related to one another.

EXPERIMENT 2

Experiment 2 was designed to evaluate how the spatial
relationships among image velocities are used to deter-
mine 3-D structure. Recall that our analysis specifies
that the second spatial derivatives of the velocity field
allow an unambiguous measurement of the surface shape
characteristic. To test this claim, the observers in Exper-
iment 2 adjusted 3-D shapes after viewing displays with
the first spatial derivatives of the motion stimulus masked.
Figure 6 schematically illustrates the three masking
fields that were used to perturb the motion patterns.
These masking fields alter the first spatial derivatives of
the velocity field, but they leave the higher spatial de-
rivatives intact. Thus, if the perception of 3-D shape is
based primarily on the second-order spatial derivatives,
adjusted shape should not be affected by the masks at all.

Method
The apparatus and procedure were identical to those used in Ex-

periment 1. Each motion stimulus depicted a constant flow field or
a rigid object rotation identical to those used in Experiment 1, which
was additively combined with a first-order motion mask. A masked
display was created by adding curl, divergence, or shear to the pro-
jected motions of each dot, as described by Equations 15 and 17.
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Figure 5. The average error of observers’ curvedness adjust-
ments for the different conditions of Experiment 1. The shaded bars
indicate the mean difference between adjusted and simulated
curvedness for the constant flow field condition; the light bars
represent the same measurement for the rigid rotation condition.
Error bars indicate the 95% confidence intervals for each condi-
tion.
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The mask displacement for a given point was a function of its hor-
izontal position, x, and its vertical position, y. For curl,

x ′ � x cos θ � y sin θ, y ′ � y cos θ � x sin θ; (18)

for divergence,

x ′ � xα , y ′ � yα ; (19)

and for shear,

x ′ � xα , y ′ � �α
y
�. (20)

The orientation of the shear component was determined at random
for each trial. The image rotation angle, θ, was set to 0.18º per
frame, and the scale factor, α , was set to 1.00325. These values
were chosen using a set of Monte Carlo simulations. For each mask-
ing condition, the total motion energy was determined by summing
the squared magnitude of all points’ image displacements. Differ-
ent values of θ and α were tried until this total motion energy was
roughly equal for all three masking conditions and the total motion
energy in each mask was equivalent to the unmasked motion en-
ergy. The rigid rotations and constant flow fields were presented in
separate sessions, each containing three blocks of 100 trials for the
different mask conditions. Two of the authors, V.P. and J.T., again
participated as observers.

Results and Discussion
In describing their impressions of the phenomena,

both observers noted that each masking pattern had a
distinct effect on the apparent 3-D motion of the depicted
surfaces. For the curl displays, the objects appeared to be
rotating in depth about a moving axis that was precess-

ing in the image plane. For the divergence displays, the
objects appeared to be rotating back and forth about a
vertical axis, while simultaneously translating back and
forth in depth. For the shear displays, the objects ap-
peared to be rotating in depth about a fixed axis in the
image plane that varied at random across trials.

Table 2 shows the R2 values that were obtained, for
each observer in each condition, from the linear correla-
tions between adjusted and simulated shape characteris-
tic and curvedness. As in Experiment 1, the observers’
judgments of the shape characteristic were almost per-
fectly accurate. Averaged over conditions and observers,
the mean (R2) for the shape characteristic was .995; the
average slope of the best fitting regression line was .99;
and the average intercept was .04. For judgments of curv-
edness, in contrast, the values of R2 were much lower.

Additional analyses were performed to compare the
R2 values and mean adjusted errors among the different
conditions. The ratio of residual variances from the linear
correlation revealed that the R2 values for both observers
were significantly different for the rigid rotation and
constant flow field displays [J.T., F(299,299) � 1.5869,
p < .05; V.P., F(299,299) � 1.61591, p < .05]. They also
differed significantly in their mean adjusted errors as re-
vealed by a Fischer’s PLSD test ( p < .0001). A compari-
son of the R2 values among the various types of motion
masks and the unmasked displays of Experiment 1 re-

Table 2
The R2 Values for the Linear Correlations Between Simulated and Adjusted

Shape Characteristic and Curvedness for All Observers and Conditions in Experiment 2

Image Rotation Shear Divergence

Motion Shape Shape Shape
Observer Stimulus Characteristic Curvedness Characteristic Curvedness Characteristic Curvedness

V.J.P. Constant
flow field .9954 .2506 .9898 .3303 .9947 .1595

Rigid rotation .9970 .5466 .9906 .3802 .9983 .4941

J.T.T. Constant
flow field .9970 .5276 .9955 .5063 .9972 .4098

Rigid rotation .9969 .6619 .9955 .5608 .9970 .6340

Average Constant
flow field .9962 .3891 .9926 .4183 .9960 .2846

Rigid rotation .9970 .6043 .9930 .4705 .9976 .5640

Figure 6. The three motion patterns used to mask the first spatial derivatives of the velocity field in Experiment 2.
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vealed no systematic effects, though several of the pair-
wise comparisons were statistically significant. There was,
however, a clear pattern of results for the mean signed
errors of the observers’ curvedness adjustments (see Fig-
ure 7). For both observers, the addition of a motion mask
significantly lowered the magnitude of perceived curved-
ness (PLSD, p < .0001), and the effect of shear was sig-
nificantly larger than the effects of rotation or divergence
(PLSD, p < .0001).

It is important to keep in mind that these particular
masking patterns were designed to disrupt the first-order
spatial derivatives of the image velocity field while leav-
ing the second-order spatial derivatives invariant. Thus,
the fact that these masks had virtually no effect at all on
observers’ judgments of the shape characteristic (see also
Lappin & Craft, 1997) provides strong empirical support
for the theoretical proposals of Dijkstra et al. (1994) and
Koenderink and van Doorn (1992) that second-order
spatial derivatives of the instantaneous velocity field are
a primary source of visual information for the scale-
independent aspects of 3-D shape. It is also interesting to
note, in this regard, that the addition of masking fields in
the present experiment produced patterns of motion
whose overall range of image velocity were roughly twice
as large as those in the unmasked displays of Experi-
ment 1. Because this change significantly reduced the
magnitude of observers’ curvedness adjustments, it seems

reasonable to conclude that they could not have been
based on a heuristic analysis in which perceived depth is
determined by the magnitude of relative image motion
(see Liter, et al., 1993; Todd & Norman, 1991).

GENERAL DISCUSSION

When an object rotates in depth under orthographic
projection, there is sufficient information within the pat-
tern of optical flow to compute its 3-D structure up to a
reflection in depth. In order to actually perform this
computation, however, it is necessary to measure the in-
stantaneous acceleration of each point or the higher
order relations among three or more discrete views for
objects observed in apparent motion. In the case of con-
tinuous rotation about a vertical axis, the depth z of any
given point, relative to the rotation axis, is specified by

(21)

where x is its horizontal position relative to the axis of
rotation, and V and A are its projected velocity and ac-
celeration. It is interesting to note, in this case, that the
ratio x/A specifies the frequency of rotation, which must
be the same for all points on a rigidly moving object.

If a visual system were incapable of measuring how
the velocities (or displacements) of points change over
time, a projected pattern of motion would only be suffi-
cient to determine an object’s structure up to a one-
parameter affine transformation (see Koenderink, 1990;
Todd & Bressan, 1990). The best that could be accom-
plished in that case would be to somehow guess the value
of the unknown parameter, perhaps by assuming some
ecological constraints on the overall range of possible
object depths or rates of rotation. Any inaccuracies in
this estimate would cause the perceived structure of an
object to be systematically distorted by an affine stretch-
ing transformation.

There is a growing amount of evidence to suggest that
this type of distortion is a typical characteristic of our vi-
sual perceptions of structure from motion. There have
been numerous investigations reported in the literature,
in which observers have judged the perceived depths of
rotating objects, such as cylinders, ellipsoids, dihedral
angles, or random configurations of points in a volume
(e.g., see Liter & Braunstein, 1997; Liter et al., 1993; Tit-
tle et al., 1995; Todd, 1984; Todd & Norman, 1991). In
virtually all of these studies, there have been large con-
stant errors in the magnitude of perceived depth scaling,
though the size and direction of this effect can vary con-
siderably over different viewing conditions.

Such findings suggest that human observers have rel-
atively poor sensitivity to optical accelerations, so that
the visual perception of structure from motion must be
determined primarily by the pattern of image velocities
(or displacements). Additional evidence to support this
conclusion has been obtained by comparing the accuracy
of observers’ judgments for apparent motion sequences
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Figure 7. The average error of observers’ curvedness adjust-
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unmasked displays of Experiment 1. Error bars indicate the 95%
confidence intervals for each condition.
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with varying numbers of discrete frames. In general, there
are few or no improvements in the accuracy of perceived
structure as the number of distinct frames in a motion se-
quence is increased beyond two—provided that all other
parameters are optimized at each sequence length to pro-
duce the best possible performance (e.g., see Liter et al.,
1993; Todd & Bressan, 1990; Todd & Norman, 1991).

Another useful procedure for addressing this issue in-
volves motion patterns with higher order structural de-
formations that are inherently undetectable from the first-
order relations between individual pairs of views. This
includes any pattern with parallel image trajectories for
which all moving elements do not have the same ratio
x/A (see Equation 21). Previous research has shown that
different types of higher order structural deformations are
not all perceptually equivalent. Although some such dis-
plays appear perfectly rigid, there are others that are eas-
ily identified as nonrigid, thus indicating that observers
can obtain at least some useful information from changes
over time in the pattern of image velocities or displace-
ments (Liter & Braunstein, 1997; Norman & Todd, 1993;
Perotti et al., 1996).

One important goal of the present research was to ex-
amine the effects of higher order structural deformations
on observers’ judgments of 3-D structure. In order to ad-
dress this issue, rigid rotations of quadric surface patches
were compared with constant flow field displays whose
patterns of optical acceleration had no possible rigid in-
terpretation. The results revealed that the rigid rotations
produced slightly higher correlations between simulated
and judged curvedness than did the constant flow field
displays, but that observers were equally accurate in both
conditions for their judgments of the shape characteris-
tic. These findings are similar to those obtained by Liter
and Braunstein (1997) for higher order structural defor-
mations of a rotating dihedral angle. Observers’ judg-
ments of rigidity for these displays were significantly re-
duced relative to rigid rotations, but both types of motion
produced comparable results for judgments of the mag-
nitude of the depicted dihedral angle or of the extent of
its rotation.

Although observers may be relatively poor at extract-
ing information about 3-D structure from changes in
image velocity over time, this does not appear to gener-
alize to changes in image velocity over space. It has long
been recognized that first-order spatial changes in veloc-
ity (i.e., curl, divergence, and shear) provide important
information for the control of locomotion and the detec-
tion of impending collisions (see, e.g., Gibson, 1950; Koen-
derink & van Doorn, 1975, 1977; Todd, 1981). More re-
cent analyses have demonstrated that second-order
spatial changes in velocity can provide potentially useful
information about certain aspects of surface curvature
(Dijkstra et al., 1994; Droulez & Cornilleau-Pérès, 1990;
Koenderink & van Doorn, 1992). Under appropriate con-
ditions, these changes can specify the ratio of the two prin-

cipal curvatures (i.e., the shape characteristic) and their
directions, though it cannot specify other properties, such
as curvedness.

There have been a number of empirical studies re-
ported in the literature that have examined observers’
sensitivity to the 3-D curvature of moving surfaces (see
Cornilleau-Pérès & Droulez, 1989; Lappin et al., 1995;
Norman & Lappin, 1992; van Damme et al., 1994). The
present experiments were designed to extend this re-
search by employing a response task with two degrees of
freedom, so that we could separate the distinct compo-
nents of shape characteristic and curvedness, and by in-
cluding displays with first-order motion masks in an ef-
fort to restrict the relevant information to second-order
spatial changes in velocity. The results obtained were
highly consistent with the mathematical analyses pro-
posed by Dijkstra et al. (1994) and by Koenderink and
van Doorn (1992). Observers were almost perfectly ac-
curate in their judgments of the shape characteristic,
which is unambiguously specified by the instantaneous
velocity field, but they produced large constant errors in
their judgments of curvedness, which is not. Moreover,
this performance was only minimally affected by alter-
ing the displays with a first-order motion mask, which
suggests that the relevant information for performing
these judgments involves second-order spatial changes in
the pattern of image velocities or displacements.

An interesting question that arises from this research
is why changes in image velocity over time should be more
difficult to process than are changes in velocity over space.
One possible explanation for this distinction is that mech-
anisms for measuring the accelerations of individual
moving points would be highly sensitive to noise. Because
visually sensitive neurons can only respond to fixed lo-
cations in space (i.e., their receptive fields), they are not
well suited for tracking individual elements over multi-
ple locations. The detection of spatial changes, in con-
trast, involves relationships among different moving el-
ements. Thus, they can be measured by comparing the
simultaneous outputs of different motion detectors, with-
out having to worry about whether they were stimulated
by the same identifiable feature.
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APPENDIX
Displacement Field for Discrete Rotations

Under Parallel Projection

For the traditional Cartesian space �3 (with the z-axis denot-
ing depth), the horizontal position (x) of a point rotating about a
vertical axis by some angle (θ) is

x ′ � x cos θ � z sin θ. (A1)

This new position (x ′ ) can be expressed as the old position (x)
plus some displacement in x (∆x):

x + ∆x = x cos θ � z sin θ. (A2)

The displacement field, D, can thus be specified as

D = ∆x = x(cos θ � 1) + z sin θ. (A3)

Substituting the surface equation, z � l(x,y):

D � x(cos θ � 1) + l(x,y) sin θ. (A4)

Adopting the notation that subscripts indicate spatial deriva-
tives in the specified direction, the first spatial derivatives of
the displacement field are

Dx � (cos θ � 1) + lx sin θ and Dy � ly sin θ. (A5)

And the second spatial derivatives of the displacement field are

Dxx � lxx sin θ, Dxy � lxy sin θ, and Dyy � lyy sin θ. (A6)

The tilt component of the surface attitude is unambiguously
specified for small rotations:
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tan τ � � . (A7)

But the slant component of the surface attitude is not

(A8)

The magnitude of the surface curvatures in the horizontal and
vertical directions cannot be unambiguously determined from
the velocity field:

(A9)

(A10)

However, the ratio of these is an unambiguous measure of sur-
face shape for the case where the first spatial derivatives of zero
are equal to one another:

(A11)
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