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Abstract

Shallow water equations with horizontal temperature gradients, also known as the Ripa
system, are used to model flows when the temperature fluctuations play an important role.
These equations admit steady state solutions where the fluxes and source terms balance
each other. We present well-balanced discontinuous Galerkin methods for the Ripa model
which can preserve the still-water or the general moving-water equilibria. The key ideas
are the recovery of well-balanced states, separation of the solution into the equilibrium
and fluctuation components, and appropriate approximations of the numerical fluxes and
source terms. The same framework is also extended to design well-balanced methods for the
constant height and isobaric steady state solutions of the Ripa model. Numerical examples
are presented to verify the well-balanced property, high order accuracy, and good resolution
for both smooth and discontinuous solutions.

Keywords Discontinuous Galerkin methods - Well-balanced methods - Ripa model -
Shallow water equations - Moving-water equilibrium

1 Introduction

The shallow water equations with temperature fluctuations were introduced by Ripa in 1993
[11,22,23]. These equations are often referred to as the Ripa system and were introduced
for the purpose of modeling ocean currents. The introduction of temperature is advanta-
geous because the movement and behavior of ocean currents are impacted by forces such as
temperature acting upon the water. The one-dimensional Ripa equations take the form:
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hy + (hu), =0,
(hu); + (hu® + 38h*0)x = —gh6b, (1.1)
(h6); + (h6u)x =0,

where h(x,t) > 0 represents the height of the water, u(x, ) € R describes the velocity,
O(x,t) > 01is a potential temperature field, b(x) represents the bottom topography, and g is
the gravitational constant. The term hu represents water discharge and gh?6 /2 is the pressure
depending on the water temperature. The potential temperature field 6 is defined to be the
reduced gravity g A® /Ot [9], where A is set to be the difference in potential temperature
from a reference value ®,.r. Additional source terms that model the friction along the bottom
and surface or variations in the width of the channel could be included. In this paper, we only
consider the source term that accounts for the bottom topography.

The Ripa system is a generalized model of the shallow water equations. The one-
dimensional shallow water equations take the form:

(1.2)

hy + (hu)x =0,
(hu); + (hu® + 38h%)x = —ghb.

Notice that, when the potential temperature field & = 1 in the Ripa model (1.1), the shallow
water equations (1.2) are recovered. The shallow water equations consist of the conservation
of mass and momentum, with the assumption that the density is constant. Two-layer and
multi-layer shallow water equations [4] have been studied to model the flows in the shallow
water regime where several layers with different densities appear. Such a model assumes
a piecewise constant density inside each layer, and allows for different densities across the
layers. Challenges in studying such models arise from the complicated eigenstructure, non-
conservative terms, and conditional hyperbolicity, etc. Despite these challenges, there have
been many studies on various numerical methods for multi-layer shallow water equations.
The Ripa model can be obtained by vertically averaging each variable (including the density)
over all layers from the bottom to the top, therefore, we lose the information of the interface
between layers, but the resulting model has a simpler eigenstructure and is always hyperbolic
in the conservative form. The horizontal temperature gradients are introduced in the Ripa
model to represent the variations in the fluid density.

Both the Ripa system (1.1) and the shallow water equations (1.2) belong to the family of
hyperbolic balance laws, which have gained growing attention in the last few decades. In the
one dimensional setting, such models usually take the form of

Ui+ F(U)x = SU).

Due to the existence of the source term S(U ), hyperbolic balance laws introduce new compu-
tational challenges beyond the existing challenges of hyperbolic conservation laws. Balance
laws often admit non-trivial steady state solutions in which the source term balances the
effect of the flux gradients. The balance of fluxes and the source term as well as small per-
turbations of steady state solutions cannot be captured well by standard numerical methods
with a straightforward implementation of the source term, unless a much refined mesh is
used. Therefore, well-balanced methods, which can exactly preserve steady state solution at
the discrete level, are introduced to provide an accurate solution on a relatively coarse mesh
and resolve small perturbations to steady state solutions accurately.
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The steady state solutions of the Ripa model (1.1) occur when 9, U = 0, that is

0x (hu) =0,
3, (mﬂ + %gh26> — —ghbby, (1.3)
8, (hOu) = 0.

In the case of still-water, when the velocity u is zero, the steady state system (1.3) reduces
to

n=? 1.4
. (5120) = —hob,. (19

which is an underdetermined PDE system. In order to reach a solution for (1.4), additional
assumptions for /, 6 or b must be enforced. There are three cases to consider if we require one
of these variables to be constant. This raises one discrepancy between the Ripa model and
the shallow water equations. The first case is the still-water steady state, which corresponds
to a flat water surface under constant temperature:

(u,9,h+b):(0, Cl,Cz), (1.5)

where C1, C, are constants. This is the same lake-at-rest steady state solution of the shallow
water equations. The second case is the isobaric steady state, which corresponds to a wave
in which the height and temperature jump but velocity and pressure remain constant:

(u, b, h*0) = (0, Cy, C2). (1.6)

The last case is the constant water height steady state:
1
(w b+ 5hlne) = (0.C1. Ca). (1.7)

The more general case occurs when the velocity u does not vanish. The moving-water
equilibrium is given by:

hu = constant,
0 = constant, (1.8)
% + g0 (h 4+ b) = constant,

where the momentum Au and potential temperature field 6 are constant. It is easy to observe
that the lake-at-rest still-water steady state (1.5) is simply a special case of the moving-water
steady state (1.8). Well-balanced methods for the moving-water equilibrium can automati-
cally preserve the lake-at-rest steady state, but not vice versa.

Well-balanced numerical methods for shallow water equations are far more studied in the
literature, and can serve as a foundation of well-balanced methods for Ripa models. A vast
amount of well-balanced methods for the still-water steady state [1,2,16,17,21,31] have been
studied, and we refer to the survey papers [15,34] for a complete list of existing literature on
this topic. Well-balanced methods for the moving-water equilibrium are more complicated
and it is much more difficult to design such methods. Comparison of well-balanced methods
for the still-water and moving-water steady state solutions has been provided in [35], where
some numerical examples are shown to demonstrate the advantage of moving-water well-
balanced methods, especially for solutions near a moving-water equilibrium. Some moving-
water well-balanced methods been proposed in [3,7,8,24], and high order accurate well-
balanced weighted essentially non-oscillatory (WENO) methods can be found in [5,19,25].
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In [30], well-balanced and positivity-preserving discontinuous Galerkin (DG) methods were
developed for the shallow water equations with moving-water equilibrium.

Designing well-balanced methods for the Ripa model (1.1) can be a challenging task,
because its steady states are more complicated than those of the shallow water equations
[9]. In the last few years, there have been some studies on well-balanced methods for the
Ripa models, mostly focusing on the zero-velocity steady-state solutions (1.5) and (1.6). The
first well-balanced scheme for the Ripa system is developed in [9]. The proposed scheme is
well-balanced, positivity preserving and does not develop spurious pressure oscillations in
the neighborhood of temperature jumps. A second-order well-balanced finite volume scheme
for the Ripa system in one and two dimensions is designed in [28]. High-order well-balanced
WENO schemes that possess sharp shock transition were designed for the Ripa systemin [13],
by extending the well-balanced technique developed in [31] for the shallow water equations.
Other related works can be found in [12,14,26].

High order accurate numerical schemes such as finite difference and finite volume WENO
schemes, spectral methods, and DG methods have been developed to reduce the number of
computational cells and thus reduce the computational time, while still achieving high order
accuracy. Specifically, the DG method is a class of finite element methods in which the
numerical solutions and test functions live in a discontinuous piecewise polynomial space.
A review of the method can be found in [10]. The DG method combines the flexibility of
the finite element method and the stability of the finite volume method. Additionally, DG
methods enjoy advantages including high order accuracy, high parallel efficiency, flexibility
for hp-adaptivity and arbitrary geometry and meshes, etc.

The main objective of this paper is to develop high order well-balanced DG methods for the
Ripa system (1.1), which can preserve the still-water equilibrium solution (1.5) and moving-
water steady state solution (1.8) exactly at the discrete level. This will be the first moving-
water well-balanced method for the Ripa model, to our best knowledge. To achieve this
goal, we start with a transformation between the conservative variables and the equilibrium
variables (to be defined in Sect.4). For the finite element methods, the initial conditions are
projected into a polynomial solution spaces to provide a numerical initial condition. Even
though the exact initial conditions are in moving-water equilibrium, the numerical initial
conditions may no longer be. One challenge in designing well-balanced methods is the
recovery of the well-balanced states from the numerical initial condition, which is achieved
by a new choice of projection operator. Then, we can decompose the numerical solution
into an equilibrium part and the fluctuation part, and show that the fluctuation part is zero at
the steady state. Following the idea of hydrostatic reconstruction, one can carefully design
well-balanced numerical fluxes. A well-balanced source term approximation is achieved by
treating the equilibrium and fluctuation parts in different ways.

The methods presented here are extensions of the ones in [30] for the moving-water
equilibrium of the shallow water equations. In this paper, several improvements over the well-
balanced methods in [30] have been presented to improve the algorithm. First, the recovery
of the well-balanced states in [30] are obtained by solving nonlinear equations, which could
be complicated. A special projection of the exact initial condition is proposed in this paper in
order to provide a much easier way to recover the well-balanced states. This also leads to a
more simple way to evaluate the well-balanced components of the solutions at each time step.
Second, due to the existence of the potential temperature field, extra attention is provided
to accommodate more components in the conservative and the equilibrium variables. Lastly,
we simplify the procedure to evaluate the updated cell boundary values resulted from the
hydrostatic reconstruction. This leads to a more efficient and simple way to compute the
well-balanced numerical fluxes than those computed in [30]. Furthermore, the same idea
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can be generalized to preserve other steady state solutions of the Ripa system, including
the isobaric and constant water height equilibria which do not appear in the shallow water
equations.

This paper is organized as follows. In Sect. 2, we introduce some notations and discuss the
well-balanced DG method for still-water lake-at-rest equilibrium. Numerical examples using
the methods outlined in Sect.2 are found in Sect.3 to demonstrate the accuracy and well-
balanced property of the scheme as well as show that it can aptly handle perturbations of the
still-water steady state and provide good resolution for discontinuous solutions. Although our
main focus is on moving-water well-balanced methods, it is useful to present the still-water
preserving DG methods in Sects.2 and 3. The purpose is twofold. First, the well-balanced
DG method for still-water equilibrium is not available in the literature and a simple method
achieving such a goal is interesting by itself. Second, this would serve as a basis for the design
of the moving-water well-balanced methods for the Ripa system, which is presented in Sect. 4.
We will also show that when applied to still-water equilibrium, the proposed moving-water
well-balanced methods reduce to the still-water well-balanced method in Sect.2. Addition-
ally, we show how the method can be modified to preserve the constant water height and
isobaric steady states. In Sect. 5, numerical examples of our methods for the one-dimensional
Ripa system are provided, to demonstrate the high order accuracy, well-balanced property,
and good resolution for smooth and discontinuous solutions. Finally, concluding remarks are
contained in Sect. 6.

2 Still-Water Well-Balanced DG Methods

A variety of well-balanced DG methods for the shallow water equations with still-water
steady state solutions

u=0, h+ b= constant 2.1

have been developed. In this section, we extend the method introduced in [33,36] to provide
still-water well-balanced methods for the Ripa system (1.1), with the still-water steady state
solution (1.5). The same structure will be generalized in Sect.4 for the moving-water case.
The still-water well-balanced DG methods are much simpler than the moving-water well-
balanced methods, and would be useful if one’s target is to simulate a small perturbation
of the still-water equilibrium state. The still-water well-balanced method presented can be
extended to two-dimensional Ripa models easily. However, there is no general form of the
moving-water equilibrium in two dimensions, hence no two-dimensional moving-water well-
balanced methods are available.

2.1 Notation and DG Numerical Scheme

In order to shorten notation, we rewrite (1.1) as

U+ 0x f(U) =S, D), (2.2)
where
h hu 0
U=\|hu|, fU)=hu®+1%gh*0 |, SWU.b)=|—ghob,|. (2.3)
ho hOu 0

@ Springer



30 Page6of37 Journal of Scientific Computing (2020) 82:30

The variables U are the conservative variables, f(U) is the flux, and S(U, b) is the source
term.

We discretize the computational domain into cells I; = [x il X 1 ], and denote the size
of the jth cell by Ax;. Furthermore, we let T = max; Ax;. We seek an approximation U,
which belongs to the finite dimensional DG space:

VE={v:vl, e PRUp, j=1,..., 7}, (2.4)

where P¥(I) is the space of polynomials of degree up to k in the domain 7, and J is the total

number of cells. In addition, b, denotes the projection of the bottom function b into VX. We

denote U +]+1 and U | as the limit values of U at the element interface x o+l from the
2

right cell /; 11 and from the left cell I, respectively. The conventional DG scheme in each
cell can be formulated as

/ B,Utvdx—/ fWdvdx+ f v — fi_vl / S(Uy, by)v dx,
I I Trry Y

2 ]—j I;

(2.5)
where v(x) is a test function from the test space V’; and

_ - +
= F(Uf(xﬂ_%,t), Ut(xj_%,t)),
with F(a, b) being the numerical flux. It has been shown that for high order DG methods,
the effect of different fluxes on the accuracy of methods is relatively small [20]. Therefore,
in this paper, we will employ the use of the simple Lax—Friedrichs flux:

1
Fa.b) =3 (f@+ 1) —ab-a), 2.6)

where @« = max(|u| + +/ghf), and the maximum in the calculation of « is taken either
globally (Lax—Friedrichs flux) or locally (local Lax—Friedrichs flux).

We aim to preserve the lake-at-rest still-water solution (1.5). The well-balanced numerical
scheme, as described in [36] for the shallow water equations, has the form:

/ 3 UM dx—/ fWUMvdx+ fL v — 1 v =/ SU", by)v dx(2.7)
I I; Jt3z J+a J=3 J=2 I;

Thedesign of f /l ; and f " ,known as the well-balanced numerical fluxes, are defined below
-2

in Sect.2.2. The source term approximation will be discussed in Sect.2.3. This method is
equivalent to

/P UM dx — ; FUNHvdx + fj+%v;+% - j_%vj*_%
J j 2.8)
_ n _ 7l - _(F _fr +
_/Ij SW . boyvdx + (fi41 fj+%)vj+% (fi-1 f.’,_%)vji%
and the terms f 4 —fl+1 and f fj’ , are at the level of O (t**1) (independent of the

smoothness of the solutlon U) When the bottom topography b is smooth, and can be viewed
as high order correction terms to the source term approximation.
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The total variation diminishing (TVD) Runge—Kutta time discretization is used to increase
temporal accuracy and stability. The third order TVD Runge—Kutta method, described as:

Ul =ur + AtFUD),

3 1
2 1 1
u® = ZU? + Z(U’( )+ AtF (UL ))) (2.9)
1 2
Ut = FUr + g(Ur(z) + Az]-‘(Ur(z))),

is used throughout this paper, where F is the spatial operator. In the following subsections
we describe how the flux functions are defined and the source term is decomposed.

2.2 Well-Balanced Numerical Fluxes

The conservative variable can be decomposed into a reference equilibrium state U{ and

a fluctuation part Uff . In each computational cell /;, the equilibrium state U (x) can be
computed from the constant equilibrium variables defined as (setting H = h + b)

(he +60)(x7..,)

. Hj N
V= 2j - (huh(;H%) , (2.10)
J 0, xj_+%
and the bottom function b, in the form of
he ;(x) Hj — b (x)
ve ;0= [ ;0 )= |, @11
ho): ;)\ ()= b))

which belongs to the DG space V’;. The fluctuation part Urf is then determined by the
decomposition

U, = U+ U/ (2.12)

It is easy to observe that at the still-water steady state (1.5), the reference equilibrium state
U¢ is equal to U, and Uff reduces to 0.
The numerical fluxes are constructed following the approaches in [33,36]. After computing

the boundary values UjEjJrl at the time step ¢", we set
Jta

b* 1:=max(b+, b 1), 2.13)
T,j+3 Tj+s3  Tjt3

by utilizing the idea of hydrostatic reconstruction in [1]. A new hydrostatic reconstruction

method has been presented in [6], which performs better in some cases, for example, when

water runs down a hill. Next, the height function at the cell interface can be redefined as:

b*

*, 1+ _ + +
h 1-—nmx<th, 4D o

Tty Jty T T+

) (2.14)
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or equivalently,

*,— _ —

= max (00 b r D),

L .o iyt

hr,H% = max (0, Hji b +1 + (h )T jd ) (2.15)

by using the new defined H j and h/ . This results in the following updated boundary values
of U:

hE
£
*,+ *,
= hr,j;%ur‘ﬂr% . (2.16)
h* 1 1
T,j+5 T.jt3
Finally, the left and right fluxes are given as:
f;# - F(U:yj_—kl’ u; Tj+3 >+f(U7 l) - f(U:]_+l>
’ e ’ " . (2.17)
~r _ *, — s + _ *,
G CHn ity B { Cat) EFy Canlt)
At the steady state (1.5), although the original cell boundary values hJr JE h71+ , may notbe
2 2
the same, we have hi/-ﬁ-' +b;tj_,_l = constant. Then following the deﬁmtlon in (2.14), this
2 2
1mphesh el = h L1 .Since uij+ = Oand Gi L1 = constant atthe steady state (1.5),
+2 2 +2
we can conclude that U * 1s continuous at cell mterfaces i.e. U o+ | = =U"® , - Furthermore,

J+5 t,,/+ 3
due to the consistency of the numerical flux F, it can be shown that f]l‘+ =1 (UT_J,Jr | ) and
2 Jt3

fjr =f (U * ), which is a desirable quality for achieving the well-balanced property.
-1 -1

2.3 The Source Term Decomposition

The source term can be decomposed similarly as in (2.12), because S(U, b) = —gh0b; is
linear with respect to the conservative variable /16:

/S(Ut,bt)v dx:/ S(Uf,br)vdx—i—f S(U{, br)v dx. (2.18)
I 1j 1

Notice that the second term on the right hand side can be directly computed by any quadrature
rule with sufficient accuracy. On the other hand, since Uf’ j(x) is the equilibrium state, the
first term on the right hand side can be expanded as

/1 $(Uf,beJvdr= ‘/, P(veJos dx (U o = (U)o
J J
(2.19)

where Uf € V’; is a polynomial. On the numerical level, when all these integrals are replaced
by numerical integrations, this equality holds exactly if one uses a quadrature rule which is
accurate for polynomial of degree 3k — 1. If a less accurate quadrature rule is used, the
equality holds approximately, up to the accuracy of the quadrature rule. Thus the source term
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can be evaluated using the following form:

S e T A e o
I I; Jta 2 JT32 2
+ / s(v!.be)vax. (2.20)
I.

Since the only non-zero source term is in the momentum equation, we can plug in the
definition of the flux and U to obtain the following equivalent source term approximation

—/ h@(b)vdx—lé-((lfl—b)zv) ! é((ﬁ-—b)zv)+
[jgrr T)x —281 j T j+% zgj J T jf%

1~ A
_/I 589_/(H_/_bt)2vx dx

J

- f g(hrer +(H; - b,)éj)(b,)xv dx

1

L (b B b *
= gb; (év—Hjbrv>' 1 — g0 <?Tv—Hjbfv>'
Jt3

=3
~ (b2 .
_f go; <?t—Hjbr) vy dx
1

—/I g (et + (B = b, ) (o) di.

(221

This formulation is exactly the extension of the source term approximation introduced in [32]
for the shallow water equations. However, a different well-balanced approach was used in
that paper, where the source term was decomposed as —ghb, = —g(h + b)b, + g(b*)x/2.

Remark 2.1 As we explained, the equality (2.19) holds exactly when a quadrature rule accu-
rate for polynomial of degree 3k — 1 is used. If this is the case, we can simply replace
the source term approximation (2.20) by the direct numerical integration of the source term
— f I gh0; (by),v dx with this sufficiently high accurate quadrature rule. In other words, the
numerical integration of the source term is automatically well-balanced, without any special
treatment. The same conclusion has been observed in [33] for the shallow water equations.

Remark 2.2 In this paper, we only consider a source term due to the bottom topography,
which is linear with respect to the conservative variable U. When other nonlinear source
terms (for instance the Manning friction term) are included, the source term decomposition
(2.18) will not hold any more, but one can introduce the following decomposition in a similar
manner

/ SWU,byvdx = / S(U¢, byv dx + / (SWU,b) — S, b))vdx. (222)
I; I I;

Note that when S is linear, i.e., S(U, b) — S(U¢, b) = S(U —U¢, b) = S(U/, b), this decom-
position reduces to (2.18). The first term on the right hand side of (2.22) can be approximated
as in (2.19), and the second term on the right hand side is computed by a straightforward
numerical integral. This will provide well-balanced source term approximation.

Remark 2.3 When the bottom topography is flat (i.e., b(x) = constant C), the traditional
DG methods are recovered from our well-balanced DG scheme, that is, the source term

@ Springer



30 Page100f37 Journal of Scientific Computing (2020) 82:30

approximation reduces to 0 exactly and the left and right numerical fluxes reduce to the
original fluxes. First, when b(x) = C is a constant, one has b, (x) = C, therefore the source
term approximation presented in (2.21) simply reduces to zero. Second, when b(x) = C,
bj el defined in (2.13), is also the same constant, which leads to
JEZ
peE :maX(O,hi‘ R A 1) —nt
T,j+>5 T,j+>5 T,j+3 Jt3 T,j+3
More generally we have U:’ij:_l = Uri/—s-‘ . Therefore the left and right numerical fluxes
Jt2 Jta

: : o R o f
defined in (2.17) reduce to the original DG fluxes: f/+% = f/.+%, fj | = fj .

-3 -3

At the end of this section, we show that the proposed numerical methods are well-balanced
for the still-water steady state solutions.

Proposition 1 The DG scheme (2.7) for the Ripa system (1.1), paired with the numerical
fluxes (2.17) and source term approximation (2.20), is well-balanced for the still-water steady
state (1.5).

One can easily verify this holds by observing that Ui—f = 0 at the lake-at-rest still-water

steady state, and thus the well-balanced numerical fluxes reduce to f;+ = f (U;j+ i ) and
2 T2

rr — U+ )

4 i=% f ( Ti-3

Remark 2.4 Although the description is for one dimensional problem only, the proposed well-
balanced methods for the still-water steady state (1.5) can be extended to the two-dimensional
problem in a straightforward way.

3 Numerical Tests for the Still-Water Well-Balanced Methods

In this section, we present numerical results of our still-water well-balanced DG methods,
described in Sect. 2, for the Ripa system (1.1). Piecewise quadratic polynomials (k = 2) in
space, paired with the third order TVD Runge—Kutta time discretization (2.9), are used in the
tests. The CFL number is taken to be 0.1. The constant M in the TVB limiter is taken to be
0, except for the accuracy test, in which no slope limiter was implemented. The gravitational
constant g is fixed to be 9.812 m/s>. We compute multiple types of tests: an accuracy test,
verification of the well-balanced property, small perturbations of steady states, and tests for
discontinuous solutions.

3.1 Accuracy Test

In this subsection, we test the accuracy of our still-water well-balanced scheme for smooth
solutions. The initial conditions in the domain x € [0, 1] are given by

h(x, 0) =54+ esin(2nx)’
(hu)(x,0) = sin(cos(2mx)), 3.1
0(x,0) =sin(2rx) + 2,

with the bottom function b(x) = sin?(7rx) and periodic boundary conditions. We run the
simulation until time 0.02, while the solution is still smooth. Since there is no explicitly
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h+b, b hu hé
8 - - 40 - - 18 -
7 30
16
6 20
14
5 10
4 0 12
3 -10
10
2 -20
8
1 -30
0 -40 6
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Fig. 1 Solutions of well-balanced methods for the accuracy test in Sect.3.1 at time ¢ = 0.02

Table1 L! errors and orders of accuracy for the test in Sect. 3.1, using the still-water well-balanced method

No. of cells h hu ho

L error Order L error Order L error Order
25 0.001347 0.012963 0.001480
50 0.000205 2.7137 0.001757 2.8829 0.000206 2.8442
100 2.9801e—05 2.7842 0.000226 2.9580 3.2526e—05 2.6638
200 4.0093e—06 2.8939 2.9190e—05 2.9539 5.1699¢—06 2.6534
400 5.0280e—07 2.9953 3.6862e—06 2.9852 7.3483e—07 2.8146

known solution in this case, the errors are computed by comparing numerical results of
uniform meshes with size J and 2J. Figure 1 displays the numerical solutions at time 0.02
with 200 uniform cells. Table 1 contains the L' errors and numerical orders or accuracy. We
can observe that the third order convergence rate is achieved which matches our expectation
of order k + 1 accuracy.

3.2 Tests for the Well-Balanced Property

The following tests are chosen to verify that the DG methods preserve the still-water steady
state (1.3) with a non-flat bottom. For these examples, the errors are calculated by comparing
the numerical results to the initial conditions.

First, we will consider the following still-water steady state for x € [0, 1]

h+b=2 u=0, 6=10. (3.2)
The bottom function is discontinuous and defined as

1, if 0.3 <x <07,

b(x) = :
0, otherwise,
and transmissive boundary conditions are employed. We plot the numerical results at time
t = 1 with 200 uniform cells in Fig.2, with the L' and L errors shown in Table 2. From
the error table, it can be concluded that the well-balanced property is achieved.
Second, we consider another lake-at-rest still-water steady state problem in which the
bottom function defined on the interval domain [—2, 2] consists of two humps and is defined

@ Springer



30 Page120f37 Journal of Scientific Computing (2020) 82:30

Table2 L' and L errors for the well-balanced test to preserve the still-water equilibria

Test L! error L error

h hu ho h hu ho

(3.2) 9.9959%e—16 7.6925e—15 3.9599e—15 2.6401e—13 4.2333e—12 1.9380e—12
3.4 6.9148e—17 1.6519e—15 2.7659%e—16 2.8422e—14 4.2056e—12 1.1369e—13

h+b, b -12 hu ho
2 y 5 x10 2
4 20
15
18|
3
16
G| 2
14
! 12
0.5
9 10
[ —— L -1 | 8
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 04 0.6 0.8 1

Fig. 2 Solution of well-balanced methods for the still-water steady state problem (3.2) at + = 1. The steady
state is preserved as i + b, hu, and 6 are constant

as

0.85(cos(10(x +0.9)) + 1), if —1<x <-0.8,
b(x) = 1.25(cos(10r(x —0.4)) + 1), if 0.3 <x <0.5, (3.3)

0, otherwise.
The initial conditions are set as:
h(x,00=6—>b(x), u(kx,0 =0, 6(x,0) =4. 3.4

We run the simulation until time + = 1. The numerical results are shown in Fig.3, and
the L', L™ errors of the numerical solution with 200 uniform cells are presented in Table 2,
which shows that the well-balanced property is again maintained. For comparison, we also
run the same test with the traditional DG method (i.e., the standard numerical fluxes and the
straightforward integration of the source term). The numerical results are presented in Figs. 4
and 5, where we can observe that the steady state is not preserved. It can be seen that, at the
region where the bottom function is non-zero, i1 4+ b does not preserve the constant steady
state, and the solution Au is non-zero.

3.3 Tests of Small Perturbations

The tests in this subsection are selected to demonstrate that perturbations to the still-water
steady states are aptly captured by the proposed well-balanced scheme. We will also com-
pare the performance of well-balanced and traditional DG schemes. Prior to defining the
perturbations, let us denote x as the indicator function on an interval:

1, if x € [a, b],
= 3.5
Xla.b] 0, otherwise, (3-5)
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Fig.3 Solution of well-balanced methods for the still-water steady state flow over two bumps (3.4) atr = 1,

with 200 uniform cells

. | | | h+l?, b
6
. |
| ]
0 : /\ ‘ :
-2 -15 -1 -05 0 0.5 1.5 2
6.1 o
e 6.05
= mo | T ~——
5.95 595
5._91 r e 08 -0.6 5'%_2 0.3 0.4 0.5 0.6

Fig.4 Solution of non-well-balanced methods for the still-water steady state flow over two bumps (3.4) with
200 uniform cells. It can be seen that the steady state for 4 4 b is not preserved, as the water surface is not flat
above the not-constant portions of the bottom function. The bottom figures show zoomed in images of 2 + b

where b is non-constant
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%107 ' hu

4.4 : : :
-2 £ 0 1 2

Fig.5 Solution for hu of the non-well-balanced methods for the still-water steady state flow over two bumps
(3.4) with 200 uniform cells. It can be seen that the steady state solution of iu is not preserved as it is non-zero

and denote the still-water steady state initial conditions (3.4) in Sect.3.2 as (heq, (hit)eq,
(hO)Eq) (x,0). We will examine the numerical results with three different perturbations out-
lined below.

(a) Small perturbation to both h and h First, perturbations of sizes 0.01, 0.04 are applied
to the initial conditions of & and A6, respectively, in the interval [—1.5, —1.4]:

(h, hu, h@)(x, 0) = (heq, (htt)eq, (h@)eq)(x, 0) +1[0.01,0,0.04]x(—1.5,—1.4]. (3.6)

(b) Small perturbation to h Second, a small perturbation of size 0.01 is applied to the initial
condition of 4 in the interval [—1.5, —1.4]:

(h, hu, h0)(x,0) = (heq, (htt)eq. (h0)eq)(x, 0) +1[0.01, 0, 01x[—15,-1.4- (3.7)

(c) Large perturbation to h Third, a larger perturbation of size 1 is applied to the initial
condition of 4 in the interval [—1.5, —1.4]:

(h, hut, hO)(x,0) = (heg, (h)ag, (h0)eq) (x,0) + [1,0,01x(—15 147 (3.8)

The numerical test with the initial condition (3.8) is considered in [9,28] and will be
compared to the other tests (3.6), (3.7) in this section. The perturbation of the test (3.6) splits
into two waves moving away from the point of origin. On the other hand, the perturbation of
the tests (3.7) and (3.8) split into three waves. The two outer waves move away from the point
of origin, as expected, while there is a third wave in the center which remains unmoved in
the perturbed region. The amplitude of this wave reduces until it reaches a total water height
of approximately 6.005 for the test (3.7) and 6.479 for the test (3.8). In the same interval,
the value of 76 converges to a value of approximately 23.980 for the test (3.7) and 22.215
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----800 cells, T = 0.125
1+ —T=0 .
i 1 e Bottom
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Original Perturbation Downstream Moving Wave
6.012 6.012
6.01 6.01
6.008 6.008
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Fig. 6 Initial conditions and numerical solution of water surface 4 + b for the perturbation tests (3.6), with
200 and 800 uniform cells. The initial perturbation split into two waves moving away from the point of origin.
At time ¢ = 0.125, the downstream moving wave has passed over the two bumps in the bottom topography
and the upstream wave has exited the domain. The bottom left plot contains the original perturbation and the
bottom right plot contains a zoomed in image of the remaining downstream moving wave

for the test (3.8). It is easy to verify that, in this region, the solution converges to an isobaric
steady state (1.6) as 426 stays constant inside and outside of the interval.

We run the test until time r = 0.125. At this point for all perturbation examples, the
downstream moving wave has passed through both bumps of the bottom topography function
and the upstream moving wave has exited the domain. Figures 6 and 7 compare the numerical
results of three perturbation tests for /2 + b using well-balanced DG methods with mesh sizes
of 200 and 800 uniform cells. It can be observed that the solutions are well captured by
our methods. Figure 8 compares the results of three cases for ~u and 6. We would like to
point out that the solutions contain the isobaric steady state in the interval [—1.5, —1.4] [for
examples (3.7) and (3.8)], and our methods perform well for these test cases.

Next we examine the performance of the the traditional DG scheme on the same test cases.
Figure9 includes the numerical results for these tests. It can be seen that the traditional DG
scheme does not handle the perturbation as well as the well-balanced scheme. It is especially
evident for examples (3.6) and (3.7) in which the initial perturbations were small.
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Fig. 8 Initial conditions and numerical solution of hu, h6 for the perturbation tests (3.6) (top row), (3.7)
(middle row), (3.8) (bottom row), with 200 and 800 uniform cells at time ¢ = 0.125. Although the shape of
hu is similar for all cases, the amplitude varies
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Fig. 9 Solutions of perturbation tests (3.6) (top row), (3.7) (middle row), and (3.8) (bottom row), using the
traditional DG method. In all cases, the traditional DG scheme doesn’t handle perturbations as well as the still-
water well-balanced scheme. The larger the perturbation, the closer the results of the traditional DG methods
are to the well-balanced method

3.4 Tests for Riemann Problems

In this subsection, we consider problems that contain discontinuities in the initial conditions,
known as Riemann problems or dam break problems for the shallow water equations.

First, we consider the dam break problem in the computational domain [—200, 400] with
the initial conditions

5,0, 20), h 0,
(o, 0)(x, 0) = | O 0 20), when x < (3.9)
(10, 40,5), when x > 0.

The bottom function is given as b(x) = 0 and we employ transmissive boundary conditions.
This example is computed using the still-water well-balanced DG method with a uniform
mesh of 200 cells. Figure 10 displays the numerical results at times t = 1, 2, and 3, and the
solutions are captured well by our methods.
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Fig. 10 Numerical solutions of the well-balanced DG methods for (3.9) at various times with 200 uniform
cells
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Fig. 11 Initial conditions and numerical solutions of test (3.11) at time ¢ = 0.05 using 200 uniform cells. The
water surface i + b, bottom topography b, potential temperature field 6, and pressure p = %thG are plotted.
The result for 0 is a horizontal translation of the initial condition

Next, we look at the dam break problem over a non-flat bottom. We define the bottom
topography on the domain [—1, 1] to include two bumps:

0.5cos (10 (x +0.3)) +1, when —0.4 <x < —0.2,
b(x) = 10.75cos (10 (x — 0.3)) + 1, when 0.2 < x < 0.4, (3.10)
0, otherwise.

The initial conditions are defined as:

5.0,3). wh 0,
(hyu, 0)(x, 0) = | 00 when x < 3.11)
(2.0.5). when x > 0.

We test the problem until time 0.05. Figure 11 shows the results at the final time, compared
to the initial conditions. We see that the potential temperature field at the final time is a
horizontal translation of the initial condition. The proposed DG methods can capture the
discontinuity very well even on a coarse mesh of 200 uniform cells.

4 Moving-Water Well-Balanced DG Methods
The objective of this section is to present well-balanced methods which maintain the general
moving steady state (1.8). Compared with the still-water equilibrium, the moving-water

steady state is more complex, therefore, special care is provided to the recovery of the
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well-balanced states, the source term approximation, and the construction of well-balanced
numerical fluxes. We also show how the well-balanced methods for the general moving steady
state can be extended to the isobaric (1.6) and constant water height (1.7) steady states.

4.1 Numerical Initial Conditions

Recovery of the well-balanced states from the numerical initial conditions in the piecewise
polynomial space Vlg can be a challenging task. Usually, the initial conditions of the modal
DG method are taken to be the L? projection of the true initial conditions U, which works
well for the lake-at-rest still-water preserving methods. However, the projected polynomial,
denoted as Up, , may not be in the equilibrium state when the moving-water equilibrium is
considered. As a result, the cell boundary values U rij+ 1 may not be in equilibrium. This is

problematic because the cell boundary values are used to compute the numerical fluxes and
thus increases the difficulty in designing a well-balanced scheme.

This difficulty has been observed in [30] in which well-balanced methods were designed
for the shallow water equations with moving-water equilibrium state. It was resolved there
by defining the well-balanced states as the solutions of nonlinear equations and then solving
them using Newton’s method, which could be complicated. In this paper, we propose a
different and much simpler method to define the numerical initial conditions and to recover
the well-balanced states, thanks to the flexibility of the DG methods.

The initial conditions of the DG method should be polynomials that approximate the exact
solutions with enough accuracy. Thus we introduce a new projection (known as the Radau

projection) of the initial condition by defining P; w to be a projection of w into V’; , such that
f Prwv dx =/ wv dx “4.1)
1 1
forany v € P*=1on I;, and
oo () -+l

at the right boundary value x il of the cell ;. The polynomial P; e for each cell I; can be

determined by solving a local linear algebra problem of the size (k + 1) x (k + 1) derived
from the discretized versions of (4.1) and (4.2).

We define the projection of the initial condition Up ; and the projection of the bottom
function b, (x) to be

Uo,c(x) =PUp(x), be(x) =Prb(x), (4.3)

and it can be shown that

Uo.« (xj—%) =Uo(v;21). be <xj_+%> =b(x;yy), forall . (44
Thus, at the right boundary point of each cell /;, the equilibrium states (1.8) are recovered
using the piecewise polynomial projections of the exact solutions, i.e.,

2
(ui + g0 (h: + bf)> <xf 1) = constant, forall j.
2 Jjt+3

Notice that the numerical initial condition is only in perfect equilibrium at the right boundary
point of each cell.
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Remark 4.1 The choice of the projection IP; is not unique. Instead of requiring the projected
function match the original function at the right end point x jlias in (4.2), we could choose
any other point in the cell I;, except the center x;. Such projection with the choice of x;
has been presented in [18]. However, we noticed that projection is only optimal when the
polynomial degree k is even, and it is suboptimal when £ is odd.

4.2 Conservative and Equilibrium Variables
We denote the moving-water equilibrium variables from (1.8) as:

E “ 4+ g6(h +b)
V=|m]|= hu . 4.5)
0 0

which become constants at the steady state (1.8). It is necessary to transform the conservative
variables U into equilibrium variables V, and vice versa in the process of maintaining the
well-balanced property. Given U and the bottom function b, the equilibrium variables can
be easily computed, and we denote it by V = V (U, b). On the other hand, suppose V and
the bottom function b are given, we can evaluate U = U (V, b) in the following way. Let us
rewrite E as

m2
E= 5 +80(h+D) (4.6)
which leads to the cubic polynomial
m2
5+ (g0b - E)h* + (g0)h® = 0. (4.7)

To recover the water height &, we find the correct root of this cubic polynomial. Three roots
of a cubic polynomial can be found analytically. If the polynomial returns three real-valued
roots, one of them is negative, and the other two correspond to the subsonic and supersonic
cases. We choose h(V, b) as the root that is closest to &, (X;), where %; is either a quadrature
point or a cell-boundary value. In the other case when the polynomial has one real-valued root
and two complex-valued roots, the only real-valued root is negative and we choose h(V, b)
to be the real part of the complex roots. Once / is obtained, m and 76 can be easily recovered
from V.

Next, we propose to decompose the solution Ue, into the reference equilibrium state Uy

and the fluctuation part U,f , with the expectation that Utf reduces to 0 at the moving-water

equilibrium (1.8). Note that this decomposition will be computed not only for the initial
conditions, but also at each time step. In each computational cell /;, the equilibrium state
U¢ (x) can be computed from the constant equilibrium variables

E; (xj+%)

E;
V= nA}j = | m, (x;rl) , 4.8)
6; :
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and the bottom function b, in the form of

hs (x) A
US(x) = | (hu)ex) | :=P.UV;, by). (4.9)
(h0)37(x)

Unlike the still-water case in (2.11), the functions U (\7], b;) may not be piecewise poly-
nomials as a result of the nonlinear mapping, even though Vj is constant and b; € V’;.
Therefore, the same projection P; is used to project them into the DG space V. Lastly, we
can decompose the numerical solution U as follows:

U, =U¢+ U/, (4.10)

where U,f =U,-U;f € V’;. If the initial condition Uy (x) is in the moving-water equilibrium
(1.8), the reference equilibrium state U (constructed in the way above) is identical to the
solution Uy, and therefore Uff =

4.3 Well-Balanced Numerical Fluxes

The semi-discrete moving-water well-balanced DG method for (2.2) is defined as follows:
we seek the DG solution U satisfying

/ 8,(Uf)vdx—/ f(Uz)o v dx + f

1

oot = /S(Ur,b)vdx

Vs T
2 J72 J7a I;
4.11)

for any test function v(x) € V';. In order to determine the well-balanced numerical fluxes,
we extend the hydrostatic reconstruction approach presented in Sect.2.2 for the still-water
equilibrium. After computing the boundary values Urij+ , at the time step ", we again set
Tt
* + -
bl juy = max (bw_i%, bwi%). (4.12)

However, other generalizations of the hydrostatic reconstruction could also be used. Next,
the height function at the cell interface can be redefined as:

R :max<o,h<\7,,b*, ) +hl )
T.j+5 . T,J+ r]+2

L o * f+

where the values Vj are given in (4.8) and h,f is given in (4.10). This results in following
updated boundary values of U:

*,+
: B
Us* | = m-oo ) (4.14)
1 T,j+
T,j+ JTa
2 *,4 +
T+t

Finally, the well-balanced numerical fluxes can be computed:

Al *,— — _ *, —
f/+‘ (Ur,j+%’ v J+2> * f<Ur]+ ) f(Ur,j+%>’
rr *,— ) + _ *,+
f. (U 3 Ur,j—%>+f<Ur,j—%) f(U j ‘)’

.1
T.J—3 T.J—3

(4.15)
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where F(a, b) is a consistent numerical flux, such as the Laf—Friedrichs flux defined in
(2.6). Again, at the moving-water equilibrium (1.8), we have V; = constant and h{ =0,

therefore, h’:’;rl = hj;rl following the definition in (4.13). This leads to the continuity of
Jt2 Jt2
U} at cell interfaces, i.e. ust , =U"" . As aresult, we can show that
T,j+35 T,j+35
Fl = - fr = + 4 1
fial f(UH%), i f<Uj_%), (4.16)

due to the consistency of the numerical flux F (a, b).

Remark 4.2 Therecovery of & from the equilibrium variable V via solving a cubic polynomial
is needed twice at each time step, namely in (4.9) and (4.13) described above. Numerically,
the cubic polynomial computations allot for approximately 10—12% of total computational
time. One could further reduce the computational cost if redefining the variable b* in (4.12)
to

« -
bw,i% = bw,i%, 4.17)
which matches the definition of the Radau projection in (4.2). Therefore, h(\}j, b;‘ it D)
Jta
reduces to hr_j+1 , and the updated cell boundary value 4** in (4.13) becomes
Jta
*,— — f.— *,+ — i+
hr,j+% = max (0, hr,j+% + hI’H%) , hT’H% = max (0, hT’H% + hr,j+%) ,

(4.18)

which now does not involve the step to solve the cubic polynomial.

4.4 The Source Term Approximation

To maintain the well-balanced property, we introduce the following way to decompose the
source term, by directly extending the idea in Sect.2.3 for the still-water equilibrium. We
first decompose the source term into the equilibrium and fluctuation parts

/S(Ut,bt)v dx :/S(Uf,b,)v dx+/S(U,f,b,)v dx. (4.19)

As before, we use a quadrature rule to compute the second term on the right hand side. For
the first term, we notice that the equality

[ s(ubobuax = [ (0@ b0)en dx s 1 (U0000(x7,, )y,
I I J+3/7) it
—f(U(f/j,bf)(x.+ .))v.+ L (4.20)
J=2 J=3
holds when the exact integration is used, since U (\7] , by) is the equilibrium solution in the cell

I;.In (4.9), U¢ is defined as the projection of U ( \7j, b) with approximation error O (k.
Taking this error into consideration, the equation (4.20) becomes

| swebovarso(e1) = = [ rwnusaxs (0, oy
. Ij i)

I 3/ Itz
—f(Ue’Jr )v.+ (4.21)

| 1>
T.J=2/ ]2
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in which the integrals can also be computed via quadrature rule with the same error O (t¥+1).
Unlike the still-water case in Sect. 2.3, the term f (U?) is no longer a polynomial, even though
U¢ is, and we cannot compute these integrals exactly with a sufficiently accuracy quadrature
rule. To this end, the source term can be evaluated using the following form:

/. S(Uz, b )vdx = _/Ij fWUHvy dx + f(U:”f ')Uj_+‘

J+3 3
IJ 2 2

1
)72

—f(Ue”r )vj_% +/IjS(Utf,bf)v dx. (4.22)

4.5 Slope Limiter

When the solution contains discontinuities, a slope limiter procedure may be necessary after
each inner stage of the Runge—Kutta time stepping procedure. We use the standard total
variation bounded (TVB) slope limiter [27] presented below. The TVB corrected minmod
function is defined by

, if < M2,
way, ... a) =14 if Jar| < M (4.23)
m(ai,...,a), otherwise,
where M is the TVB parameter, and the minmod function m(ay, .. ., a;) is defined as:
. ay = | minGarls D, i s = sign(an) = =sign(a), o
0, otherwise .

The slope limiter procedure involves two steps. First, one must check if any limiting in
needed in a specific cell. If the corrected minmod function returns the first argument, i.e.,

ﬂl(Ur<xj_+l) - U‘[,jv Ur,j - Ur,jfl» Ur,jJr] - Ur,j) = Ur<xj_+%) - Ur,j,

2
”71(01,_/’ - U; (x;;%)v U‘L',j - Ur,j—l , Ur,j+] - Ur,j) = L_/r,j - U; (x;;%>s
with Uy, ;j standing for the cell average of U in the cell I}, the limiting is not necessary in
this cell. Otherwise, we need to apply the limiter to all the variables in that cell, which is the
second step of the slope limiter procedure. We define the modified cell boundary values to
be

UEmOd)<XA_+l) = l_/f,j + n~1<UT (xA_Jrl) - UT,/', L_/f,j - l_ff,j_l, L_]‘L',j-‘rl - 0‘[,])7
O T o ) L (4.26)
Ur(mod)(x;;%) =Uj — 771<Ur,j - U, (x}t%) Urj — Uz j—1,Ur j4+1 — Ur,j)~
A P? polynomial that preserves the original cell average in I ; can then be recovered from
the updated cell boundary values (4.26) and the cell average L_]T‘ j
This limiting procedure may not preserve the moving-water equilibrium state (1.8). There-
fore, to maintain the well-balanced state when using the slope limiter, we perform the first
step (4.25) to determine if limiting is necessary in each cell, based on the fluctuation part
of the variables Urf . If limiting is required in a specific cell, the slope limiting procedure
is performed on the conservation variables U;. If the steady state solution is reached, the
fluctuation part satisfies Uff = 0, hence no TVB limiter is needed in any cell. Therefore

the well-balanced property will not be affected by the limiter procedure. Unlike in [30], we
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cannot use the equilibrium variable V; in the first step (4.25), due to the possibility of the
cell average V; not being in equilibrium even at the moving-water steady state.

4.6 Well-Balanced Property

Proposition 2 The proposed DG scheme (4.11) for the Ripa system (1.1), paired with numer-
ical fluxes (4.15) and source term approximation (4.22), is well-balanced for the smooth
moving-water equilibrium (1.8).

Proof Suppose the initial data are moving-water steady state equilibria. The special projection
P, ensures that the equilibrium state is maintained at the cell boundary Xl for all j for the
numerical initial conditions. Therefore, from the definition of (4.8), we have Vj = constant
forall j. This implies the equilibrium part Uy, computed from Vj and b in (4.9), is equivalent

to U; and that U. i—f = 0. The source term approximation (4.22) becomes

- _ + ot
/,., SWe. by dx = f PWoweds+ 7 (U o7y = £(UF ot @)
At the same time, since Uff = 0, the modified cell boundary values satisfy
0.k
max (O,h(V,,ijr%)) max (0,4 (Vj41, b %))
BT = e = t 1 =Uu*T
‘L',j-‘r% B J+3 - J+3 B r,j—&-%'
7. L% H— . * +
max (0, (7}, bj+%>)9j+% max (0,541, bj+%)>ej+2
(4.28)
Due to the consistency of the Lax—Friedrichs flux and (4.28), it can be shown that
7l _ — ;r _ +
Tjvs = f(Ur,jJr%)’ fiy= f<U” ) (4.29)

and the flux terms at the left hand side of (4.11) reduce to

- - _ + +
R AR G v
It thus follows that the flux terms exactly balance the source term approximation, and the
well-balanced property is proven. O

We finish this section with some remarks about the moving-water equilibrium preserving
well-balanced RKDG method.

Remark 4.3 When the bottom topography is flat (i.e., b(x) = constant C), the traditional
DG methods are recovered from our well-balanced DG scheme, that is, the source term
approximation reduces to 0 exactly and the left and right numerical fluxes reduce to the
original fluxes. First of all, in each cell I}, \7j defined in (4.8) is a scalar number. When
b(x) = C is a constant, the value of h(Vj, C) is also a constant which does not depend on
x within each cell /. The same observation holds for U¢ (x) = P U (\7], C). Therefore, we
have

e _ - e,+ +
/Ils(uf,bf)udx_ /I_f( )vxdx—i—f(TH)vH% f(UI’j7%>vj7%_0.

J J
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Also, the numerical integral fli S (Urf, b,) v dx = 0, since b (x) = C leads to (b;), = 0.
Together, this implies the source term approximation presented in (4.22) is zero.

Second, we show that the well-balanced numerical flux reduces to the standard DG flux.
Note that, when b(x) = C is a constant, bj,j ! defined by (4.12) or (4.17) is also the same

constant C. Therefore,

T, j+5

h**];; = max <O,h(\7j,C) +hfj_+%> = max (O, hi]_+1 +hf,7'_ 1) :h_’A N

*,+ +

T+ ! Tj+%"
Therefore the left and right numerical fluxes defined in (4.15) reduce to the original DG
fluxes: /1, = fi 1. /7, =iy

2 J72 2

Similarly, it can be shown that & =hT | and more generally that urE , =U
T,j+> T,]+t5

Remark 4.4 Our well-balanced methods are designed to preserve the moving-water equi-
librium (1.8). When applied to the still-water steady state (1.5), which is a special case of
the moving-water equilibrium with m = 0, they should automatically preserve this simpler
equilibrium. In fact, they reduce to the same still-water well-balanced methods presented in
Sect. 2 with the exception of the choice of projection.

4.7 Well-Balanced Methods for the Constant Water Height and Isobaric Equilibria

The proposed framework to balance the moving-water equilibrium can also be extended
to preserve the constant water height steady state (1.7) and the isobaric steady state (1.6)
of the Ripa model. For each given equilibrium, one well-balanced method to balance this
equilibrium can be designed, but we cannot combine these into a unified well-balanced
method. Below, we will discuss how to design such scheme briefly with some necessary
details provided.

First, let’s consider the constant water height steady state solution (1.7). Let the equilibrium
variables be denoted

hy (xj+ I )

(hu), ("ﬂ;) , 4.31)

=
I

h>\§>\§'>
Il

~.

(be + Sh: Inb;) (x;r%)

then the equilibrium parts can be determined as follows:
B (o) ki
. e
Ul = | 0w 0 | = | " SN )
meye /) kP (exp (,;(L,,- — b (x))))

where IP; is the same Radau projection described in (4.1) and (4.2). The fluctuation part Uff

is again determined by the decomposition U; = U{ + Uff . Next, we determine the modified

cell interface values as
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A 2 /A
L , (i —p* I
(h@)w,_k% = max (0, hj exp (flj (L] br,j+§)> + (h9)1+;) ,

(4.33)
~ 2 ~
I ) g% [+
(hG)TVH_% = max (0, hjy1exp (ilj+1 (L]_H br,j+§)> + (hQ)H;) ,
where b* | = max (b+ b ) We let 1*F = h | and ()tE | =
T,j+3 j+2 T /+2 +2 T,j+75 T,j+75
(hu)ri . Then at the steady state we have U = Ur ;:_1 since &, hu are both constant
- 2 Jta

and UI = 0 at the steady state. Lastly, let the choices of left and right fluxes as well as
the source term approximation be the same as for the moving-water schemes. The numeri-
cal methods designed in this way can be shown to preserve the constant water height state
exactly.

Secondly, the isobaric steady state solution (1.6) is considered. Let us denote the equilib-
rium variables as

. £y (hu), (xf+l>

Vi = <S’> = 0 (4.34)
i)\ e h), <x;+l>

2

then the equilibrium parts can be determined as

e ]’l s ()C)
hw.(x) Tné -
Ul ) = [ (ot ;) | = NE (435)
(hO)F, ;(x) P (ﬁ’m)
and the fluctuation part is defined by Uff = U; — U¢. Now, if we let h* el = h?i—‘ =
2 Jta
max <h Jht . > and set (hu)*’ (hu) e we can determine the last conser-
+2 T,j+>5 T,]
vative variable as
T, ]+2
o)+ | =max |0 Sja + (ho) (4.36)
ek I T ) '
sJT7

The numerical scheme is completed by using the formulations for the source term as well as
the left and right fluxes found in the moving-water scheme. It then follows that the scheme
exactly preserves the isobaric steady state.

5 Numerical Tests for Moving-Water Well-Balanced Methods

In this section, we present numerical results of our moving-water well-balanced DG methods
for the one-dimensional Ripa system (1.1), using the well-balanced technique described in
Sect.4. We implement our scheme using piecewise quadratic polynomials (k = 2) in space,
paired with the third order TVD Runge—Kutta time discretization (2.9). The CFL number
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Table 3 L' errors and orders of accuracy for the test in Sect.5.1, using the moving-water well-balanced
method

No. of cells h hu ho

L error Order L error Order L error Order
25 7.3659e—04 6.7798e—03 7.8134e—04
50 1.1235e—04 2.7129 9.0751e—04 2.9013 1.1063e—04 2.8201
100 1.5781e—05 2.8317 1.1708e—04 2.9544 1.8243e—05 2.6004
200 2.0662e—06 2.9331 1.5041e—05 2.9606 2.7879¢—06 2.7101
400 2.5592¢—-07 3.0132 1.8865¢—06 2.9951 3.8607e—07 2.8522

is again taken to be 0.1. The constant M in the TVB limiter is taken to be 0, except for
the accuracy test in which no slope limiter was used. The gravitational constant g is fixed
to be 9.812 m/s?. Multiple types of numerical tests have been carried out in this section to
demonstrate the capacity of our proposed moving-water well-balanced methods.

5.1 Tests for Accuracy

In this subsection, we will check the accuracy of our moving-water well-balanced scheme
for smooth solutions. The same setup of the initial conditions and boundary conditions, as
in Sect. 3.1, is used here. We run the numerical simulation until time r = 0.02, while the
numerical solution is still smooth. Table 3 contains the L' errors and numerical orders for the
moving-water well-balanced DG method. It is easy to observe that the expected high order
accuracy is obtained by the proposed methods.

5.2 Tests for the Well-Balanced Property

The following tests are chosen to verify that the proposed DG methods preserve the moving-
water steady states (1.8) when a non-flat bottom topography b(x) exists. For these examples,
the errors are calculated by comparing the numerical results to the initial conditions.

We present the test cases of both sub-critical and trans-critical flows. These tests are
extensions of widely used numerical experiments for verifying the performance of numerical
schemes for the shallow water equations in [19,29-31]. The bottom function is given by:

2-0. —10)%, if 12
b(x):{o 0.05(x — 10)2, if 8 <x < 12, 5

0, otherwise,

for a channel of length 25 m. Two types of moving-water steady states solutions, correspond-
ing to sub-critical and trans-critical flows, will be investigated below.

(a) Sub-critical flow The initial conditions are given by

m = 4.42/5
E = 22.06605 -5 (5.2)
6=>5

with the boundary conditions of m = 4.42+/5 at the upstream and 4 = 2 at the down-
stream.
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Table4 L' and L errors for the well-balanced tests of different moving-water equilibria, at time = 1 with
200 uniform cells

Test L! error L error

h hu ho h hu ho

(5.2) 3.9850e—13 6.0707e—13 4.0459e—13 1.5654e—13 4.2100e—13 1.5965e—13
(5.3) 7.2879%e—14 3.0429e—13 7.2849e—14 8.0269e—14 1.8407e—13 7.6161e—14

h+b hu ho
9.88343 -
25 ——800 cells - Moving ——800 cells - Moving 10.5 —800 cells - Moving
- —e—200 cells - Moving —e—200 cells - Moving —e—200 cells - Moving
- Bottom
9.883425 |
2 ~ 10
1.5
9.88342 | 1 95"
4
9.883415 | 9
0.5
R 8.5
0 g * 9.88341 -
0 5 10 15 20 25 0 10 15 20 25 0 5 10 15 20 25

Fig. 12 Numerical solutions for sub-critical flow (5.2) at time ¢t = 1 with 200 and 800 uniform cells. The
steady state is preserved for both mesh sizes when the moving-water well-balanced scheme is used

(b) Trans-critical flow The initial conditions are given by:

m = 1.53/5
E = 11.09098731433671 - 5 (5.3)
=5

with the boundary conditions of m = 1.53+/5 atthe upstreamand 41 = 0.405737258401203
at the downstream. The flow moves from subsonic to supersonic at x = 10, which occurs
at the peak of the bottom topography function.

For both test cases, the moving-water steady state solutions should be preserved exactly.
We run both cases until time the stopping time of # = 1, using a coarse mesh of 200
uniform cells and a finer mesh of 800 cells for comparison. The L' and L™ errors in
Table4 demonstrate the well-balanced property is maintained up to round-off error when
using the moving-water preserving method. The numerical results are presented in Figs. 12
and 13. For comparison, we also compute these moving-water steady states using the still-
water well-balanced methods presented in Sect.2. Figures 14 and 15 display the difference
between the numerical solution and the initial conditions. It can be seen from the plots that
the moving-water steady states are not preserved by the still-water preserving method.

5.3 Tests of Small Perturbations

The tests in this subsection are selected to demonstrate that small perturbations to the moving-
water steady states are well captured by the proposed moving-water well-balanced DG
scheme. Similar tests have been presented in [30,35] for the shallow water equations. We
will consider two perturbation sizes to the sub-critical and trans-critical moving-water steady
states.
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h+b hu hé
1.2 3.4214 5.5
——800 cells - Moving ——800 cells - Moving ——800 cells - Moving
\ —e—200 cells - Moving 3.42135 —o—200 cells - Moving 5 —o—200 cells - Moving
| f— Bottom
3.4213 .5
0.8
3.42125
4
0.6 3.4212
35
3.42115
0.4 s
3.4211
02 3.42105 2.5
0 i 3.421 2
0 5 10 15 20 0 5 10 15 20 25 0 5 10 15 20 25

Fig. 13 Numerical solutions for trans-critical flow (5.3) at time r = 1 with 200 and 800 uniform cells. The
steady state is preserved for both mesh sizes even with the flow changing from sub-critical to super-critical
when the moving-water well-balanced scheme is implemented

h-h

4 o
6% 10 . i
——200 cells - Moving
5 ——800 cells - Moving
—+—200 cells - Still
4
3
2
1
0 . b
-1 V
-2
0 5 10 15 20 25
Fig. 14

hu-hu
x10% 0
ol ——200 cells - Moving
—800 cells - Moving
200 cells - Still
1!
L
11 |
0
‘ |
-1t '
24 '
0 5 10 15 20 25

ho-ho
%1073 o
3/ . . .
—4—200 cells - Moving
25" ~ —800 cells - Moving
200 cells - Still
.
1571 ‘
1 “
05}
i
0 ¥ o
0.5 |
-1
0 5 10 15 20 25

The difference between the solutions /, hu, hO for the sub-critical flow problem (5.2) at time r = 1

and the corresponding steady state solutions. Both the moving-water and still-water scheme results are plotted

h-h hu-hu h6-ho
x10° 4 x10° o x10 o
4 ——200 cells - Moving —o—200 cells - Moving 5 —=—200 cells - Moving
——800 cells - Moving ——800 cells - Moving ——800 cells - Moving
—+200 cells - Still 10 +—200 cells - Still ~—+200 cells - Still
0.5 1
|
‘\ 5 i \
’ il ’
0 e \‘
-05 Y| \ ¥
I ’
3
< 5
-5
0 5 10 15 20 25 0 5 10 15 20 25 0 5 10 15 20 25

Fig. 15 The same as Fig. 14, except for the trans-critical flow problem (5.3)

The initial conditions are given by the sub-critical and trans-critical flow (5.2) and (5.3)
in Sect. 5.2, with an added perturbation to 4 and /6 in the interval [5.75, 6.25]. That is, if we
denote the moving-water steady state initial conditions in Sect.5.2 as (heq, (htt)eq, (h@)eq),
the initial conditions of the perturbed tests are given by

(a) Larger perturbation

(h, (hu), (h6))(x,0) = (heg, (htt)eq, (hB)eq)(x, 0) + [0.05, 0, 0.25] 55 15 605 (5:4)

@ Springer



Journal of Scientific Computing (2020) 82:30 Page310f37 30

h+b, b
25! —©--200 cells
—800 cells
-------- Bottom
2] o
1.5 .
17
0.5+ a
0 5 10 15 20 25
Upstream Wave _— Downstream Wave
-<- 200 cells . - 200 cells
2.06 —2800 cells —2800 cells
2.02}
2.04
2.01
2.02
2 2
1.98
1.99
1.5 2 2.5 3 16.5 17 17.5 18

Fig. 16 Water height / of the well-balanced methods for the larger perturbation test of sub-critical flow (5.2)
at time ¢ = 0.75 with mesh sizes of 200 and 800 uniform cells. The bottom row contains zoomed in images
of the waves of &

(b) Smaller perturbation

(h, (hu), (h6))(x, 0) = (heq, (htt)eq, (h)eq)(x, 0) + [0.0001, 0, 0.0005] 15 75 .25 -
(5.5)

The value x(5.75,6.25] is defined to be 1 in the region [5.75, 6.25] and O everywhere else in
the domain.

Itis expected that the perturbation will split into two waves traveling in opposite directions
away from their point of origin. We run the test until the stopping time of = 0.75. At this
time, the downstream moving wave will have passed the bump of the bottom topography
function. The numerical results for the large perturbation of the sub-critical flow problem are
shown in Figs. 16 and 17, where we compare the results of moving-water well-balanced DG
method on mesh sizes of 200 and 800 uniform cells. One can observe that the propagation of
these small perturbations is well captured by our methods, and there are no visible numerical
oscillations in the solutions. We demonstrate the numerical results of the larger perturbation
for the trans-critical flow problem in Figs. 18 and 19, and similar observations can be found.
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hu hu
10.2 ; ; " 10.5 ; "
-o--200 cells -<-200 cells
10.1 —800 cells | ——2800 cells
10 -ﬁ’ ] A
10
9.9 | 9.5
9.8
9
9.7
9.6 : : : : 8.5 : :
0 5 10 15 20 25 0 5 10 15 20 25

Fig. 17 Numerical solutions of hu and k6 for the larger perturbation test of sub-critical flow problem (5.2) at
time ¢ = 0.75 with mesh sizes of 200 and 800 uniform cells

h+b, b
1.2 T T T
——800 cells
1 Fa W —o—200 cells
-------- Bottom
0.8
0.6
0.4
0.2 P
0 | 1 |
0 5 10 15 20 25
Downstream Moving Wave 0.43 Upstream Moving Wave
——800 cells ‘ ——2800 cells
1.06 ——200 cells —e—200 cells
0.42
1.04 ¢
0.41
1.02¢
0.4
1 L
0.39
2 3 4 5 13.5 14 14.5 15 15.5

Fig. 18 Water height /1 of the well-balanced methods for the larger perturbation test of trans-critical flow (5.3)

at time ¢ = 0.75 with mesh sizes of 200 and 800 uniform cells. The bottom row contains zoomed in images
of the waves of &
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hu ho
3.55 :

3.57

3.45}

3.4

3.35

5.3 —800 cells

——200 cells

—800 cells |
——200 cells

3.25 : : ‘ 2 : :
0 5 10 15 20 25 0 5 10 15 20 25

Fig. 19 Numerical solutions of hu and h6 for the larger perturbation test of trans-critical flow problem (5.3)
at time t = 0.75 with mesh sizes of 200 and 800 uniform cells

h-h hu-hu h6-h6
610 B x1073 (4 ) 5 x10° (4
——200 cells - Moving | —e—200 cells - Moving ——200 cells - Moving
5 ——200 cells - Still 2 ——200 cells - Still 257 ——200 cells - Still

2

-1
0 5 10 15 20 25 0 5 10 15 20 25 0 5 0 15 2 25
Fig. 20 The difference between the solutions £, hu, h6 for the smaller perturbation of the sub-critical flow

problem (5.2) at time 0.75 and the corresponding steady state solutions. A uniform mesh of 200 cells has been
used for both the still-water and moving-water schemes

Next, we present the numerical results from the smaller perturbation tests, and compare
the performance of the moving-water and still-water preserving schemes on a mesh of 200
uniform cells. Figure 20 contains plots of the difference between the solutions %, hu, h6 atthe
final time 0.75 and the corresponding steady states for the sub-critical flow problem. It can be
seen that the still-water preserving DG scheme does not handle perturbations to the moving-
water steady state nearly as well as the moving-water preserving scheme. Similar results have
been observed for the trans-critical flow problem, see Fig.21. These results demonstrate the
importance of moving-water preserving method in capturing the propagation of these small
perturbations.

5.4 Riemann Problems
In this subsection, we consider three Riemann problems that contain discontinuities in the ini-

tial conditions, to demonstrate the performance of our proposed methods when the solutions
contain discontinuity.

@ Springer



30 Page34o0f37 Journal of Scientific Computing (2020) 82:30

h-h hu-hu hé-ho
-3 0 -3 0 0
x10 2 10 0.01
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——200 cells - Still ——200 cells - Still ——200 cells - Still
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0.005
1
1
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Fig. 21 The difference between the solutions &, hu, h6 for the smaller perturbation of the trans-critical flow
problem (5.3) at time 0.75 and the corresponding steady state solutions. A uniform mesh of 200 cells has been
used for both the still-water and moving-water schemes

h+b hu ho
5 20 % " 5 .
——1600 cells ——1600 cells 4 ——1600 cells
\ —o—200 cells

—o—200 cells
e Bottom

A —e—200 cells

0 0 - : ‘
-1 05 0 05 1 -1 0.5 0 0.5 1 -1 05 0 05 1

Fig.22 Numerical solution for the Riemann problem (5.6) at time t = 0.04 with 200 and 1600 cells using the
moving-water well-balanced method

First, we consider a problem with no initial velocity, a flat bottom (b(x) = 0), and the
following initial conditions for x € [—1, 1]:

5. wh 0, 3, wh 0,
h(x,0) = WHE X =, 0) =0, 6(x,0) = whet X = (5.6)
1, when x >0, 5, when x > 0.

Transmissive boundary conditions are employed for all variables. We run the simulation
until time = 0.04, and both shock and rarefaction waves appear in this test. Figure 22
displays the numerical results of our methods with 200 uniform cells, and we also include
the numerical results of 1600 cells as the “reference” solutions for comparison. One can
observe that the numerical solutions agree well with the “reference” solutions, and both
the shock and rarefaction wave are captured well by the moving-water well-balanced DG
methods.

Second, we consider a dam break problem over a flat bottom, in which all initial conditions
are non-zero. The initial conditions in the computational domain [—1, 1] are set as

2 I, 1 N h -y
(h(x. 0). u(x.0),0(x, 0)) = | & 0> D when x| <05 (5.7)
(1,0.75, 1.55), otherwise,

with b(x) = 0. Transmissive boundary conditions are employed for all variables. We run the
simulation until time t = 0.075, and six waves including both shock and rarefaction waves
appear. Figure 23 displays the numerical results of our methods with 200 uniform cells, and
the “reference” solutions obtained with refined 1600 uniform cells. Again, one can observe
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h+b hu 0

25 . 1 3 - 21 v
—1600 cells —1600 cells —1600 cells

—e—200 cells 2.5 ——200 cells 2 — ° 200cells

-1 -0.5 0 0.5 1 T -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 23 Numerical solution for the Riemann problem (5.7) at time # = 0.075 with 200 and 1600 cells using
the moving-water well-balanced method

that the numerical solutions agree well with the “reference” solutions, and all these waves
are captured well by the moving-water well-balanced DG methods.

Lastly, we consider a dam break problem over a non-flat and discontinuous bottom topog-
raphy. We set our computational domain to be [0, 600] in which the bottom function and
initial conditions are defined as:

8, when |x —300| <75,

b(x) = 5.8
x) 0, otherwise, (58)

and

(20 — b(x), 1,10), when x < 300,

h,u,0)(x,0) =
( u )()C ) (lS—b(x),S,S), when x > 300.

(5.9

Transmissive boundary conditions are employed for all variables. The simulation is ran until
the stopping time ¢ = 3, and the solution demonstrate a complicated structure, due to the
interaction of the waves with the discontinuous bottom function. The conservative variables
(h, hu, hf) as well as velocity u, temperature 6, and pressure p = % g0h? are displayed
in Fig.24. The numerical results of both 200 and 1600 uniform cells are presented in these
figures. We can observe that the numerical solutions agree well with the “reference” solutions.
All these waves, including the shocks near x = 375, are captured well by the moving-water
well-balanced DG methods.

6 Concluding Remarks

In this paper, well-balanced DG methods for the shallow water equations with horizontal
temperature gradients, also known as the Ripa model, are designed and tested. We present
two types of well-balanced methods, one for the the simpler still-water equilibrium (1.5) and
the other for more complicated moving-water equilibrium (1.8), and show that the former one
is a special case of the latter. We also demonstrated the same framework can be extended to
design well-balanced methods for the isobaric steady state (1.6) and the constant water height
steady state (1.7), with different definitions of U¢(x) and U:’jiJr ! following the equilibria

to be preserved. The proposed method is an extension of the well-balanced method [30] for
the shallow water equations, but with several improvements to simplify the algorithms. To
achieve the well-balanced property, special attention was paid to the approximation of the
source term and the construction of the numerical fluxes. Numerical examples were given
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Fig. 24 Numerical solution for the Riemann problem (5.9) at time r = 3 with 200 and 1600 cells using the
moving-water well-balanced method. Both the water surface & 4+ b, momentum hu, h6, and the velocity u, 6,
pressure p are shown

to demonstrate the accuracy, well-balanced property, perturbations to steady states, and non-
oscillatory behavior near discontinuities. This approach is rather general and can be applied
to design well-balanced methods for other hyperbolic balance laws.
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