May 3 2006

Imperfect Signaling
and the Local Credibility Test

Hongbin Cai, John Riley and Lixin Ye*
Abstract

In this paper we study equilibrium refinement in signaling models. We propose a
Local Credibility Test (LCT) that is somewhat stronger than the Cho and Kreps Intuitive
Criterion but weaker than the refinement concept proposed by Grossman and Perry.
Allowing deviations by a pool of “nearby” types, the LCT gives consistent solutions for
any positive, though not necessarily perfect correlation between the signal sender’s true
types (e.g., signaling cost) and the value to the signal receiver (e.g., marginal product).
Furthermore, it avoids selecting separating equilibria when they do not make sense. We
identify conditions for an equilibrium to satisfy the LCT in both the finite and continuous
type cases, and demonstrate that the conditions are identical as we take the limit in the
finite type case. Intuitively, the conditions for an equilibrium to survive our LCT test
require that a measure of signaling “effectiveness” is sufficiently high for every type and
that the type distribution is not tilted upwards too much. We then apply the
characterization results to several signaling applications.
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1. Introduction

Since the seminal work of Cho and Kreps (1987), various refinement concepts
have been proposed to rank different equilibria in signaling games in terms of their
“reasonableness”. However, the mission is still far from being completed. In many
applications, signals are “imperfect” in the sense that there is a positive yet imperfect
correlation between the signal sender’s true type (e.g., signaling cost) and the signal
receiver’s expected value (which then determines her response), see Riley (2001, 2002). *
Consider a situation in which two of the sender types have a same signaling cost but quite
different values to the receiver. If these two types do not observe their values to the
receiver, they are effectively the same type, so the existing refinement concepts, such as
the Cho and Kreps Intuitive Criterion, apply in the usual way. However, if these two
types do observe their different values to the receiver, then the Intuitive Criterion is
unable to rank equilibria. The reason is that if one of the two types likes a deviation, the
other also likes it, hence no deviation is credible by a single type. This is highly
unsatisfactory because the two cases are observationally equivalent.

The reason for the inconsistent solutions in the above example is that the existing
refinement concepts focus on deviations by a single type only and do not consider
deviations by a pool of types. Grossman and Perry (1986a,b), in a bargaining context,
propose an equilibrium refinement concept strengthening the Cho-Kreps Intuitive
criterion to allow pooling deviations. In this paper, in a general signaling model, we
weaken the Grossman-Perry Criterion, and propose a “Local Credibility Test” (LCT) in
which a possible deviation is interpreted as coming from one or more types whose

equilibrium actions are nearby. We consider only local pooling deviations, first because

! Imperfect correlation between the signaling cost type and the receiver’s expected value naturally arises
when the sender’s “physical” characteristics are multidimensional. The sender and the receiver may have
similar preferences over the characteristics, but place different weights on its different dimensions. In the
Spence education signaling model, a worker’s characteristics may consist of her analytical skills and social
skills. Both skills can be important to her education cost as well as to her marginal product in the
workplace, but their relative importance in the two clearly can differ. In the reserve price signaling model
of Cai, Riley and Ye (2004), characteristics of an artwork in an auction include its quality, rarity, history,
etc. The seller (who has private information about its characteristics and signals the information with
reserve prices) may be mostly concerned with characteristics related to the artwork’s secondary market
value, while potential buyers (who buy for self consumption) may care more about its impact in the setting
for which it is intended.



they seem to us the most natural, second because they have much of the power of global
pooling deviations, and third because they are more easily analyzed.

Consider an equilibrium of a signaling game. Suppose an out-of-equilibrium
signal is observed. By the Cho-Kreps Intuitive Criterion, if one sender type can be strictly
better off deviating to this signal from his equilibrium signal but all other types cannot,
then such a deviation is credible for this type. The equilibrium is said to fail the Intuitive
Criterion if there exists such a credible deviation. In addition to the requirement of the
Intuitive Criterion, the Local Credibility Test allows the possibility of pooling deviations.
Specifically, imagine that those types whose equilibrium signals are nearby the observed
out-of-equilibrium signal deviate to this signal from their equilibrium signals but all other
types do not, and the receiver correctly “anticipates” such a pooling deviation and holds
the right perception about the expected type of the pool. If under the receiver’s right
perception, all the nearby types can be strictly better off from the deviation but all other
types cannot, then such a pooling deviation is credible and we say that the equilibrium
fails the LCT test. By allowing pooling deviations, the LCT test can be easily applied to
situations with imperfect correlation between the signaling cost type and the receiver’s
expected value.

More importantly, the Local Credibility Test does not always rule out pooling
equilibria in favor of separating equilibria. We will argue that in some situations
separating equilibria seem unreasonable while pooling equilibria can be rather appealing.
Precisely in such situations, the LCT avoids selecting the unreasonable separating
equilibria. Thus, unlike the existing refinement concepts that always rank separating
equilibria above pooling equilibria, the LCT selects separating equilibria only when they
are reasonable. Consider a simple two type education-signaling model, in which the high
type must take a quite costly signal (e.g., many years of unproductive education) to
separate from the low type. Now suppose there is only one low type agent in every 5
million high type agents. In such a situation separation seems highly unreasonable,
because without taking the costly signaling action an agent should not be perceived much
differently from being the high type. By the LCT, it is easy to show that in any separating
equilibrium a pooling deviation to some sufficiently low cost level of the signal is
profitable to both types, so no separating equilibrium satisfies the LCT.



Many signaling applications are formulated in models with continuous types.
Another advantage of the LCT is that it can be applied to both finite and continuous type
cases equally well. We begin by formulating the concept of the LCT for the finite type
models first, since the intuition is easier to present. Then we consider a discretization of
the continuous type model, and take the limit as the discretization becomes finer. Later
we study a family of continuous type models of which many commonly studied signaling
applications such as the Spence education signaling model are members. We demonstrate
that the conditions for an equilibrium to satisfy the LCT are identical in these two cases.

Another innovation of our analysis is to consider explicitly the sender’s decision
to participate in signaling. Economically this is important because potential entrants can
influence signaling behavior of active senders in real world applications. Analytically, the
existence of potential entrants helps ensure that senders of types slightly above the
minimum signaling type do not want to deviate collectively to the minimum signal. We
show that the only candidate equilibrium that can survive the LCT is a separating
equilibrium that satisfies simple “upward” constraints and has the “right” minimum
signaling type and the associated minimum signal. We then characterize conditions
under which this equilibrium satisfies the LCT. The required conditions are intuitive. As
long as a measure of signaling “effectiveness” is sufficiently high for every type above
the minimum signaling type and the type distribution is not tilted upwards too much, the
candidate equilibrium can survive our LCT test.

In the continuous type case, the set of equilibrium signals is dense so that out-of-
equilibrium signals can be only found outside the set of equilibrium signals. However,
thinking of the continuous type case as the limiting case of the finite type case with many
close types, it is natural to generalize the concept of the LCT to the continuous type case.
An equilibrium survives the LCT if no change in perception is credible in the following
sense: for any possible signal (on- or off-equilibrium), if the revised perception is that the
signal is from types of a small neighborhood of the immediate equilibrium type, it is
profitable for the types in this neighborhood to deviate to this signal, but unprofitable for
types out of this neighborhood to do so. Another way of thinking about this credibility
test in the continuous type case is the following. If, for an on-equilibrium signal, there is
such a deviation-perception pair, then those nearby types can credibly deviate to the



particular on-equilibrium signal by throwing away & amount of money. Since no other
types would be willing to do so, this could convince the receiver that the deviating sender
is indeed one of those nearby types, thus making the deviation-perception credible.

We derive conditions under which the LCT is satisfied by an equilibrium in the
continuous type case. The conditions are exactly the same as in the limiting finite type
case. This is satisfactory, because models with continuous types and models with finitely
many types are theoretical tools for analyzing the same kind of real world problems. Put
differently, it would be highly unsatisfactory if an equilibrium refinement concept applies
to one case but not the other, or gives different answers for the two cases.

The paper is structured as follows. The next section uses simple examples to
illustrate the basic idea of the LCT. Then Section 3 presents the general signaling model
and formulates the concept of the LCT for the finite type case. We then provide a general
characterization of the equilibrium satisfying the LCT. In Section 4, we derive conditions
under which the LCT is satisfied by the candidate separating equilibrium in a limiting
many type case. Section 5 generalizes the formulation of the LCT to the continuous type
case, and shows that the conditions for the LCT are exactly the same as in the finite type

case. Concluding remarks are in Section 6.

2. Examples

A consultant (s;,v;) has a signaling cost type s, and a marginal product of v,

where s, <s, <...<s, and v, <v, <...<v, . She can signal at level z at a cost of C(z,s,),
_ oC . L
where z €[0,z]. We suppose that@—(z,s) < 0 so that a higher type has a lower signaling
S

cost. If paid a wage w, her payoff is U(s;,w,z) =w—C(z,s;). In a competitive labor

market for consultants, her wage will be her marginal product perceived by the market.

Activity z is a potential signal because the marginal cost of signaling, %—C(z, s;), isa
z

decreasing function of ;. The probability of each type, z(s;,v;), is positive and is



common knowledge.? We suppose the two characteristics are affiliated. Then the
conditional expectationv(s;) = E{v|s,}is an increasing function of s, , that is,
v(s,) <v(s,) <...<v(s,).

Initially we assume that each consultant observes her own signaling cost type but
not her productivity. There is a continuum of separating Nash equilibria in this signaling
game. A separating Nash equilibrium with three signaling cost types is depicted in Figure
2.1. Each curve is an indifference curve for some signaling cost type. A less heavy curve
indicates a lower signaling cost type. In a separating equilibrium, the market can infer the

consultant’s signaling cost s, from the signal she sends and thus pays her a wage equal to
the expected marginal product v(s;) . Note that the equilibrium choice for each type s;

(indicated by a shaded dot) is preferred over the choices of the other types.

Such an equilibrium fails the Intuitive Criterion proposed by Cho and Kreps
(1987).% To see this, suppose a consultant chooses the signal Z and argues that she is
type s, . Is this credible? If the consultant is believed, her wage will be bid up to v(s,) so
she earns the same wage as in the separating equilibrium but incurs a lower signaling
cost. Moreover, (z,v(s,)) is strictly worse than (z;,v(s;)) for type s, and strictly worse

than (z3,v(s;)) for types;. Thus the claim is indeed credible, hence this separating

equilibrium does not survive the Intuitive Criterion.

i z(s,,v,)=0 forall i # j, the model reduces to the usual Spence model in which the negative

correlation between signaling cost and value to receivers is perfect. While we assume z(s,,v,) >0 for all

i and j, the analysis applies generally.

% As noted by Cho and Kreps (1987), with more than two types, it is necessary to modify their original
Intuitive Criterion or it loses much of its power. For the modified Intuitive Criterion the question is whether
any particular type is uniquely able to benefit from some out-of-equilibrium signal if the signal receivers
correctly infer the signaler’s type.



A 1 I,
1
(52) / :
V(Sz) 0o
V(Sl)
> Z

Fig: 2.1: Separating Nash Equilibria

Similar arguments rule out any Nash equilibrium where different signaling cost
types are pooled. Thus the only equilibrium that satisfies the Intuitive Criterion is the
Pareto dominant separating equilibrium (i.e., the Riley outcome) in which the lowest
type chooses the smallest signal (z =0) and each “local upward incentive constraint” is
binding.

Next suppose that each consultant knows both her signaling cost type and her
marginal product. Again consider the separating Nash Equilibrium depicted above.
Suppose in this equilibrium three different types are pooled at each signal level.

Consider the three types (s,,v;), (s5,v,), (s,,v;) pooled at z, with the expected
marginal product v(s,). Suppose a consultant chooses z and claims to be type (s,,v;) . Is
this credible? If the claim is believed, the consultant’s wage will rise from v(s,) to v,
thus the consultant is indeed better off. But any offer that makes type (s,,v;) better off
also make types (s,,v;) and (s,,v,) better off, since they have the same signaling cost.
Thus there is no credible claim that type (s,,v;) alone can make. A similar argument

holds for each of the other types. Thus any Nash separating equilibrium satisfies the
Intuitive Criterion. An almost identical argument establishes that any Nash Equilibrium

with (partial) pooling satisfies the Intuitive Criterion as well.
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Since all the types with the same signaling cost are observationally equivalent, it
seems to us that any argument for ranking the equilibria in the first model (productivity
unknown) should also be applicable to the second model (productivity known) as well.
The discussion also makes clear that a solution that achieves this goal should allow the
possibility of pooling deviations in addition to deviations by single types. That is, if a
pool of two or more types can credibly deviate to an out of equilibrium signal so that they
can be better off while other types cannot, then the equilibrium fails the refinement test.
In the above example, if an out of equilibrium signal z is observed, the receiver should
allow the possibility that the sender can be any of the three types(s,,v;), (s5,,v5), (s5,v3).
The question is what belief should the receiver have? Consistent with Cho and Kreps’
original idea, one way to generalize their Intuitive Criterion (while allowing pooling
deviations) is to suppose that the receiver has the most conservative belief that the sender
is the lowest type from the pool. However, this generalization does not have power in the

above example, because not all three types (s,,v;), (s,,v,), (s,,v5) would be better off
deviating to Z if the receiver’s belief is v, .*

Given that upon observing the out of equilibrium signal z the receiver thinks that
it can be any of the three types(s,,v;), (s,,v,), (s,,v5), itis natural that she uses the
Bayes Rule so her expected marginal product should be v(s,) . Under this belief, a
deviation to z by the pool of (s,,w), (s,,v,), (s,,v3)Iis clearly credible: any type in this

pool is better off but types not in the pool are worse off from such a deviation. Then once
again, the unique Nash Equilibrium satisfying this refinement test is the Pareto Dominant
separating equilibrium.

We now introduce the formal definition of the Local Credibility Test.

4 Similarly, it can be verified that the Cho and Sobel (1990)’s refinement concept of “divinity”, which is
built on the idea of stability of Kohlberg and Mertens (1986) and can be considered as a logic offspring of
the Intuitive Criterion, does not have power either in the above example. Ramey (1996) extends the Cho
and Sobel’s divinity concept to the case of a continuum of types. Like the Intuitive Criterion, divinity faces
the same problem of distinguishing types (s,,v,), (s,,v,), (s,,v;)to interpret a possible deviation, while

these types have the same incentives to deviate. Riley (2001) discusses in greater details these and other
refinement concepts.



Local Credibility Test (LCT):
Suppose that an out-of-equilibrium signal z is observed and that z™ is the largest Nash

Equilibrium signal less than z and z* is the smallest Nash Equilibrium signal greater
than z, if they exist. Let S be the subset of signaling cost types choosing z~ or z* with
positive probability. For each S < S, define v(S) = E[v|s eS]. Then the equilibrium
passes the Local Credibility Test (LCT) if there isno (z, S) such that (z,v(S)) is

strictly preferred over the Nash Equilibrium outcome if and only if s€ S .

Heuristically, the sender who chooses the out of equilibrium signal z can make
the following statement to the receiver: “I am in the subset S and you should believe me,
because if you do and apply the Bayes Rule to update your belief, every type in S will be
better off and all other types will be worse off than in the equilibrium.” If there exists

such a pair (z,S), the equilibrium fails the LCT.

Note that if Z is smaller (greater) than all equilibrium signals, then z~ (z*) does
not exist and z* (z7) is the smallest (largest) equilibrium signal. By the above definition,
S is the subset of types choosing z* (z7). Also note that by considering a subset of S

to be the singleton set of a single type choosing z* or z~, the definition of the Local
Credibility Test allows deviations by single types. It follows that the LCT test is stronger
than the Intuitive Criterion and hence only the Pareto Dominant separating equilibrium
can pass the LCT.

On the other hand, the idea of the Local Credibility Test is weaker than the
refinement concept proposed by Grossman and Perry (1986a,b) in bargaining models. For
any out-of-equilibrium signal z , their criterion considers any subset of types as a
potential deviating pool. An equilibrium fails the Grossman and Perry test if z is
credible for one subset of types. In signaling models the Grossman and Perry test is often
too strong because no equilibrium can pass the test, especially when the type space is
large. Here we restrict attention to local deviations. This makes the analysis more

tractable and, we believe, more plausible.



More importantly, we now argue that the Pareto Dominant separating equilibrium
survives the LCT test only when it makes sense. To see that the Pareto Dominant
separating equilibrium can sometimes defy common sense, consider the following
example. Suppose there are two signaling cost types. For those with a high signaling cost

(s=s,), the cost of signaling is ¢;(z) with ¢,(0)=0 and ¢, >0, and the expected

marginal product is 100. For those with a low signaling cost(s =s,), the signaling cost

IS ¢,(z) = (1—%)(:1(2) and the expected marginal product is 200. The Pareto dominant

separating equilibrium is depicted below in Figure 2.2.

The low type must be indifferent between (0,v(s,)) and the choice of types, , that
IS (z,,v(s,)). Therefore,

U, =100 =200-¢,(z,) and so ¢,(z,) =100.

The payoff for type s, is therefore

U, =v(s,)—c,(z,) = 200—(1—&)01(22) =100+¢.

200

100+¢

100 U,(z,w)=U,(z,,200)

\

U,(z,w)=U,(0,100)

v

z
Zy

Fig. 2.2: Separating equilibrium with a gain of ¢



Suppose that only 1 in 100 consultants is of types;. Then the unconditional mean

marginal product is 199. Thus essentially all the social surplus generated by the high
types is dissipated by signaling and both types have an income which is approximately
half the income they would have in the Nash pooling equilibrium! We believe a good
criterion for ranking equilibria should not rule out pooling equilibria in such
circumstances. Applying the LCT test, it is easy to see that the Pareto dominant
separating equilibrium does not survive the test. Consider a pooling deviation that both
types deviate to an out of equilibrium signal z sufficiently close to zero. Then they both
will be better off since the expected marginal product (and hence the wage) is 199 while
the signaling cost is very small. Since no equilibrium survives the LCT, the more

reasonable pooling equilibrium is not ruled out.

In this simple example, it is easy to determine when the Pareto dominant
separating equilibrium passes the LCT. For concreteness, suppose c,(z) =100z,
¢,(z) =(100-¢)z, and the probability of a consultant being type s, is ¢ . It can be
verified that the equilibrium survives the LCT if and only if g >1—0.01¢ .°> Therefore, the
larger the proportion of the low type is, or the greater the marginal cost difference
between types is (i.e., the stronger the signal is), the more likely the Pareto dominant
separating equilibrium passes the LCT test.

Another advantage of the LCT is that it can be applied consistently in both the
finite type and the continuous type cases. To illustrate this, we now show in a simple
Spence education signaling model how the LCT can be applied when there are many
types and, in the limit, a continuum of types. Let the set of signaling cost types be

S ={sy,....s,} where s,,, —s;, = >0, with probabilities {g,,...,g,} where zigi =1.

® In the equilibrium, z, =0, z, =1,U, =100 and U, =100+ ¢ . By the definition of the LCT,

consider S = S ={s,,s,}. The average productivity of these two signaling cost types is v = 200 -100q .
For z =1 € (0,1) to be a credible deviation by .S, both types must strictly prefer (Z,V) . Note that
U,(z,v)=200-1004 —1004 and U, (z,v) = 200 —100g — (100 — &) A . Thus, if there exists a A such that
U,(z,v)=200-1004 —1004 >100=U, and U,(z,v) = 200-100g — (100 - ¢)4 > 100+ ¢ = U, , then
both types are indeed better off choosing the out-of-equilibrium signal z = A and the equilibrium will fail
the LCT test. For the equilibrium to satisfy the LCT, it must be that ¢ >1-0.01¢.
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Suppose type s; has a signaling cost C(z,s;) = @ We also assume that those of type
S;

s; have an expected marginal product of v(s;) =s,.

We seek conditions under which the Pareto dominant separating equilibrium
passes the LCT. In this equilibrium, the local upward incentive constraints are binding.

Therefore, as depicted below, those with signaling cost type s, ; are indifferent between
(z;4,5,.1) and (z;,s;) . (The indifference curve is labeled 7, ; .) We construct the signal
levels z and z,,; as follows. Choose z so that those with signal type s, , are indifferent

between (z,,s;) and (z,%s,+3 sl+1). In the Figure 2.3 below, these are the points

121

C; and C.
Then choose z,,, so that those with signal cost type s,,, are indifferent between

(z,1s,+3s;,,) and (z

V55, 8:,1) - In Figure 2.3, these are the points C and C,,,. We will

i+l i+l

argue that type s, must be indifferent between C; and C,,, as depicted. Thatis, C,, is

i+1

the efficient separating contract for those with signaling cost types. ,;

i+l

1 1
ES +2St+l

v

(i1:5;1) z, Z Zin

Fig. 2.3: Applying the LCT with many types
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Atype s; consultant is indifferent between (z,w) and (z',w') if and only if

@), e

Sj Sj

, that is, if

c(z)—c(z)=s,(W-w) (2.1)
By construction, a type s, , consultant is indifferent between (z;,s;) and

(z,3z+1z,,). Appealing to (2.1),

c(z)—c(z)=5,4(35 +55,—5) =554(5,1—5;) - (2.2)
Also, a type s;,; consultant is indifferent between (z,%z +3z,,;) and (z,4,5,,;) . Again
appealing to (2.1),

C(Zi+1)_c(£)=Si+l(si+1_%si 2 1+1) 2 z+1(S1+1 S) (23)

Adding equations (2.2) and (2.3) and noting that, by hypothesis, s, =35, +35,,,, it

i+l

follows that

c(21) ~€(2) = 5, (5101 —5,) .
Appealing, finally, to (2.1), it follows that type s, is indeed indifferent between
(z;,s;) and (z;,4,5,,,) - Thus the point C,,, is the Pareto dominant separating Nash

11

Equilibrium contract for types.,
Note that for any wage w above3s; +%s,,,, there is a signal z between z and

z;,, that is strictly preferred by those with signaling cost type s; and s, , but is not

i+1

preferred by type s, ; (or lower types). If g; < g,,,, the expected marginal product of

&S + 8i1Sin
8 t8in

these two types, exceeds 3s; +1s,,; and, we can choose w to be equal to

the expected marginal product. Then if types s; and s,,, choose the out-of-equilibrium

signal z, they can expect to be paid w. The out-of-equilibrium signal is therefore

credible and so the separating equilibrium fails the LCT. Conversely if g, > g, the

12



expected marginal product of these two types is less than %sl. +%sl.+1, the out-of-
equilibrium signal z by the two types is not credible. If this holds for all i, that is
g > g, i=1..,n-1, the Pareto dominant separating equilibrium passes the LCT.

Note that this condition is independent of the step size 6 between signaling cost
types. Treating the continuum of types as the limit when & — 0, it follows that the Pareto

dominant separating equilibrium passes the LCT if the density function g(s) is

everywhere decreasing. This is exactly the same as in the Spence education signaling
model with a continuum of types, which we discuss in Example 1 of Section 5.

3. A General Model and Characterization
We consider the following signaling environment. A player, the sender, has a

signaling cost characteristic s, € S ={s,,s,,...s,} and a characteristicv, eV ={v,v,,..v, }
valued by a receiver, where s; <s,,, and v, <v, . The joint probability distribution of
signaling cost and value characteristic is given by z(s;,v;) >0, i=1,...,n, j=1..,m,
where Zih]_ﬂ(s,. ,v;) =1. We shall refer to the sender with a specific vector of

characteristics as type (s,v) and all those with a particular signaling cost as type s . Let
the unconditional probability distribution of s be g(s,), where z ,g(s,)=1, and let
G(-) denote the associated cumulative distribution function. We assume that the two

characteristics are affiliated. Thus, the conditional expectation v(s) = E[v|s] is an
increasing function. The standard signaling model usually considers the special case in
which s and v are perfectly correlated.

The sender knows her type and chooses an action, y e{g}w Y, where Y =[y,)
is the set of feasible signals. When the sender chooses not to signal, y = ¢. The receiver
does not know either characteristic of the sender but knows the distributionz(s;,v;) . He
observes the sender’s action and forms belief about her type. We assume that the
receiver’s payoff is linear in v so that it is only the perceived expected value v which

determines the receiver’s response. We can then write the sender’s payoff as a function

U(s,v,y) of her true type s, the receiver’s expected value v and the sender’s signal y .

13



If the sender chooses not to signal, she gets her reservation payoffU”(s), and
without loss of generality the receiver gets a payoff of zero. Most signaling models do not
consider the sender’s incentives to participate in the signaling game. We believe the
sender’s participation is an important issue. For example, suppose an MBA degree is the
minimum signal required in the consulting industry (and degrees from more expensive
MBA programs are higher signals). A worker who has a good job opportunity in other

professions (e.g., accounting) can easily decide not to pursue an MBA degree at all. For
simplicity, we assume that the sender’s reservation utility U* (s) is a function only of her
signaling cost type and is non-decreasing. Furthermore, there exists a sender types™ such
that U"(s) <U(s,s,2z (s)) ifand only if s>s" and U"(s) <U(s,s,z (s)) forall s>s,
that is, only types higher than s~ are willing to participate in the game under complete

information.

We make the following standard assumptions. The sender’s payoff U(s,v, y) is
third order differentiable in all its elements and is increasing ins and v: U,(s,v,y) >0,
U,(s,v,y) > 0. Furthermore, the sender’s payoff function under full information
U (s,v(s), y) is quasi-concave in y , so that there is a unique optimal signal z, for each

type s, if the sender’s type is known to the receiver. To rule out trivial cases, we assume

thatU (s, v(s;,1), z,.1) > U(s;,v(s,), z, ), Vi. If this condition does not hold for every type,

then it is a separating equilibrium in which each type chooses her complete information
optimal signal. This condition must be satisfied if the types are sufficiently close.® The

last standard assumption we make is the single crossing condition:

ﬁdj _Qﬂ __ UU, —UpUs <
Os dy|, os U, U?

0

®Let As=s,,—s — 0, then, since U,(s,v(s),z (s)) =0,
[U (s, v(s,.,) 2.0) —U (s, v(s,), 2 )]/ As = U, + U,y '(s) > 0.

14



A

The slope of the indifference curve through any pair (v, y) is L _ﬂ_ The single
U 2

crossing condition requires that this should decrease with type.
For simplicity, we make the following technical assumptions:

B1: U, =0 forall(s,v,y),

B2: U,, =0 forall(s,v,y).

B1 and B2 are satisfied by many signaling models. They are not crucial for our main
results to hold. Assumption (B1) and the single crossing condition imply thatU,, > 0.

Note that senders with a same signaling cost s and different value characteristics
will always choose the same action in equilibrium. Thus, without loss of generality, we
can focus on sender strategies that vary only by signaling cost type. As discussed in
Section 2, our analysis applies equally whether or not the sender knows her value
characteristicv .

A strategy for the type s sender is a probability vector p(s) = (p,(s),..., p, (s)),
where Z ={z,,...,z, } is the set of signals chosen with positive probability by at least one
of the types, and p,(s) is the probability of the type s sender choosing signal z, [ If the

sum of the probabilities is less than 1, type s chooses her outside option (i.e., z = ¢) with

L
probability p,(s) =1- z p,(s). Given the strategies of all types, the expected value for
=1

those sender types choosing each level of the signal is given by v, = E[v|z =z,].

"We do not consider mixed strategies by the senders that have a positive support over an interval of
signals. As will be clear below, any equilibrium that can pass the LCT must be separating. In a separating
equilibrium, a sender will not mix over different signals because he cannot be indifferent between them.
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A Nash Equilibrium of the signaling game satisfies the following conditions: (i)
Incentive Compatibility: (a) for anyi,/, if p,(s;) >0, then U(s;,v;,z,) 2U(s;,v;,z;) for
all je{l,2,...,L}; (b) forany i, if py(s;) >0, then UX(s,) >U(s;,v;,z;) forall
Jje{L2,...,L}. (ii) Participation constraint: for any i,/, if p,(s;) >0, then
U(s;,v,,2) > U"R(s;). We define U (s) to be the NE payoff of types .

We restate the definition of the Local Credibility Test here.

Local Credibility Test
Suppose that an out-of-equilibrium signal z ¢ Z is observed and that z~ is the largest

Nash Equilibrium signal less than z and z* is the smallest Nash Equilibrium signal
greater than z , if they exist. Let S be the subset of signaling cost types choosing z~ or
z" with positive probability. For each S < S, define v(S) = E[v|s eS]. Then the Nash
Equilibrium satisfies the LCT if there exists no (z, S') such that (i)

U(s,v(S),2) >U~(s), seS and (i) U(s,v(S),2) <U"(s), s¢S.

It proves useful to partition the types into a subset 7; whose members choose to
signal and a subset 7, of types that prefer their outside alternatives. Proposition 1 gives

necessary conditions for an equilibrium to pass the LCT. The idea behind it should be
clear from the discussions in Section 2.

Proposition 1: A4 Nash Equilibrium that passes the LCT test must have these properties:

(1) There can be no pooling of signaling cost types t € T .

(2) Binding upward constraints: For each type t € T, either the upward
incentive constraint is binding for the next lowest type in T or the participation
constraint is binding for some type s <t, seT,.

(3) The payoff for the lowest type s, is the same as with full information: U* (s,)

equals Max{U " (s,), U (s,,v(s,), 2, )}, where z, maximizesU (s,,v(s,), z).
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Proof: See the Appendix.

Let us call a separating equilibrium that satisfies the binding upward constraint
condition a tight separating equilibrium. By Proposition 1, only tight separating
equilibria can pass the LCT test. An example of such an equilibrium is depicted in Fig.
3.1 below. Each of the square boxes is a reservation payoff. Type 1 senders earn their

marginal product and choose the smallest signal y . Type 2 senders earn their marginal
product and signal at z, . Any lower signal would attract type 1 so the tightness property
holds for type 2. The minimum signal for type 3 (see the unshaded dot) yields a lower
utility than the reservation payoff U . Thus type 3 senders do not signal. Type 4 senders

must separate from all the lower types. As depicted, type 4 senders should choose signal

z, So the participation constraint is binding for type 3.

v

lez z, Zy

Fig. 3.1: Tight Separating Equilibrium
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Within the class of tight separating equilibria, each equilibrium is identified by a
minimum signaling type and a minimum signal this type chooses. The rest of the
signaling schedule can be pinned down by the binding upward incentive constraints.
Proposition 2 below characterizes the unique tight separating equilibrium that can

possibly pass the LCT.

Proposition 2: If an equilibrium satisfies the LCT test, it must be the tight separating

equilibrium characterized as follows.

(i) When U* (s,) <U(s,,v(s,), 2, ), the lowest type s, is the minimum signaling type
(s; =s,), who chooses her optimal signal under complete information z .

(ii) WhenU" (s,) > U (s,,v(s,), 2, ), the lowest type s, does not signal (z, = ). The
minimum type to signal is the smallest s. such that there is a signal z. satisfying

(@) U"(s; ) =U(s;_,,v(s;),z:) and (b) U*(s.) SU(s;,v(s;),z:) .

-1

(iii) Suppose thatU, (s, v(s),z(s)) > dU" (S)/ds fors=s.. For i=i+1..,n, type
s, chooses signal z, such that U* (s, ) =U(s, ;,v(s,),2,).

Proof: See the Appendix.

Proposition 2 (i) and (ii) identify the minimum signaling type and associated minimum
signal for the candidate equilibrium that can possibly survive the LCT. If the lowest type
can get a payoff greater than her reservation payoff by choosing her complete
information optimal signal, then she will participate in signaling and by definition will be
the minimum signaling type. Otherwise, the minimum signaling type must choose a
signal such that the type just below her must be indifferent between choosing the
minimum signal to pretend to be the minimum signaling type and getting the reservation
payoff. Of course, the minimum signaling type must get a payoff greater than her
reservation payoff by choosing the minimum signal. An important fact to note is that
when the lowest type does not signal, the minimum signaling type does not choose her
complete information optimal signal because her signal must make the type just below

her not willing to mimic.
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The regularity assumption in (iii) guarantees that the local upward incentive
constraints are binding, that is, if one type participates in signaling in the tight separating
equilibrium, all higher types want to do so as well.2 Under this condition Part (iii) of
Proposition 2 characterizes the equilibrium signaling schedule. In addition, it can be
easily checked that a sufficient condition for the assumption to hold is
U,(s,v(s),z (s)) = dU"(s)/ ds , where z"(s) maximizes U(s,v(s),z). This says that the
sender’s optimal payoff under complete information increases in types faster than her
reservation payoff.

Proposition 2 gives the only candidate equilibrium that can possibly pass the LCT
test. We now investigate when this equilibrium indeed passes the LCT test.

First consider the case where the lowest type s, chooses to signal. Her signal and

type s, ’s signal are depicted in Figure 3.2 below.

v

Figure 3.2

Let (z,7,) solve

]}levl)/l{v |U (51, v(s,),2) =U(s1,v(s,), 2,) and U(s,,v,2) 2U(s,,v(s,), 2,)}

That is, (Z,7,) is the lowest point on the indifference curve 7, shown in Figure 3.2.

For any s, > s, , the equilibrium signals for s, and s,,, are depicted in Figure 3.3

i+l

below.

® The condition thus rules out situations as depicted in Figure 3.1 in which the participation constraints bind
for arbitrary types. However, it does not raise any additional conceptual issues to apply the LCT to such
situations.
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v

Z,‘ yi Zi+l
Figure 3.3
Define (v,, y,) to be the intercept of indifference curves 7, ;and 7, , depicted in

Figure 3.3. Then

U(s, 1,v,»,)=UC(s, ,,v(s,),z,)

U(SH-I’ ﬁi’yi) = U(SH-I’ V(Si+l)’ Zi+l) (3.1)
U(s;,v(s,),z) = U(Si’v(si+1)’ Zi+l)
For all 7, let v, be the average type of s, and s,,, , that is,
v = [G(s,) — G(sip)ls, +[G(s,00) — G(s))s, (3.2)

G(5,.1)~ G(5,4)
In the other case where the minimum signaling type s. is greater thans, , we
define ¥, justasin (3.1) for i>i.For i=i-1>1, ¥ can still be defined as in (3.1)
except that U (s,,v(s,),z,) in the last equation in (3.1) is replaced withU* (s,) . For
i<i—1,welet v =v. If i=i—1=1, ¥ is defined as in Fig. 3.2 except that the
constraint for type s, is his participation constraint. Thus (Z,v,) solves

%lv’f{v | U* (5,) =U(s,,v(s,),2,) and U (s,,v,2) 2 U(s,,v(s,),2,)}
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Theorem 1: The tight separating equilibrium characterized in Proposition 2 satisfies the
LCT test if and only if for all i<n-1, v. > V..

Proof: Consider first the case where s, chooses the signal z, =z, . Note that only points
in the shaded area in Figures 3.2 are preferred by both types of s, and s, to their
respective equilibrium points. If v, >v;, then there is no signal between z, and z, to
which both types of s, and s, are willing to deviate if the receiver has the perception of
v,. So the LCT is satisfied. On the other hand, if the LCT is satisfied, then it must be the
case thatv, >, . Otherwise, it is clear from Figures 3.2 that there are signals that both
types of s, and s, are willing to deviate to but other types do not. The same argument
applies to higher types except for a minor modification in the definition of v,. In
defining v, , note that only points in the shaded areas in Figures 3.3 are preferred by both

types of s, and s, ,, but not preferred by type s, ,, to their respective equilibrium points.

i+l

The same argument also works when the minimum signaling type is nots, . For

those types who participate in signaling, the LCT test is exactly the same as above. The

only minor difference arises around the minimum signaling type. Type s. and type s. ,

(who does not signal in the equilibrium) could both be better off deviating to a signal

¥: , <z as long as the receiver’s perception is at least v; , . When there are types lower
thans. | (i.e., i >2), this v._, is determined such that under this perception type

s-_, would not be better off choosing y , than her reservation payoff U”(s._,) (in Figure
3.3 the indifference curve /,_, should represent s, , ’s reservation payoff). When i=2,
then v, is determined as the minimum perception for type s. =, to be better off

deviating to z, =z, (Figure 3.2). Q.ED

Theorem 1 gives a complete characterization of the existence of equilibrium

satisfying the LCT in any finite type model. The idea of Theorem 1 is simple. v, is the

minimum perception by the receiver such that two types s, and s,,, can find a common

i+1
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profitable deviation that is not attractive to any other types. The receiver’s correct
perception about the pool of s, and s,,, is v,. If v, < forall i <n-1, then no pair of
types can find a local pooled deviation such that under the correct perception by the
receiver, it is profitable only to them but not any other type. If that is the case, the LCT is

satisfied by the separating equilibrium.

4, The Limiting Case of Many Types
One purpose of this research is to propose an effective equilibrium refinement that
works for signaling models with continuous types. To make the connection to the

continuous type case where the type space is S =[s,s] and the cumulative probability
distribution function is G(s) with G'(s) >0z for all s, we consider the following finite

type version of the signaling model. Suppose there are N types where

5=5

§=8,8,=5+0, s,=5 and J = . For this finite type case, given any ¢ let

G(s,) = prob{s < s,} so that when & — 0 the cumulative probability distribution
approximates the cumulative probability distribution in the continuous type case. We let
N =2"-1fork>2,thatis, as k increases by one, each interval is divided into two even
ones. We are interested in the limit case whenk — o, or & — 0, as an approximation of

the continuous type case.

To simplify notation, we suppose v(s) =s. This is without loss of generality,
because we can rewrite the sender’s payoff function U(s,,v(s,),z) as u(s,,s,,z) by a
change of variable (recall that v(s) is strictly increasing in s). Let s be the receiver’s
perception of the sender’s type. The sender’s expected payoff is now U (s, s, y).

Without the participation constraints, a tight separating equilibrium z, = z(s,)
satisfiesU (s;,s, z,) =U((s,,s,,, z,,,) foreverys,. Fixany s, and lets — 0, it must be that
(5., —5)U,+(z

—z,)U, —> 0. Thus, the equilibrium signaling schedule z, = z(s,)

i+l

satisfies z'(s) =—U,(s,s,2) /U, (s,5,2).
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If U*(s)<U(s, s,z ), where z is the lowest type’s optimal signal under
complete information, then by Proposition 2(i), the only candidate equilibrium that can
satisfy the LCT is such that the lowest type chooses signal z~ and the equilibrium signal
schedule as & — 0 is given by z'(s) =-U,(s,s,2)/U, (s,s,z2) .

If U(s)>U(s,s,z ), then the lowest type chooses not to signal. As before, let

s; be the lowest type to signal. Applying Proposition 2 (ii) and taking the limit, we have

Lemma 1: SupposeU"(s)>U(s,s,z ). WhenS — 0, the minimum signaling types and
her equilibrium signal Z must satisfy

UR(s)=U(s,s,z) 4.2)
and

iUR(S):Ul(s,s,z). 4.2)
ds

Proof: See the Appendix.

Note that by (4.1) and by the assumption that U*(s) <U(s, s,z (s)) if and only if
s>s ,we have s. 2 s > s, that is, the minimum signaling type is greater than the

minimum type that is willing to participate under complete information.

To apply Theorem 1, forany & and ne{i,i +1,..2" -1}, fix s, =s . As k
increases, the nearest types tos, s, , =s—0(k) and s,,, = s +6(k) , both get closer to s .
Let v(s,0)=v, =E[s|s=s, ors,,] as defined in (3.2), and v(s,d) =7V, be the solution
to (3.1).

G"(s)

Lemma 2: Wheno — 0, (i) v(s,0) > s, (ii) v,(s, 5)—)— (1ii) V,, (5,0) > ——— 26(s)°

Proof: See the Appendix.
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Lemma 3: Suppose conditions B1 and B2 hold. When 6 — 0, (i) v(s,0) — s, (ii)

U2U13U33 + U2U3U133 + 2U3U13U23 — 2U§U113 + 4'(]3(]123 .
4U32 Ul3

v, (s,0) —>%; (iii) vy (s,0) > —

Proof: See the Appendix.
We have our main characterization result for the limiting finite type case.

Theorem 2: Suppose assumptions B1 and B2 hold. Whend — 0, a tight separating
equilibrium satisfies the LCT if and only if the following conditions hold

(i) U*(s)>U(s,5,2).

(ii) There is a solution (5,%) to (4.1) and (4.2) such that §#s or §=s but
U,(s",s",z (s7)) # 0, which defines the minimal signaling type and her signal.
(iii) For all signaling typess > § , suppose thatU,(s,s,z(s)) > dU" (s)/ds. The
equilibrium signaling schedule is given by z'(s) =-U,(s,s,z)/U,(s,s,z).

(iv) For any s € (8,5],

_ _U2U13U33 + U2U3U133 + 2U3U13U23 — 2U§ U ust 4U 3U 123 > G”(S )

. 4.3
2U2U,, G'(s) )

Proof: See the Appendix.

Theorem 2 gives a complete characterization of the conditions under which there
exists an equilibrium satisfying the LCT test for the limiting case of many types. Parts (ii)
and (iii) are the limiting version of the tight separating equilibrium of Proposition 2(ii).
Part (i) says that for a tight separating equilibrium to satisfy the LCT, the lowest type
must not participate in signaling. To understand why this must be the case, consider the

lowest type s, =s and type s,. For simplicity suppose that U,(s,,s;,z) <0 so that the
optimal signal for the lowest type, z; =y . If the lowest type s, participates in signaling,

in a tight separating equilibrium the local upward constraint for this type is binding.

HenceU(s,,s,,z ) =U(s,,s,,z,). This is depicted below.
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v

*

z,=2z Z,

Fig. 4.1: The two lowest types

Both types strictly prefer the interior of the shaded area, where § satisfies the following
constraint: U(s,, 5,z ) = U(s,, s,, z,) . Taking Taylor approximations of both constraints
around (s,,z,),

U,(8y,8,,2,)(5, =) +U,(5,,5,,2,)(z, —2,) =0
and

U, (8,85, 2,)(5, —8) +U,(5,,5,,2,)(z,—2,) =0.
Substituting for z, —z,,

S =S8 _ Us,(s,,5,,2,) U, (s,,5,,2,)

s, =8 Us(sy,85,2,) Uy(s,,5,,2,) .

In the limit the right hand side approaches 1. Hence Sl S P Bt approaches zero
S, =8 S; =8

and so for all sufficiently small differences in types, ——% = 2ls) S8
s,=s, gls)+glsy) s,—s

Then s > §. This problem does not arise when the minimum signaling type is not the
lowest type, because a credible deviation by the pool of the minimum signaling type and
the type just above her must make the type just below her unwilling to join a deviation
(see Figure 3.3). The fact that the LCT test implies that the lowest type does not
participate in signaling is not very restrictive. Once we explicitly take into account the
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sender’s participation decisions in situations with a large set of potential sender types, it
seems rather natural that some low types find it not worthwhile to signal. Then it is
important to consider the effects of potential entrants on equilibrium signaling behavior
of the active senders.

The idea for Theorem 2(iv) is as follows. Consider the consulting example
discussed in Section 2, where we showed that one reason for non-existence is that the
type distribution is tilted upwards too much. Nonexistence also arises if the indifference
curves differ too little across types. Since the marginal rate of substitution between signal
z and perception v is similar for the different types in that example, the indifference
maps are similar and so indifference curves are close together. As a result, both types are
better off deviating to z if the receiver believes that both may be choosing to deviate,
thus violating the requirement of no credible deviation. However, if the marginal rate of

substitution declines sufficiently rapidly with type, the indifference curve 7., in Figure

1

3.3 will be flat relative to the indifference curve 7, and 7, ,. Then the intercept of /,,; and

i+l

I. ., v,, will be abovev , the average type. In this case there is no deviation by types s,

1

and s,,, such that they will be better off under the perception of v but not any other

types.
Intuitively, the rate at which the marginal rate of substitution declines with s is a
measure of signaling effectiveness. Thus Theorem 2(iv) suggests that when signaling
effectiveness is sufficiently large, the separating equilibrium will survive the LCT. This
intuition is reflected in conditions (4.3). Note that the slope of the indifference map is
given by MRS =-U, /U, , and by Assumption B1, §MRS :ﬁ. The last term of the
S 2
U, 2U,/U,

LHS of (4.3) (over the denominator), ——% =
U3 U3/U2

, has exactly the same

interpretation: a measure of how rapidly the MRS declines with s. From Figure 3.3, the

critical value of v, depends on how rapidly the curve /7, ; increases with z and how

slowly the curve 7, increases withz . Note that aiMRS(s,v,z(s)) =% by
1%

v=s 2
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—UsU, +U3U

5 . The first and third terms of the
(U,)

0
Assumption B2 and a—MRS(s,s,z) =
Z

LHS of (4.3) can be rewritten as

UnUUy ~UU3) + U, Uy UUp=UUs, Uy __OMRS/0z  OMRS|ov

2U2U,, 2U: 2U, MRS® MRS

Figuratively, when the curve I, , is more straight-up (large MRS/dv ) and the curve
I,.,is more flat (small oMRS/¢z), there will be no credible deviation with the perception
at v . The RHS of (4.3) is the concavity of the distribution function of s, G(s),
normalized by its density function. Intuitively, the more concave G(s)is (i.e., the smaller
G" is), the more probability mass on smallers in any set of types, thus the smaller the
expected value of any set of types. Consequently, the smaller G" is, the less likely a
deviation is credible.

In summary, Theorem 2(iv) says that the tight separating equilibrium will satisfy
the LCT if signals are effective in distinguishing types (i.e., MRS declining fast with
types) and the type distribution is not too tilted upwards.

5. The Case of Continuous Types
In this section we work with continuous types directly and derive conditions

under which a signaling equilibrium satisfies the LCT. Now the type space is S =[s,5]
and the cumulative probability distribution function is G(s) with G'(s) >0 for alls. We

will show that the conditions for a signaling equilibrium to satisfy LCT will be exactly
the same as those derived in the limiting finite type case studied in the preceding section.
As in the finite type case, we can focus on separating equilibria. The standard
result in the literature (Riley, 1979; Mailath, 1987) shows that a separating equilibrium
satisfies the following differential equation for active senders who choose to signal:

U,(s,s,z)

U,(s,s,z) ®1)

Z'(s)=-
Note that this is identical to part (iii) of Theorem 2.
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As before, the lowest type s chooses to signal if and only if U*(s)<U(s,s,z’).
For the same issue of credible deviations to the lowest boundary point as in the finite type

case, part (i) of Theorem 2 is needed, that is, U*(s) > U(s, s,z ). When this holds, by
continuity, the minimum signaling type 5§ should satisfy U* (s) = U (s, s, z(s)) . Total
differentiating this and using (5.1), we have dUR(S)/ds =U,(s,s,z(s)) . These two

conditions give the minimum signaling type § and her signal z. This is identical to part
(it) of Theorem 2.

A conceptual issue arises when equilibrium refinements are considered for
continuous types. In the continuous type case, any signal y [z,z] is “on-equilibrium,”
which leaves no room for considering out of equilibrium beliefs in the conventional
approaches to equilibrium refinements. However, thinking of the continuous type case as
the limit of the finite type case with many very close types, it is easy to understand how
an “on-equilibrium” signal can be alternatively interpreted as a deviating signal and how

to check credibility of such deviations. Consider any “on-equilibrium” signal y , and
suppose the type of sender for this signal in the separating equilibrium iss,. Suppose in a

finite type version of the model, s, <s, <s,, Where s_and s, are two consecutive

n+l

types. Suppose the nearby types s € S, ={s,,s,.,} deviate to this signal, and this is

n?

correctly perceived by the receiver and so the perception of the average type is
s=E[s|seS,]. The LCT requires that if given the perception s, all the deviating types
in S, can gain relative to their equilibrium payoffs while all other types cannot, then
those nearby types can credibly deviate to y . If a separating equilibrium does not allow

any such credible deviations, then it satisfies the LCT. Another way of thinking about
on-equilibrium deviations is as follows. If for an on-equilibrium signal there is such a

deviation-perception pair (,s) as described above, then those nearby types can credibly
deviate to y by throwing away a small amount of money. Since other types will not gain
by mimicking, throwing away money by types in S, can convey to the receiver that they
are the types deviating to y .

Formally, the LCT test in the continuous type case can be stated as follows
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Local Credibility Test:

Consider a separating equilibrium schedule z(s):[s,s]—[Z,Z]. For any signal
yelz,z], let z(s,) = y and consider a small neighborhood of s,,S, = S. Let
s=E[s|seS,]. If

(@) U(s,s,9)>U(s,s,z(s)), forall seintsS , and

(id) U(s,5,9) <U(s, s,z(s)), forall seS, .

Then the signal-perception (7,s) is credible. If the separating equilibrium z(s) survives

the LCT, then there cannot exist any credible signal-perception pair.

Since the continuous type case is viewed as an approximation of the case of many
close finite types, we only need to check whether there are any credible deviations for
very small intervals, in the sense that will be made precise below.

For any two types s and s" where § <s <s', suppose those in the interval [s,s]
pool at a certain signal y . Let v(s,s") be the expected type of this pool:

r'xdG(x)

V(S,S,) :m.

Let v(s,s") €[s,s'] and y(s,s") €Y be asolution to

{U(s’,v, y)=U(s",5",2(s")) (5.2)

U(s,v,y) =U(s,s,2(s))
The point (y(s,s’),v(s,s")) is depicted below in Figure 5.1. Given this signal-perception
pair, all those types in [s,s'] prefer the pool to their separating equilibrium payoff.
The types in [s,s] cannot find a credible deviation if and only if the signal-
perception pair of (y(s,s’),v(s,s")) is not credible. Therefore, the separating equilibrium
z(s) satisfies LCT if forany s e[s,s)and s'>s, v(s,s")<v(s,s") as s'— s. Note that

foranys e[s,s), v(s,s)=v(s,s)=s. Furthermore, we have

1G"(s)

Lemma 4: Forany se[s,s), (i) v,(s,s)=1/2, (ii) v,,(s,s)= :
6 G'(s)

Proof: See the Appendix.

29



z(s)

(z(s).5)

(z(s),s)

v

Fig. 5.1: Pool of typesin [s,s']

Lemma 5: Suppose conditions B1 and B2 hold. (i) v,(s,s)=1/2; (ii)

_U2U13U33 + U2U3U133 + 2U3U13U 23 2U32 U113 + 4U3U123
12U%U,,

Vy(s,8) =—

Proof: See the Appendix.

Theorem 3 below shows that the characterization result of Theorem 2 applies

equally well to the continuous type.

Theorem 3: Suppose assumptions B1 and B2 hold. A separating equilibrium satisfies the
LCT if and only if all the conditions of Theorem 2 hold.
Proof: See the Appendix.

Therefore, Theorems 2 and 3 show that the concept of the LCT can be applied to
the continuous type model exactly as in the finite type model. While the continuous type
model is easier to work with analytically in terms of characterizing the separating
equilibrium, it should be viewed as an approximation of the situation with many close
finite types. Our position is that it should be subject to the same scrutiny of credibility as

finite type models, even though signals are literally “on-equilibrium” in the continuous
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type model. The equivalence of Theorems 2 and 3 demonstrates that this approach is
valid.
Below we use three examples to illustrate how to apply our results to signaling

models.

Example 1: The Spence education signaling model

A worker knows her own personal skill level or productivity, denoted by s . The

labor market knows that s is drawn from distribution G(s) on [0,1]. Her expected
payoff is U(s,s, y)=s—C(s,y), where s is her productivity unknown to firms, s is her
productivity perceived by firms and hence is also the wage offered to her by competing

firms, and y €[0, y] is the education signal the worker can choose. It is typically
assumed that for all (s, y) , (i) C;(s, ) <0; (ii) C,(s,y)>0;and (iii) Cy,(s,»)<0. It can
be verified that the single crossing and conditions B1 and B2 are satisfied.

To further simplify things, suppose C(s, y) = ys™“, a>0. The marginal cost of
signaling is MC(s) =s"“ so the parameter a is the elasticity of the marginal cost of
signaling with respect to type. Note that under complete information, workers of all types
choose the minimal signal y = 0. Suppose the worker’s reservation payoff
isU" =a+ ps,where a, #>0. If o+ >1, no type can be better off in a separating
equilibrium than if she accepts her outside alternative. Thus we assume that ¢+ f <1.
Note that the lowest type in this case will not signal since U*(s)=a >0=U(s, s, »).
Moreover, with complete information a worker chooses not to signal if and only if
a+ PBs<s, thatis, s<s =a/(1-5).°

To determine the minimum signaling type § and the corresponding signal y | py
part (ii) of Theorem 2 we have #=U, =ays™“™" and @+ fs=s—ys* Thus,

a+1

)B) . For § <1, we need to assume that « +1+—a,b’ <1, That is, the
a a

S=all—(

elasticity of the signaling cost with respect to type (the parameter a ) must be sufficiently

® With complete information a worker will choose y* =0 should she decide to signal.
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large. Note that § > s, i.e., fewer types participate in the signaling market than under
complete information. Moreover, the higher the elasticity of the marginal cost of
signaling is (the larger a is), the lower is the minimum type who signals.

By part (iii) of Theorem 2, a separating equilibrium satisfies

a

z'(s):—&: =s

1
U, G
s &L s substituting for
a+l a a+l
z(s), it can be verified that fors € (5,11, U,(s,s,z(s)) = az(s)/ s is increasing ins, thus
U,(s,s,2(s)) > p=dU*" /ds . Hence the participation constraint is satisfied for all
se(s,1].

Since C(s, y) = ys™“, it can be checked that condition (4.3) can be simplified to

Thus the signaling schedule is given by z(s) =

a-1 N G"(s)
s G'(s)

Therefore, by Theorem 2, the LCT will be satisfied if the signal effectiveness measured
by a is sufficiently large and the type distribution is not tilted upward too much. When s
is uniformly distributed, the right hand side is zero. Then when a >1, the tight separating

equilibrium satisfies the LCT.

Example 2: The reserve price signaling model

Cai, Riley and Ye (2004) study reserve price signaling in a fairly general auction
environment allowing bidders’ signals to be affiliated. A simpler version of the model is
as follows. A seller of an indivisible good has private information about certain

characteristics of the good that potential bidders do not know. Let 8 € ® < R" be the
seller’s private information. The seller’s own valuation of the good is ys(8) , and the
common value component of the bidders’ valuations is ¢(@) = s(0), where y >0. We
normalize the range of s(&) so thats €[0,1]. Ex ante, the distribution of & induces a
distribution, G(-) , fors.

Bidder i ’s valuation is 7+ x,, wherex ,€[0,Xx] is the private value component that

is known to himself only. The bidders’ private signals {x} are i.i.d. random variables
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with a distribution function F(+) and an everywhere positive density function f'(e) .

Suppose the seller uses a sealed-bid second-price auction to sell the good; and she sets a
reserve price » which determines m , the minimum type of bidder who enters the
auction. Let s be the perceived type of the seller, i.e., the perceived common value
component in bidders’ valuations, thenm = » — s . Since the reserve price schedule can be
recovered from the minimum type schedule through r(s) = m(s) +s, Cai, Riley and Ye

(2004) focus on the minimum type schedule m(-) to characterize the signaling

equilibrium. First, given the signal m and the perceived common value s, the seller’s

expected payoff can be expressed as

U(s,s,m) = ysFyy(m)+5(1— Fyy (m)) + B(m) (5.3)

where F

«w (+) is the distribution function of the first order statistics, and

B(m) =m(Fy (m)—Fy(m))+ J.xdF(z) (x) and F,,(+) is the distribution function of the

second order statistics. Thus the model fits into the standard signaling framework. It can
be verified that the single crossing and B1 and B2 conditions are all satisfied.

If the seller does not sell the item in the auction, she may sell the item by some
other means such as posted price or bargaining. Suppose the payoff implied by the best

outside option is given by U*(s) = a + Bs, where «, >0, and S < y . To determine the
minimum signaling type § and the corresponding signal = , by part (ii) of Theorem 2 we
have g =yF, (m) and a+ Bs = ysk, (m)+s(1— Fy (m))+ B(m) . Solving this equation
system we have /i = F/ (/y) and § = (1—ﬂ/7/)_1(0(—B(n~1)). Fors € (0,1), we need to
assume that (1~ 8/y) " (- B(i)) < (0,1).

By part (iii) of Theorem 2, a separating equilibrium satisfies

Uplsism(s) _ 1-Fym)
Us(s,5.m() (7 (m)=(r=D5) fy ()

m'(s) =
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where J(m)=m—(1-F(m))/ f(m). From (5.3), it can be verified that condition (4.3) in
this reserve price signaling model amounts to

J'(m)
(7 =Ds—J(m))

In the special case where there are two bidders, each bidder’s private value signal is

+(2y-1

5.4
) £ (m) (5.4)

Sy (m) L G'6)
G'(s)

m'(s) 2(

distributed uniformly on [0,1], and » e (1,2) ,*° it can be verified that the solution to (4.1)
and (4.2) isgivenby m=./8/y and § :(l—ﬂ/)/)1[a—%—ﬁ/y+%(ﬂ/}/)3/2}. In this

case, for § <1, it requires that (5/y7)*? <1-3a/4. Thus, if either a or B/ is too large,
there is no signaling by any type, which is intuitive as then the outside option would be
too attractive. Since F(x) is uniform on [0, 1], by substituting £, (m) = m’,

Sy (m)=2m, and J(m)=2m -1 into (5.4), we have

p 1 2m G ()
m(s)|= 2m—1—(y—1)s * (2)}_1)1—1112 ~ G'(s)

If G()is concave, then the above inequality holds if the LHS is strictly positive. It can be
verified that for a fixed £ , this holds for relatively smally within the relevant range (such
that § <1). Thus, else being equal, the smaller  , the more likely that the signaling
equilibrium can satisfy our LCT (when G(:) is concave).

In the two examples above, both of the regularity conditions B1 and B2 hold so
we can directly apply Theorem 2 (iv). Below we illustrate via an example that our

approach is still applicable even when those regularity conditions fail.

Example 3: An advertising signaling model

19 Restricting » within (1, 2) ensures that the equilibrium signaling schedule would not be truncated (see
Theorem 3 in Cai, Riley, and Ye (2004)).
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This example is adopted from Milgrom and Roberts (1986). A monopolistic firm
can produce a good with a constant marginal cost c. It sells to a unit mass of consumers.
The firm knows its product quality, denoted by s . Among the consumers, a <1 are
informed abouts . The rest 1—a of consumers are uninformed of s, and their belief is

given by the distribution G(s) on [s,s]. For products of quality s , the consumers’
inverse demand function is p =s—bq, where b is a positive parameter and ¢ is the
quantity. So, given price p , the demand of an informed consumer is ¢, = (s— p)/b, and
that of an uninformed consumer is g, = (s— p)/b, where § is his perception of s. The
total demand is theng = aq, + (1-a)q, .

Suppose the firm spends z on advertising, which leads to a perception of s by
the uninformed consumers. By choosing an optimal price given s, the firm’s maximum
[as+(1—a)s—c]

4b
The firm’s payoff function is

profitis U = . Consider a possible separating signaling schedule z(s).

Uls.5.2) = [as + (1;Z)§_C]2 .

Suppose the firm’s reservation payoff isU" = a + Bs , where «, # >0. When
a+ Bs > (s —c)?/(4b), the lowest type will not signal. The minimal signaling type in
equilibrium can be solved from (4.2), which gives g =U, (s, s, z(s)) = a(s —¢)/(2b) , or

c+2bfa. The associated minimum signal can be found from (4.1),

s
Z=(5§—c)?/(4b)—a - 5 .
It can be checked that the single crossing condition holds. From part (iii) of

Theorem 2,

_Uy(s:5,2(s)) _ A=a)(s=c)

()= Us(s,s,z(s)) 2b

SinceU, (s, s, z(s)) is increasing ins , thus U, (s, s,z(s)) > S :dUR/ds fors e (5,1]. Hence
the participation constraint is satisfied for all types above 5.

From the firm’s payoff function, we haveU,, = a(l—a)/2b and

U,, = (L—a)?*/ 2b . Since this model does not satisfy conditions B1 and B2, we cannot
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apply Theorem 2 (iv) directly. However, using the same method that we follow in
showing Theorem 2 (iv), it is not difficult to derive conditions under which the LCT is

satisfied in this example. We summarize the conditions in the following proposition:

Proposition 3: In the advertising signaling model, the separating equilibrium satisfies
the LCTif G'(s)<0 for s €[§,5], where § =c+2bf | ais the minimal signaling type.
Proof: See the Appendix.

Because of the quadratic function form of the firm’s payoff function and other
special features of this model (e.g., many cross derivatives are zero), the measure of
signal effectiveness is constant and equals zero. So whether the tight separating
equilibrium satisfies the LCT only depends on the type distribution. A special case
commonly studied in applications is when the type is uniformly distributed.

ThenG" =0fors > s. By our definition, however, the LCT is not satisfied.

6. Concluding Remarks

Except in the special case of perfect correlation between the sender’s true type
and the value to the signal receiver, standard refinements (Intuitive Criterion, Divinity,
Stability) are not applicable. We argue that to have any “bite” at all, a refinement is
needed in which the signal receiver takes into account the way sender types are
distributed and allows the possibility of deviations by a pool of sender types (in addition
to single-type deviations). We then propose a Local Credibility Test which is somewhat
stronger than the Cho and Kreps Intuitive Criterion but milder than the Grossman-Perry
Criterion. Allowing deviations by a pool of “nearby” types, the LCT gives consistent
solutions for any positive, though not necessarily perfect correlation between the signal
sender’s signaling cost types and the receiver’s expected values. Besides this, the LCT
has two additional advantages. It avoids selecting separating equilibria when they do not
make sense, thus providing economically sensible answers to the equilibrium selection
problem in signaling models. Moreover, it applies equally well in cases of finite and
continuous types, making it applicable to many signaling applications that are formulated

in continuous type models. In this paper we provide conditions under which a tight
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separating equilibrium satisfies the LCT. These conditions are the more likely to be met,
(@) the less rapidly the density increases or the more rapidly the density decreases with
type, and (b) the more rapidly the marginal cost of signaling decreases with type. We
illustrate the applicability of the LCT in three examples of signaling models.

What is the “right” equilibrium when our conditions are not met? This is a
challenging question for which we have no satisfactory answer. As can be seen from the
example depicted in Figure 2.2, our LCT test shows that the Pareto dominant separating
equilibrium is no longer more reasonable than other equilibria. We conjecture

that pooling or partial pooling must be a part of any more complete analysis of signaling.
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Appendix: Proofs

Proof of Proposition 1: (1) Suppose a group of types choose signal z, with positive
probability. Let s be the largest in the group. Then the receiver’s conditional expected
value v, = E{v| z = z,} is smaller than v(s) = E[v|s]. By the single crossing condition,
there exists some signal higher than z, such that only s in the group can be better off
deviating to z, when the receiver beliefs that the deviating sender is type 5. Thus, any

equilibrium involving pooling on a signal fails the LCT.

(2) A separating equilibrium in which the local upward incentive constraint is not
binding is depicted in Figure 2.1. As argued in Section 2, a type for whom none of the
local upward incentive constraints are binding has an incentive to deviate to a signal
lower than her equilibrium signal. There exists such a deviation such that only she will be
better off, which fails the LCT.

(3) With full information s, has a payoff of Max{U " (s,), MaxU(s,, s, z)}. With

asymmetric information she knows that beliefs about her type can never be lower than s, .

Thus her payoff is bounded from below by the full information payoff. But to satisfy the
LCT, the equilibrium must be separating. So this is also the upper bound. Q.E.D

Proof of Proposition 2: (i) The equilibrium payoff for type s, and the equilibrium
signals by other types follow directly from Proposition 1.

(ii) Suppose s. , chooses not to signal. If type s. wants to signal, then she should choose
a signal satisfying (a). Type s. , would deviate to z. if U"(s; ) <U(s.,,v(s;),z;) . If

U R(s;_l) >U(s; ;,v(s;),z;), type s; would be better off making a profitable deviation

while keeping s. , choose not to signal, violating the LCT test. Condition (b) clearly

must hold since it is the participation constraint fors. .
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(iii). What needs to be checked here is whether all other types want to participate in

signaling. Suppose s. =, and consider type s, . By the tightness requirement, z, satisfies

U” (s)) =U(s,,v(s,), z,) =U(s,,9(5,), 2,) (7.2)

Since U, (s,v(s), z(s)) > dU" (s)/ds , U(s,,v(5,),2,) =U(s,,v(s,),2,) U (s,) —U" (s,).
By (7.1) we have U(s,,v(s,),z,) —U"(s,) 2 U"(s,) —U"(s,). Since U"(s,)>U"(s,), we
have U (s,,v(s,), z,) >U"(s,). The argument applies to all other types as well. Q.E.D
Proof of Lemma 1: By the tightness requirement, U*(s; ) =U(s._,,s;,z;) . By the
participation constraint, we have U* (s;)<U(s;,s:,z). Since U* (") is nondecreasing, we
have

U(s:_y,5:,2:) =U"(s;,) SU"(s;) SU(s;,5:,2;) (7.2)

Lettings — 0, the minimum signaling type satisfiesU” (s) = U s, s, z(s)) , which

is (4.1). (7.2) implies that U"(s.)-=U"(s;_,) SU(s:,s:,2z:)=U(s;_,s:,z;) . Lettings >0,

we have

dU"(s) <U,(s,s,z(s)) .
s

Since U is quasi-concave in z, for any s, such that U*(s,) <U(s,,s,, z, ), there
exists z* >z, suchthat U (s,)=U(s,,s,, z"). Since U(s;,s:,27) =U"(s;) SU(s:,s:,2:)
it must be that z* > z. .

Define Z such thatU” (s;_,) =U(s;_,,s: ,,Z). Then it must be that

U(s; 8 ,2,) =U"(s:) 2U(s:_,8:,,2) (7.3)

i-1
Otherwise, by Proposition 2(ii), type s._, should signal by choosing Z . Thus, z*, <Z.On

the other hand, since type s._, stays out, we have
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UR(s: ,) =U(s;: 5,81, 2) 2 U(s:_,,8:,2:) 2U(s:_,,s: ,,z). Thus, zZ < z.. Summarizing,

-1
we havez!, <Z<z <z*.Inthelimit, Z > z..

From (7.3), we have

U(s:)-U"(s:,)2U(s;,8:1,2) U (5:,) =U(s:_y,8: 1, 2) ~U(s:_,,5:,, 2)
Letting 6 — 0, and using z — z(s), we have

dU* (s)
ds

>U,(s,s,z2(5))

R
Therefore, in the limit, the minimum signaling type should satisfy dUd (s) =U,(s,s,z(s)),
S

which is (4.2). QE.D

Proof of Lemma 2: Usings, =s, s, , =s—9, s,,, = s+, we rewrite (3.2) as follows:

n+l

v(5,0)(G(s,,1) = G(s,4)) =[G(s) = G(s,)]s +[G(5,.1) = G(s)]s,.,

Differentiating with respect to 6 on both sides, we have

V,(5,0)G(s,.,) — G(s,)]+V(s,0)[G'(s,,,) + G'(5,.)] =5G'(s,,) +5,.,G'(s,.,) + G(s,,,) — G(5)

Vo (8,0)[G(5,.1) — G5, )]+ 29, (5,0)[G'(s,,.1) + G'(5, )1+ V(5,0)[G'(5,.1) — G'(s,1)]
=—sG"(s, 1) +5,.,G"(s,.,1) +2G'(s,.,)

Vs (8,0) [G(Sn+l) —G(s,)]+3v,y(s,0) [G/(Sn+l) + G/(Sn—l)]
+37,(5,0)[G"(5,,,) — G (5, )1+ (5, )[G"(s,.1) + G"'(s,.)]
=sG"'(s, )+ anG'”(SnH) + 3G”(sn+1)

G"(s)

Letting 6 — 0 we obtain: v(s,0) — s; v,(s,0) > 1/2; v,,(s,0) > 2G'()
S

QED
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Proof of Lemma 3: First according to our new notation let’s rewrite (3.1) into the

following:

U(s, , v,y)=U(s, 1,8,.2,)
U(s, ,v,y)=U(s
U(s,,s,,z,)=U(s,,s

(7.4)

n+1? n+1 ' n+l)

n+l’ n+1)

By the continuity of U we have v(s,0) = s from (7.4). Differentiating (7.4) with respect

to o, we have

~U,(s,.1,v,») +U,(s,,,v, y) +U3(S Vs y) =-U,(s,4,5,.2,) (7.5)

U (Sn+l’v y)+U (Sn+l’v y) +U (Sn+l’v y)

i (7.6)
zZ
= Ul (Sn+l’ Sn+l’ Zn+1) + U2 (Sn+1’ Sn+l’ Zn+l) + U3 (Sn+1’ Sn+1’ Zn+l) dlgl
O = UZ (Sn ' Sn+1’ Zn+l) + U3 (Sn ! sn+l7 Zn+1) dZ’Hl (77)
do
To save on notation, let z'=dz,,, /do . From (7.7) we have
Z/ — U (S Sn+l'Zn+1) (78)
U3(Sn’ n+l'Zn+l)
We can obtain the higher order derivatives for z
S = d’z,., — U,(UUs —2UU;) (7.9)
ds’? Us
. d Szn+ U
= Wal = _U_§[6U32 U223 —U,UU,Us, + 3U22 Ue?s +3U,U 32 Ups—U 22 U3U333J (7.10)
3

where U =U(s,,S,.1,2,,1) -

Write v/ =dv/dé =v,(s,8) and y' =dy/dé = y,(s,8). From (7.5) and (7.6) we have
A, A
'=—L and y'=—% where 7.11
V== y'== (7.11)
A=U, (8,4, V)U;3(8,,1,V, ¥) = U, (5,1, v, V)Uq(5,4, v, )
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A, =Uq(s,,, v VU (5,0,v, ) U ((5,.4,5,,2,)]

- 3(Sn—1’ v, y)[Ul(Sn+1' Sn+l’ Zn+l) - Ul (Sn+l’ v, y) + U2 (Sn+l’ Sn+l’ Zn+1) + U3(Sn+1’ Sn+l’ Zn+l)Z’]

AZ = U2 (Sn—l’ v, y)[Ul(Sn+l’ Sn+l’ Zn+1) - Ul(SrH—l’ V, y) + U 2 (Sn+l’ S}'H—l’ Zn+1) + U3(Sn+l’ Sn+l’ Zn+1)Z']
-UZ (Sn+1’ v, y)[Ul(Sn—l’ v, y) - Ul(sn—l’ Sn ! Zn )]

Differentiating the above equations, and using B1, B2 and (7.8) - (7.10), we can
derive the following derivatives evaluated at 6 =0:

y dA
A= a5 0= 205U
d’A
A" = 2 ls_o= 4(U,; Uy + U2U133)y/
dé
r dA ,
A = d_é‘l s0=2UU - y'+2U,U 4
" dzAl ! ! 1 1A ! [ n
A = d—é'z lso=2(Us + Uy + Uy YUy +Us[-Uypy + (U + Upggy )y +Upy |
-2(-U, + U23V' + U33y')[U13(Z' - y,) +Upz' + (U + Uy + Ugy2')2' + Ugz"]
—U,[U, (2" - y’) + (U +Uygp2") 2" +Uppz" = (U + U133y’)y, - U13y”
+ U2 + Uz + (Upy + U, +Uyz) 2"
+ (U, +2U 502"+ 2U 2 + Uy 2'? + Uy 2")z2 + U 2" + (Upy + U,y + Up2') 2]
. dA UU :
A, = d_é‘z ls=0= _2% —2U,U v
1 dzA ! N _/ 1" /
A, = W o= 2U55y [(2U)3 +2U s +Ugz' )z’ +Uyz” = 2U Ly |

+ U,[(8Usy5 + (Vg + 35 + Usggz')z" +Upgz") 2"+ (3Uyy + 3U 5 + 2U2") 2"
+ USZW - 2U133y/2 - 2U13y”] + (Uzasylz + Uzsyll)(Uz + Uszl)

Using L’Hopital’s rule, we have

A 2U,U,, U

2
_A) 203U, -2U0,Uy U,

A 2U,U,, U,

S oA 20Uy 20U, Uy

!

!

y
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which implies v' =v,(s,0)=1/2 and y' = y,(s,0) =-U,/2U,. Taking second order

derivatives, we have

dv _d [Al)_ dA,1d5 - (dv]dd)-(dA1dS)

do? do\ A A
dzy_i(ﬁ}_dA2/d5—(a’y/d5)~(dA/d5)
ds® ds\ A A

d2V Alll _v// -A/ _v/ -A//
Vi (s,0) = 462 o= A

dzy A 7 y// -A/ B y/ -AN (7'12)
Vo (s,0) = > |5:o: 2

do A

Substituting the expressions of v', y",A",A",A,",A,” derived above into (7.12), we can

solve for values of v,,(s,0) as follows:

_U2U13U33 + U2U3U133 + 2U3U13U23 — 2U32 U113 + 4U3U123
4U§ U13

v =v,,(5,0) = — Q.E.D.

Proof of Theorem 2: (i) If U®(s)<U(s,s,z"), then the lowest type s chooses the
signal z". By Proposition 2(i) and Figure 3.2, let v(s,d) =7, be the solution to
U(s+6,v(s,0),z)=U(s+3,5+6,z,), where z, is such that

U(s,s,z )=U(s,s+3J,z,) . Note that since G(s) =0,

v(s,0)= sG(s)+(s +G5()[G(5£)+ 0)=G(s)] = 5 + 6, which means that in the limit
s+

v(s,0)=v(s,0)and hence the condition of Theorem 1 is violated if s participates in
signaling. This proves part (i).

Lemma 1 establishes that the minimum signaling type and her signal must satisfy
(4.1) and (4.2). If these two questions do not have a solution, then the LCT cannot be
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satisfied. If the solution happens to be § =5, = z (5), then we need to require that
U,(s",s,2 (s7)) 2 0 (e.g., signals are unproductive), otherwise the equilibrium signaling
schedule z'(s) and condition (4.3) will be un-defined. When the solution is interior
(i.e.,5e(s’,5)), thenby (4.1), U*(5)=U(5,5,2) <U(5,5,z (5)), hence Z >z (5). This
guarantees that ats = §, U, = 0. This proves Part (ii). **

Part (iii) is shown in the main text. Part (iv) follows directly from Lemmas 2 and

3. The only thing remains to be checked is that fors > §, U, # 0 ; otherwise 7,,(s,0) is

not well defined. At §, since U*(s) =U(s, s, z(s)) , we have

R
4U(s) =U,+U,+U,z'(s)
ds
By (4.2), U,+U,z'(s)=0. SinceU, <0, it must be that U, <0 at §. Q.E.D.

Proof of Lemma 4: By definition, v(s,s") =1/[G(s") - G(s)] x]' xdG(x). Multiplying

both sides by G(s")—G(s) and then differentiating by s’, we have
V,(5,8)(G(s") - G(5)) + Vv (s,58)G'(s") = s'G'(5")

Differentiating by s'again,
Vo (8,5NG () = G(s)) + 20, (5,5")G'(s) + V(s,5)G"(s") = G'(s") +5'G"(s")  (7.13)
Setting s' =, it follows immediately that v, (s,s) =1/2.
Differentiating (7.13) by s’ again,
V22 (8, 8)(G(s5") = G(5)) + v, (5,5)G'(s) + 3, (5, 8) G"(s") + v (s,5) G"(s") = 2G"(s) + 5'G™(s")
1G"(s)

Since v(s,s)=s and v,(s,s)=1/2, setting s'=s we obtainv,,(s,s) = :
6 G'(s)

Q.E.D.

Proof of Lemma 5: Total differentiating (5.2) gives

1t is easy to find sufficient conditions that guarantee the existence of an interior solution to (4.1) and
(4.2). Let z, be the solution toU* () = U (5,5, z) , z, be the solution to dU" (s)/ds |.=U,(s",5",2),

and z, be the solution to dU " (s)/ds | = U,(5,5,z). Then an interior solution exists when z, >z (s ")

andz; < z;.
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U,(s",v,)ds" +U,(s",v, y)dv +U,(s', v, y)dy = U, (s, 5", 2(s"))ds’
U,(s,v,y)dv+U,(s,v,y)dy =0
Solving the equations, we have
dv _ A, dy A,

s A ds A
where
A=U,(s",v, 1)Uy (5,v, ) = U, (5,9, »)Us (5", v, ),
A, =Uy(s,v, MU (s", 5", 2(sN)) = U (s, v, )],
A, =-U,(s,v, »)[U,(s",s",2(s")) = U,(s",v, »)].
Under Assumption B1, we have

dy A, U,(s' v, y)=U,(s",s',z(s"))
s’ A U,(s,v,y) = U,(s',v,y)

(7.14)

Fix any s, ass’ — s. It must be that v —> s, z(s") = z(s), and y — z(s). For the
simplicity of notation, write v'(s") = v,(s,s") and y'(s") = »,(s,s") . Applying the

I’Hopital’s rule, as s’ — s, we get

dy|
dS’ s'—>s
im Yl v ) + U (8", v, p)V'(s) + Ui (s, v, 9) y'(s) = Uy (57,8, 2(57)) = Uy (', 8", 2(57)) = Ui (5,8, 2(57)) 2'(s)
e Ups (5,7, )V (8") + Uss (5,0, ¥) y'(5") = Ups (8", v, V() = Uss (87, ) y'() = Ups(s',v, »)
=i Y (8" v, 1)) = Uy (57, 5", 2(57))2'(5)
oo “Up(s'v,9)
) Z,(S) _% s'—>s
Hence as s’ — s, % — 0.52'(s) aslong as z'(s) =—U,(s,s,z(s))/U,(s,s,z(s)) is defined
S

at s, or U,(s,s,z(s)) =0 at s.

Since

v _Ay_Aydy  Us(sovy) dy

= (7.15)
ds" A A, ds"  U,(s,v,y)ds

we have
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dv lime Us(s,v,») dy _ U,(s,s,z(s)) lim dy

ds'|, s> U,(s,v,y) ds' U,(s,s,z(s)) s=s ds’

N

= _0.5MZ'(S) ~05
U,(s,s,2(s))

for any s such that U,(s,s,z(s)) # 0. This proves part (i).
For part (ii), first note that from z'(s) = —U, (s, s, z(s))/Us(s, s, z(s)) ,

Z”(S) = _ﬁ — Z’(S) U13 + 2U23 + U332’(S)
U3 U3

From (7.14), and by Assumption B1, we have

’ !’ d !’ ! ! ! !’ [ ’ 1A
d2y U (s'v,y) +Ug,(s ’v’y)?i_U1l(S ,8,2(8") = Us(s',5",2(s)2'(s")

ds” Us(s,v,¥) = Us(s',v, »)

d !/ d !
~ U33(S1Va)’)d7§,_U33(S 1"’)’)6%,_(]13(5 ’V’y)d_y
Us(s,v, ) =U,(s",v,») ds'

_ Uy(s'ov,y) - Uy(s'ss',2(s)) " Ugs(s',v, y) =Ugs(s,v, ) (d_J’jz
U,(s,v, y)=U,(s",v,») U,(s,v, ) =U,(s",v,y) \ds'

! d ! ! r ! !
2s(s'v,3) 5 =Uils'5'2(D)2'(5)
Us(s,v,¥) = Us(s',v, )

Let L (s,s") be the ith term on the right hand side of the above equation. For any

(7.16)

s such that U,(s,s, z(s)) # 0, it can be checked that

lim 1, = £ Yans(5:5,2()(s)
o 2 Upl(s,s,z(s))

i = LUs(s5,8,2(8) ooy
mb =3 Uls(s,s,z(s»[ )l

2 ' 2
limL, :z”(s)—zd Jz/ +0.5U133(S1sz(s))[z (s)]
s’ ds'" |, Uy (s,s,2(s))

S8

Therefore,

6 d2)2/ _22"(s) + U,5(s,5,2(5)) +0.5U 5(s, 5, 2(5))2'(s) 2(s)
ds' U,(s,s,2(s))

s'—>s

46



From (7.15), and using Assumption B2, we have

dv _ Ulsv) d'y _[U33(S,v,y) ) zvs(s,v,y)Uzs(s,v,y)}( o
ds

ds? U,(s,v,y) ds”” | Uy,(s,v, ) Ul(s,v,y)

As s" — s, we know that % — 0.5 andU,(s, v, y)% — 0.5U,z'(s) =-0.5U, . So,
S S

d’v _ Us(sy5,2(5)) d2y| 0 5U23(s,s,z(s))+O.5U33(s,s,z(s))z'(s) 2(s)
ds' s U,(s,s,z(s)) ds" |S,_)S ' U,(s,s,z(s))
d’y
d 12 ' . '
— S s'—>s _05 U23 + 0 5U332 (S) Z’(S)
z'(s) U,
_ —_1[U13 +2U,, + U33z’(s)] +1 U ,,3+0.5U,5,2'(s) 05 U,, +0.5U,,z'(s) 2(s)
3 U, 6 Ug, U,
1 [U13 +2U,,+U,z'(s) 26)]+ 1 U113+0 5U,5,2'(s) 05 U, +0.5U,,2'(s) 2(s)
3 U2 U13 U2
1U 1 4U,+2U, U
oo o 1212/(s) + SB[/ (s)]
6 U, 12 U, U 12 U,
—_ _U2U13U33 + U2U3U133 + 2U3U13U23 — ZUs U113 + 4UsU123
120U,
This proves part (ii). Q.E.D.

Proof of Theorem 3: In the continuous type case, part (iv) of Theorem 2 follows directly
from Lemmas 4 and 5. The only thing remains to be checked is part (i) that the lowest
type does not signal if the separating equilibrium satisfies the LCT. Suppose the lowest

type signals. For any type s’ > s, suppose those in the interval [s,s'] all choose z = z(s),

the equilibrium signal by s . Let v(s,s") be the expected type of this pool. Define

'[s'xdG(x)
G(s")

order for the separating equilibrium characterized by z(s) to satisfy the LCT, it must be

v(s,s") = . Let v(s,s") e[s,s'] beasolutionto U(s',v,z) =U(s",s",z(s")) . In

that for s’ close to s, any such signal-perception pair of (z,v(s,s’)) is not credible. That
is, v(s,s") <v(s,s") as s"— s . Note that v(s,s) =v(s,s) =s. However, it can be

verified thatas 5" — s, v,(s,s") > 0 whilev,(s,s") — 0.5. So in the neighborhood of s,
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v(s,s") >v(s,s"). Therefore, there is always a credible boundary deviation at the lowest

signal y = z(s) . This proves part (i) of Theorem 2 for the continuous type case. ~ Q.E.D.

Proof of Proposition 3: Fors €[s,5], following the same notation as before, we have

ﬂ:ﬂ: Us(s,v,y)[Ul(s',s’,z(s/))—Ul(s',v,y)]
ds' A U, (s',v,y)U3 (s,v,y)=U,(s,v,»)U, (s',v,y)

(7.18)
_ —(al2b)1—a)(s'—v) _ s'-v
—(l—a)l2b-a(s'—s) s'-s
Using L’Hospital’s rule, we have v,(s,s) = Ijm%—l— Ijm%, which implies
s’ —s ds s'—s ds
v,(s,s) =1/2. Differentiating (7.18) with respect to s’, we have
d>v _ (L—dvlds")(s'—s)—(s'—V) (7.19)

dSIZ - (S/ _S)Z
Using L’Hospital’s rule again, we have

dyv . —dWvlds"* (s —5s) 1. d?
lim = = lim : = —>lim<,
s’ —s ds s’ —s 2(5 — S) 2 s =S dS

which implies v,,(s,s) = 0. Thus, there is no credible deviation if 0> G"(s)/G'(s), or if

G(-) is strictly concave. Q.E.D.
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