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AN INVARIANT PRESERVING DISCONTINUOUS GALERKIN
METHOD FOR THE CAMASSA-HOLM EQUATION*
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Abstract. In this work, we design, analyze, and numerically test an invariant preserving discon-
tinuous Galerkin method for solving the nonlinear Camassa—-Holm equation. This model is integrable
and admits peakon solitons. The proposed numerical method is high order accurate, and preserves
two invariants, momentum and energy, of this nonlinear equation. The L2-stability of the scheme
for general solutions is a consequence of the energy preserving property. The numerical simulation
results for different types of solutions of the Camassa—Holm equation are provided to illustrate the
accuracy and capability of the proposed method.
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1. Introduction. In this paper, we are interested in accurate numerical approx-
imations to the nonlinear Camassa-Holm (CH) equation:

(1) my +umg +2mu, =0, m=u—1uy,, xR, t>0,

where the subscript ¢ (or x, respectively) denotes the differentiation with respect to
time variable ¢ (or ). By taking advantage of its Hamiltonian structure to reformu-
late this equation, we develop an invariant preserving discontinuous Galerkin method
for this nonlinear CH equation. Our proposed scheme is high order accurate, and
preserves two invariants, momentum and energy, of this nonlinear equation, hence
producing wave solutions with satisfying long time behavior.

The CH equation was found in a study by Camassa and Holm [4], as a bi-
Hamiltonian model for waves in the shallow water. In this context, the equation
takes the form

(2) up + 2kUy — Ugpr + 3UlUy = 2UpUpy + Ulggy-

If the parameter k is positive, the solitary wave solutions are smooth solitons. In
the special case that k = 0, equation (2) reduces to the CH equation (1), which has
peakon solutions: solitons with a sharp peak, containing a discontinuity at the peak
in the wave slope profile. Equation (2) can also be written as the system of equations

Ug + Uy + Pz = 0,

p=(1-0%)"" <2k:u +u? + ;(uw)Q) ,
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with p being the dimensionless pressure or surface tension.
This nonlocal CH equation is also one of three equations in the family

2 2 2 2
Ut — O Uzt + VUgze + CoUz = (C1U” + C*ug + C3UULy )2,

which satisfies “asymptotic integrability up to third order,” a necessary condition for
the complete integrability. The other two cases in this family are the Korteweg—de
Vries (KdV) equation,

Up + Uy + Uggy = 07

and the Degasperis—Procesi (DP) shallow water equation,
Up — Uzt + SUUy = Ulggy + 2UzpUgy.
The CH equation and DP equation also belong to the #-class of dispersive models:
Ut — Uty + Uy = OUUzzy + (1 — O)ugsy,

with = 1/3 and 1/4, respectively. The #-class was first identified in [20], as a subclass
of those introduced in [19] and the analysis on its global existence versus finite wave
breaking was given by Liu and Yin [23] with the following results: for % <0 <1,
initial smoothness is shown to persist for all time; if 0 < 6 < %7 strong solutions of
the #-equation may lose certain regularity in finite time, and traveling waves such as
periodic, solitary, peakon, peaked periodic, cusped periodic, or cusped soliton are all
permissible [18, 15].

The two special equations, the CH and DP equations, in the 6-class share several
interesting properties including the bi-Hamiltonian structure, the complete integra-
bility, and the soliton-like peakon solutions. Both equations can be viewed as models
of shallow water waves [13, 4, 5, 17, 11, 16, 10]. However, there are also important dif-
ferences between these equations: from the perspective of PDE theory, the solutions
of the CH equation basically belong to H'(R) (the first order Sobolev space), while
the DP equation can develop shocks (jump discontinuities) which may be understood
as entropy solutions [8, 9, 24].

For the CH equation with any initial data uy € H'(R), various papers have
studied the global existence of its solutions, conservative or dissipative. Uniqueness
is a delicate issue because in general the flow map has less regularity than usually
needed to justify the uniqueness of the solution. Recently, Bressan, Chen, and Zhang
[2] proved that the Cauchy problem of the CH equation with general initial data ug €
H!(R) has a unique, globally in time, conservative solution. The energy conservation
property is essentially used in their uniqueness proof to overcome certain difficulty.

We plan to compute this unique conservative solution numerically by the discon-
tinuous Galerkin (DG) method. The DG method is a class of finite element methods
using discontinuous piecewise polynomial spaces for both the numerical solutions and
the test functions (see [7] for a historic review). It combines advantages of both finite
volume and finite element methods, and has been successfully applied to a wide range
of applications. Many DG methods have been designed for various water wave equa-
tions. Some examples can be found in the review paper [28]. An energy dissipative
DG method for the CH equation has been presented in [27]. Recently, there have been
some studies on invariant preserving DG methods, which can preserve the mass and
energy exactly in the discrete sense. Numerical evidence shows that such methods
often provide more accurate results in long time simulations. Invariant preserving DG
methods have been designed for various wave equations including the KdV equation
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[3, 29], second order wave equation [26, 6], and the DP equation [21]. We also refer
the interested reader to [25, 14, 1] for some related methods for second order acoustic
wave equations.

The goal of this paper is to develop a novel DG method for the CH equation, to
preserve both the momentum and energy, which are given by

1
Ey :/(U_uxx)dxy Ey = */ (u2—|—ui) dx
R 2 R

1
Fy :/malx7 = f/mudac.
R 2 Jr

with m = u — ug,. The local DG method introduced in [27] uses the following
reformulation:

or

my + f(u)w — Pzt (r2/2)w :Ov
p— (Tu)m =0,

where f(u) = 3u?/2 and r = u,. The Lax—Friedrichs flux for f(u) used in [27] is held
accountable for the dissipation of the energy F5. In this work we explore yet another
reformulation

my + gz +mr =0,

q — mu =0,
which takes advantage of the first compatible Hamiltonian description

E
(3) my = —Dl% for Dy = 0,m + md,.

This, together with simple central numerical fluxes, makes it possible that the re-
sulting scheme preserves both the momentum and energy. Besides the high order of
accuracy, one main feature of the scheme is its capability to produce wave solutions
with satisfying long time behavior. Some comparison shows that the scheme which
conserves these two quantities has smaller phase error than those produced by the
energy dissipative scheme. With P? elements, the DG discretization in the present
work may be viewed as a finite difference scheme such as the one studied in [22], thus
extending the results for the scalar CH equation obtained in [22]. Finally, we point
out that the CH equation also admits another compatible Hamiltonian description

o8,
ou

my = —0y for Es5= %/u (u® +u2) da.

R
This work shows that the scheme conserving both F; and Fs is clearly better than that
which conserves only F;. One would intuitively think it is even better to preserve
FEy, E>, and F3. However, it appears a rather difficult task to preserve all three
conservation laws, yet still maintain the optimal order of convergence for smooth
solutions.

The rest of this paper is organized as follows. In section 2, we formulate our DG
method in both semidiscrete and fully discrete setting, and prove the desired invariant
preserving properties of the proposed DG method. In section 3, we present a set of
numerical examples to illustrate the capacity of the DG scheme to capture various
peakons and their interactions. Some conclusion remarks are given in section 4.
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2. The discontinuous Galerkin methods.

2.1. Reformulation. The Hamiltonian description (3) sets the basis to con-
struct an Es preserving discretization for (1), and it leads to the following reformula-
tion:

(4) my + (mu), +mu, =0, m=u— Uyg.

By introducing the auxiliary variables r and ¢, we rewrite this form into the following
system:

5a) ms + g, + mr =0,
5b) q — mu =0,
5¢) m — u+ 1y =0,
5d) r — u, =0.

o~ o~~~

Two conservation laws for the CH equation can be expressed as

1 1
(6) E, = / mdz, E;= f/mudx = 7/(u2 +r?)dz.
R 2 Jr 2 Jr

2.2. DG formulation. We develop an invariant preserving DG method for the
CH equation subject to initial data ug(z) and periodic boundary conditions. Let
us denote the computational mesh of the domain I by I; = (z;_1/2,%;41/2) for j =
1 N The center of the cell is xT; = (l'j_1/2+117j+1/2)/2, and hj =Tj41/2 —Tj-1/2-
We denote by w’ 12 the value of w at x;,,/5 evaluated from the right element I,

and w , , the value of w at x4 /o evaluated from the left element I;. [w] = w* —w™

+1/2
denotes the jump of w at cell interfaces, and {w} = f(w"’ + w™) denotes the average
of the left and right interface values. We then define the piecewise polynomial space

V4, as the space of polynomials of degree k in each cell I}, i.e.,
Vi={w:wePHI;)forxel;j=1,..., N}

The DG method for (5) is formulated as follows: for all the test functions &, ny,, pn, ¥n €
Vi, find myp, qp, rh, up € Vi, such that

(7a)
(mn)e&ndx — / qn(&n)zdx + (th{)jﬂ/g - (thf{)j_lﬂ +/mh7“h§hd$ =0,
I; I;
(7b)
/ (gn — mpup)npde =0,
I;
(7¢)
/1 mpppde — /I rh(pn)odx + (fhpf:)j-i-l/Q - (fhpZ)j_l/Q — /I upppdr = 0,
(7d)

/I rppdx JF/Uh(wh)zdx - (ﬁhw}:)j+1/2 + (ﬁhw;r)j—lﬂ =0.

J
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The “hat” terms, known as numerical fluxes, take only single values on cell interfaces
given by

(8) (Gn: Py an) = (ant, {rn}t; {un}).

The global form of the DG formulation may be obtained by summing over all the cells
I

N

(9a) /(mh)tfhdl' - /Qh(fh)mébf - Z (@nl&n)) j41/2 + /mhrhfhdx =0,
(9b) /(Qh — mpup)npdz = 0,

N
(9¢) / i ond / Pulon)eds = S (Fulp)1j2 — / unpnda =0,

N
(9d) /Thwhdw + /Uh(¢h)md$ + Z (@n[Yn]) 41/ =0,

where [ = Zjvzl J;.» and the periodic boundary conditions have been used.
J

2.3. Stability and conservative properties. We now turn to establish the
conservation of E; and Es.

Theorem 2.1. Let (mp, qn, un, ) be the numerical solutions of the DG formula-
tion (7)—(8). Then we have the following:
(i) Both invariants Ey and Eo are preserved in the sense that

d d
p /mhda: =0 = /(u,% +ri)dr = 0.
(ii) The DG scheme is L? stable:
lun(®)1? < uollzn Vit > 0.

Proof. (i) To show that the scheme preserves F1, we simply take £, = 1 in (9a),

pn = —rp in (9¢), and ¥, = —uy in (9d), and sum the resulting relations to obtain
d N N
pr /mhd:v = — /Th(’r‘h)mdfb — Z (fh[rh])jJrl/Q + /uh(uh)xdx + Z (ﬁh[uh})j+1/2
Jj=1 j=1

I
WE

(5] [4] i),

(({rn} = a)lrn) — Qun} — @n)fun]) 412 = 0.

.
l

I
M=

1

.
Il

To show the conservation of Es, we take &, = uy, in (9a), n = 75, in (9b), pp, = —uy,
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in the time derivative of (9¢), ¥, = ()¢ in (9d), and 9y, = —qp, in (9d) to obtain

N
/(mh)tuhdx - /qh(uh)gcdx - Z (zjh[uh])j+1/2 + /mhrhuhdx =0,
j=1

/thhd:c — /mhrhuhd:c =0,
N

_ /(m}L)tU}de + /(rh)t(uh)xdx + Z ((fh)t[uh])j+1/2 + /(uh)tuhdx =0,

Jj=1

/rh(rh)tdx + /Uh(rh)ta:dx + Z Up[(rn) ])j+1/2 =0,

Jj=1

N
_/Thqhdl'—/Uth Zuhqh ]+1/2:0.
j=1

Adding the above together and integrating the complete derivative out, we get

N

1d R N

T (up +77) do =" (Gnlun] + inlgn] — [ungn)) ;41 /o
J=1

N
+ Z up(rn)e] — (Pn)elun] — ﬂh[(rh)t])j+1/2 =0.
j=1
(ii) From the conservation of energy Fs, we have

lun]|* = Ea(t) = [lrall* = E2(0) — [Irn]|* < E2(0).
Hence |lup||? < Eo(0) as desired, and we have the L? stability. 0

2.4. Time discretization. In this subsection, we develop fully discrete meth-
ods that maintain the invariant preserving property of the semidiscrete method (7).
To achieve this, we will employ time stepping methods that preserve the discrete in-
variants. A family of symplectic temporal integrators which preserve the invariants
up to round-off error is the implicit Runge-Kutta collocation type methods associated
with the diagonal elements of the Padé table for e* [12]. In this paper, we consider the
second order midpoint rule and the fourth order two-stages Gauss—Legendre methods.

Let {t"},n =0,1,..., M, be a uniform partition of the time interval [0, 7], and
A" ="t —¢". Let u9 = Iug be the piecewise L? projection of the initial condition
ug(x). We update the solution u} "' from u? using the midpoint rule in the following
manner: forn=0,..., M — 1, u”+1 €V}, is given by

(10) n+1 - 2uh - u’}r;,
where uZ’l is the solution of the equation
(11) upt — = A"F(upt) =0,

where F(uy) is the spatial operator; see (13) for the fully discrete method. In The-
orem 2.1, we have shown that the semidiscrete DG method preserves the continuous
invariants Eq(t) and E5(t). Along the same line of analysis, we can prove that the dis-
crete invariants, as defined in the following theorem, is conserved by the fully discrete
method.
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Theorem 2.2. The fully discrete midpoint rule DG method (10)—(11) conserves
the discrete invariants

(12 By = [mide, By = [ (@) + 01)?) de

for all n.

Proof. Introduce the notation

Combined with the DG formulation (9), the midpoint rule DG method (10)—(11) can
be rewritten as

(13a) /Dmhghdx — /qh (&n)pdx — Z < fh ) /mZ 1TZ 1§hdx =0,
j+1/2

(13b) /(q,’f’1 —mptu pde = 0,

N —_—
(13c) /mZ’lphdm — /rZ’l(ph)xdx - Z (rZ”l[ph]) - /uZ’lphdx =0,
j=1 J+1/2
N —_—
(13d) /r;z’lwhdx + /UZ’l(wh)zdx +y° (UZ’l[wh]) =0.
j=1 Jt+1/2
To show the conservation of ET', we take the test functions &, = 11in (13a), pp = —r} !
n (13c), and ¢y, = —uZ’l in (13d), and sum the resulting relations to obtain
N —_—
/Dm}fdm = —/ it ) pda — Z (TZ’l[Th]> + /uZ Yup) pda
j=1 i+1/2
+> <UZ’1[Uh]>
j=1 J+1/2
N /‘\
=5 (3 =)l = (1) = 7 Yol) o
j=1 J+1/2

Since [Dmpdx = (E}T' — E})/At", we have B! = E7.
To show the conservation of E¥, we first consider (9¢) at time levels ¢* and "1,
and let the test function py be —uZ’l /(At™). Subtraction of these two equations yields

/ —Dmj uy’ Ydx + /Drh )odx + Z (Drh uy’ ) i1 + /Duﬁ quldx =0.

We then take &, = )" in (13a), n, = 7°" in (13b), ¥y, = Dry —¢" in (13d), and
add the resulting equations with (14) to obtain

(15) / (DuZuZ”l + Dryry 1) dr = 0.
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Combined with the fact that

2 2

ot P g ) @ ) o)
BN 2 2Arm TTh T T A

the relation (15) leads to Fy ™ = EJ. d

In some of the numerical experiments with very high accuracy in spatial dis-
cretization, the following fourth order two-stages Gauss—Legendre methods, which
also preserve the discrete invariants ET" and EJ, are conducted as the time approxi-
mations:

(16) wpt = V3 (g - ),
where uZ’l and uZ’Q are given as solutions of the coupled system of equations
(17) upt = — A" (anf(uZ’l) + alzf(uZ’Q)) =0,

(18) uZ’z —up — At" (agl]:(uZ’l) + aggf(u2’2)) =0,

Wlth ai]p = age = 1/4, a1 = 1/4— \/§/67 ag = 1/4+\/§/6

2.5. Algorithm. In this section, we give details related to the implementation
of the proposed invariant preserving DG method.
1. First, from (7d) and (7c), we obtain rj, and my, in the following matrix form:

(19) Ry, = AU,, M, =U, — ARy,

where Uy, (or Ry, M}) denotes the vectors containing the degree of freedom for
the piecewise polynomial solution uy, (or 7p, myp). This leads to the following
relation between M} and Uy:

(20) My, = BUy,

with the matrix B = I — A2.
2. Equation (7b) leads to ¢, defined by

(21) Qn = (mpun),

where II is the standard L? projection onto piecewise P* polynomials.
3. Equation (7a) and (21) leads to

(22) 8ch = —AQh - H(th’h).
4. We then combine (20) and (22) to obtain
(23) 8Up = B~ (=AQy — I(mnry)) .-

5. We apply a symplectic temporal discretization method, for example the sec-
ond order midpoint method (10) or the fourth order Gaussian-Legendre
method (16), to advance the obtained system (23) in time.

The differential matrix A is a sparse block matrix, hence its multiplication with coef-
ficient vectors can be implemented efficiently. Step 5 involves a linear solver with the
matrix B, where we can perform an LU decomposition for B at the beginning to save
computational cost.

)
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3. Numerical results. In this section we provide some numerical examples to
illustrate the accuracy and capability of our method. The midpoint rule is used as
the temporal discretization in most of the numerical results, except the accuracy test
(Example 1) where the fourth order Gauss—Legendre methods are used. With the aid
of successive mesh refinements we have verified that, in all cases, the results shown
are numerically convergent.

Ezample 1 (accuracy test). The peaked traveling wave solution takes the form
(24) u(zx, t) = ce”loetl,

where ¢ = 0.25 is the wave speed. The domain is set as [—40,40], and the accuracy
is measured in the smooth parts of the solution, 1/20 of the computational domain
away from the peak. We test the P* polynomial approximation on uniform meshes.
The L? errors and the numerical orders of accuracy for kK = 0,1,2 at time t = 1 are
reported in Table 1. The CFL condition is picked as 0.01. We can clearly see that
the invariant preserving DG methods achieve the optimal convergence rates for P*
elements. The order of accuracy is a little oscillating around the optimal rate. This
oscillating behavior of numerical accuracy is commonly observed for energy conserving
methods, and a least square fitting of the order has been done in [26] and give the
optimal convergence rate of u. In [6], carefully chosen numerical initial conditions are
employed and optimal convergence rates are clearly observed there, which shows that
the energy conserving method is more sensitive to the error in the initial conditions.

TABLE 1
Accuracy test of DG method for the CH equation with the exact solution (24). The periodic
boundary condition, ¢ = 0.25, uniform meshes with N cells at time t = 1.

l [ N [ L' error [ Order [ N [ L? error | Order [ N [ L error [ Order

20 | 2.59e-03 - 20 1.09e-02 - 20 5.69e-02 -

40 | 6.57e-04 1.98 40 | 4.88e-03 1.17 40 7.77e-02 -0.45
PO 80 | 2.48e-04 1.40 80 1.36e-03 1.84 80 2.06e-02 1.91
160 | 1.19e-04 1.06 160 | 6.01e-04 1.18 160 | 8.20e-03 1.33
320 | 5.74e-05 1.05 320 | 2.87e-04 1.07 320 | 3.86e-03 1.09

20 1.12e-03 - 20 5.45e-03 - 20 4.56e-02 -
40 2.16e-04 2.37 40 2.06e-03 1.40 40 3.98e-02 0.20

1
P 80 | 4.40e-05 2.30 80 2.55e-04 3.02 80 3.84e-03 3.37
160 | 1.34e-05 1.72 160 | 6.74e-05 1.92 160 1.02e-03 1.90
20 | 6.46e-04 - 20 2.93e-03 - 20 3.17e-02 -
p2 40 1.31e-04 2.30 40 1.30e-03 1.18 40 2.86e-02 0.15

80 8.71e-06 3.91 80 5.60e-05 4.53 80 8.81e-04 5.02
160 | 1.42e-06 2.62 160 | 8.13e-06 2.79 160 1.15e-04 2.94

In the next four examples, the initial data will be generated from the following
profiles:

Ci
Wcosh(ﬂ?—l‘i), |$—$z| < a/g’

¢i(z) = .
COST(ZG/Q) cosh(a — (x —x;)), |o — ;] > a/2,

with ¢;, x; and a to be further specified.

Ezample 2 (peakon solution). In this example, we present the wave propagation
of a single peak solution. The initial condition is given by

uo(z) = ¢o(),
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with the parameters ¢y = 1, a = 30, and g = —5. We set the computational domain
as [0, a]. The solution profile at time ¢ = 0, 5, 10, and 20 are plotted in Figure 1. The
lack of smoothness at the peak of peakons introduces high-frequency dispersive errors
into the calculation, which will cause numerical oscillation near the peak. To resolve
it, we use the P* polynomial with 200 cells.

o8|
osf

04f

ool U ool Vb
0'20 5 10 15 20 25 30 0'20 5 10 15 20 25 30

Fic. 1. Ezample 2, peakon interaction: The solution at time T =5, 10, 15, and 20.

In Figure 2, we also provide the comparison of the conservative methods, com-
pared with the energy dissipative LDG methods introduced by Xu and Shu [27] and
the exact solutions. We can see a smaller phase error compared with the solutions
from the energy dissipative methods.

The performance of conservative methods is expected to be better than dissipative
methods for long time simulations, as observed for the DP equation in [21]. However,
for the CH equation the improvement in terms of the phase error is not as good as
that for the DP equation. This obvious phase error between the numerical solution
and the exact solution is also observed in [22] when using the invariant preserving
finite difference method.

Ezample 3 (two-peakon interaction). In this example, we consider the two-
peakon interaction of the CH equation with the initial condition

ugp(x) = ¢1 + ¢o.

with ¢; =2, co =1, 21 = =5, x2 = 5, and a = 30. We set the computational domain
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——=—— Dissipative
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08|
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Exact
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——&—— Conservative
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Exact

———&—— Conservative
———=—— Dissipative
Exact

0.8

———o—— Conservative
——=—— Dissipative
Exact

i Pl ==

. | 1 1 M RN ool b1
02 5 10 15 20 25 30 02 5 10 15
X X
Fic. 2. Exzample 2, Peakon interaction: The comparison of nmumerical solutions of energy

conservative and energy dissipative DG methods at time T = 10, 100, 250, 500, 740, and 1000.

as [0,a]. The solution profile at time ¢ = 5, 10, 12, and 18 are plotted in Figure 3.

We use the P* polynomial with 300 cells to resolve the peakon.

Ezample 4 (three-peakon interaction).
peakon interaction of the CH equation with the initial condition

up(x) = ¢1 + 2 + ¢3.

In this example, we consider the three-

with ¢y =2, ¢c0=1,¢3 =0.8, x1 = =5, x9 = =3, 3 = —1, and a = 30. We set the
computational domain as [0, a]. The solution profile at time ¢t = 1, 2, 3, 4, and 6 are
plotted in Figure 4. Again, we use the P* polynomial with 300 cells to resolve the

peakon.
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25 25

ol v vV ol v v U
0.50 0.50

Fic. 3. Ezample 3, two-peakon interaction: The solution at time T =5, 10, 12, and 18.

Ezample 5 (peakon-antipeakon interaction). In this example, we consider the
interaction of peakon and antipeakon solutions of CH equation, with the initial con-
dition given by

uo(z) = ¢1 + P2

with ¢y = 1, co = —1, 1 = —7.5, x5 = 7.5, and a = 30. We set the computational
domain as [0, a]. Since these two peakon solutions have the same magnitude but with
opposite signs, the total momentum will remain zero, which is observed numerically
during the simulations. The solution profile at time t = 0, 4, 6, 7, 8, and 10 are
plotted in Figure 5. We use the P* polynomial with 300 cells to resolve the peakon.

Ezample 6 (nonpeakon solution). The initial data function contains a discontin-
uous derivative:

10
1) = G
We set the computational domain as [—30,30]. The solution profile at time ¢t = 0, 5,
10, and 20 are plotted in Figure 6. In this example, we use the P? polynomial with
600 cells for the simulation.

4. Conclusions. We have developed an invariant preserving DG scheme for the
Camassa—Holm equation arising in the context of shallow water wave theory. The
fully discrete scheme is shown to preserve both the momentum and total energy
of the system. These ensure that the numerical solution provides a good long time
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Fic. 4. Exzample 4, three-peakon interaction: The solution at time T =0, 1, 2, 3, 4, and 6.

behavior, thus revealing the desired dispersal wave pattern of the underlying equation.
Numerical examples are presented to illustrate both the accuracy and efficiency in
simulating the CH equation. One future work is to investigate ways to further reduce
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Fic. 5. Example 5, peakon-antipeakon interaction: The solution at time T =0, 4, 6, 7, 8, and 10.

the phase error in long time simulations, and understand the different behaviors of
invariant preserving DG methods for the CH and DP equations.
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