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Abstract

U-statistics play central roles in many statistical learning tools but face the haunt-
ing issue of scalability. Despite extensive research on accelerating computation by
U-statistic reduction, existing results almost exclusively focused on power analysis.
Little work addresses risk control accuracy, which requires distinct and much more
challenging techniques. In this paper, we establish the first statistical inference proce-
dure with provably higher-order accurate risk control for incomplete U-statistics. The
sharpness of our new result enables us to reveal how risk control accuracy also trades
off with speed, for the first time in literature, which complements the well-known
variance-speed trade-off. Our general framework converts the challenging and case-
by-case analysis for many different designs into a surprisingly principled and routine
computation. We conducted comprehensive numerical studies and observed results
that validate our theory’s sharpness. Our method also demonstrates effectiveness on
real-world data applications.

Keywords: Nonparametrics, statistical learning, Edgeworth expansion, fast computation.



1 Introduction

A U-statistic, denoted by U, is associated with an i.i.d. sample Xy,..., X,, drawn from a
general probability space and a degree-r permutation-invariant kernel function h(xy, ..., x,),
st. h(xq, ..., 2;) = M@z, ..., Tay) for any bijection 7 : [1:7] < [1:7]. It is defined as
n\ n\ !
U, = < ) D h(X, LX) = < > > h(Xy,), (1)
r ‘ . r
1<ip<..<ir<n I.eCr
where CF 1= {(i1,... i) : 1 < i; < ... <4, <n} is the collection of all r-tuples and define

the shorthand X, := (X; X;,) for any k € [1 : r]. U-statistics play central roles in
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many contemporary statistical learning methods, such as in the following applications:

Example 1.1 (Example 1 of [24]). Test the symmetry of the distribution of X € R by

h(xy, e, x3) = sign(2xy — xg — x3) + sign(2xe — x3 — x1) + sign(2z3 — 21 — x2).

Example 1.2 (Bergsma-Dassios sign covariance [2, 31]). To test the independence of
X € Sx and Y € Sy, where Sx and Sy are Banach spaces equipped with metrics px
and py, respectively, define h((xl, Y1), ... (x4, y4)) = Sx(Tiyy oy Tig)Sy (Yiyy - -+, Yiy), where

sx(ty, ... ty) := Sign{ﬂx (t1,t2)+px(ts, ta) —px (t1, t3) — px (L2, 754)}7 and define sy similarly.

Example 1.3 (Treatment effect measurement [34, 44]). Let Y1,...,Y, denote the observed
treated-minus-control matched pair differences. Given integers r,r and v satisfying 1 < r <
7 < r, consider any r observations Y = (Yi,,...,Y:). Define h(Yr.) := ZLZ 11y, (>0]s

where I, ) denotes the index of the (-th largest |Y, | for k=1,...,r.

One primary challenge in the practical use of U-statistics is the high computational cost.
Even just evaluating U, costs O(n") time, where r varies across applications, ranging from
r = 2 for Maximum Mean Discrepancy (MMD) [16, 35] and energy distance [40], to r = 4

for dCov [40, 42] and SignCov (Example 1.2), and even up to around 20 in Example 1.3



(see Tables 3 and 4 in [44]). To mitigate this burden, researchers have developed two main
approaches. The first explores shortcuts to fast-compute U,: [34, 22, 6, 14] showed that
some U-statistics can be computed in O(nlogn) time. However, these shortcuts only work
for scalar inputs', limiting their applicability to complex input data types. For instance,
the Bergsma-Dassios sign covariance (Example 1.2) with manifold-valued functional tra-
jectories as inputs [31] cannot benefit from the acceleration tricks in [20, 14]. Moreover,
for non-scalar X-inputs, even evaluating a single h(X;. ) term can sometimes be expensive.
In our data analysis in Section 5.2, we consider earthquake and starlight change curves
X;(t) for t € [0,T], see Figure 1. We aim to assess their within- and between- cluster dis-
similarity by mean pairwise distance for different earthquake scales and star types, using a
distance h(X;(-), X;(-)) between curves, eliminating nuisance phase discrepancy. A mature
technique for aligning curves by matching their key landscape features is to compute a
“warping function” [38, 39]. However, evaluating a single h(X;(+), X;(-)) using this method
can take a few seconds on a high-performance computing (HPC) server.

This naturally motivates the second acceleration strategy: U-statistic reduction, that

is, to average over a much smaller set of r-tuples. Let

jna = (17(1)7 s 7119\7”’&‘)) <2>

)

be a collection of elements in C;, with |7, .| = n® for some « € (1,r) — we shall treat J,
almost like a subset of C, except that 7, , allows duplication. The reduced U-statistic

(also known as an incomplete U-statistic [3, 8]) with design 7, , is defined as

U= el ™ 3 BXL). 3)

Irejn,a

There are two kinds of prices we must pay for computation reduction. First, this reduction

inflates Var(Uy), which further determines: (i) the confidence interval radius; and (ii) the

1[14] exploits the coordinate-wise order relations, but its trick cannot apply to non-vector inputs.
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Figure 1: UCR data sets: row 1: Farthquakes, where blue curves show raw data and red

curves show a moving average smoothing of window size ¢ = 7; row 2: Starlight.

minimum separation condition |ug, — pm,| for consistently? testing Hy : p = g, versus
H,:p = ppy,, where u := E[U,]. This aspect of computational-statistical trade-off is easy
to quantify thus well-understood. The overwhelming majority of existing literature on U-
statistic reduction regards this aspect, pioneered by [3] and followed up by many works
aiming at designing 7, , smartly to minimize Var(U;) under a given computational budget
O(n%) [26, 27, 28, 33, 10, 24, 13].

The second kind of price for speeding-up, namely, the deterioration of risk control
accuracy in statistical inference, is much more elusive and difficult to characterize. Here,
by “risk control accuracy”, we refer to: (i) |P(true u € CI) — (1 — )| for confidence

intervals; and (ii) |P(actual type I error rate) — | for hypothesis testing, where 1 — 3 and

2Test consistency: a test is called consistent if its type-I and type-II errors both converge to 0.



B are the nominal confidence and significance levels, respectively. Characterizing this
accuracy requires a higher-order accurate approximation to the sampling distribution of the
studentized reduced U-statistic, which most existing works fail to describe by only providing
asymptotic results [4, 23, 7, 8]. Our paper is the first to uncover the computational-
statistical trade-off in risk control accuracy, filling in a critical gap in the literature.

This paper makes several significant contributions. We present the first comprehensive
study on risk control accuracy in statistical inference for reduced U-statistics. We establish
the first higher-order accurate distribution approximation for non-degenerate reduced U-
statistics under general designs, leading to Cornish-Fisher confidence intervals and tests
both with higher-order accurate risk controls. Our approach requires only two natural,
weak, and easy-to-verify assumptions that are satisfied by many popular designs. Notably,
our method strictly complies with the O(n®) computational budget in all parts and allows
for easy parallel computing.

Our method’s accuracy significantly improves over the best existing results. The sharp-
ness of our error bounds enables us to reveal, for the first time, the trade-off between
computation complexity (speed) and risk control accuracy of reduced U-statistics. Inter-
estingly, we discovered that higher-order risk control accuracy can be achieved for any
a > 1; meanwhile, it may be surprising that we also find that the computation reduction
from O(n") to O(n?) is nearly free lunch, without deteriorating risk control error rate and
only inflating Var(U;) imperceptibly. For practitioners, our method provides fast and easy-
to-implement solutions with tuning guidance, as well as advice on the minimum sample
size requirement to achieve a target risk control accuracy goal.

The theoretical analysis in this paper differs significantly from the complete U-statistic

literature [21, 30, 32] and features several innovations. Incompleteness introduces new and



complicated leading terms and breaches the symmetry of remainder terms, rendering exist-
ing bounds and analysis routines in [21, 30] inapplicable. We tackle these challenges with
our original analyses. A key methodological contribution of this paper is the development
of a succinct and weak condition on the reduction design, formalized as Assumption 2,
which was distilled from our theoretical explorations. In the proof of Lemma 3.2, a crucial
supporting result for Corollary 3.2, we address the intricate dependency structures that
arise in certain random sampling schemes.

Our paper goes beyond any single application or specific data structure, focusing instead
on the fundamental question of risk control accuracy in U-statistic reduction. The general
and comprehensive theoretical and methodological framework we present fills in a critical
gap in the literature, providing a much-needed toolkit for many U-statistic-based learning

methods that aim to maintain accurate risk control while scaling up.

1.1 Notation

We write B, = O,(b,) if P(B, = C-b,) = O(n™") for some constant C' > 0 and large enough
n. Let ®(-) and ¢(-) be the CDF and PDF of N(0, 1), respectively. For simplicity, we regard
n® and n® ! as integers throughout, omitting duly floor/ceiling operations. We adopt the
Matlab style notation for arithmetic sequence: [a; : as] denotes (ay,a1 + 1,a1 +2,...,as),

whereas [a; : § : as] denotes (a1, a; + 6,a1 + 20, ..., as).

2 Reduction of non-degenerate noiseless U-statistics

Recall that the reduced U-statistic U, is the average of individual h(X7,) := h(X;,, ..., X;.)
terms, where I, := {i,...,,} ranges over a small subset 7, , inside C], := {the collection

of all r-tuples in [1 : n] := {1,...,n}}. Our goal is to perform accurate statistical infer-



ence for p = E[U,] based on U, within a limited computational budget of O(n®) for a
given constant o : a < r. Following the convention [28], we call 7, , the design of Uj.

Throughout this section, 7, o is fixed. To ease narration, we set up two sets of symbols.

o Define the projection term g,’s recursively: first set gi(X) = E[A(Xp.7)|X1] — 13

then for each k = 2,...,7 in order, define gp(Xpw) := E[A(Xp)| Xpw] — 1 —

z; 11 > Teck o I (X1,). All gp terms are mean-zero and mutually uncorrelated
[30].

e For any size-k subset [ of [1 : n], let apax(lx) = ‘{INT € Jna : I S f,«}| count

how many times [, shows up in the design 7, ,. For example, if r = 3, n = 7 and

Tno = 1(1,2,4),(2,5,7), (3,4,6)}, then a, 4.1(2) = 2 and a,,4:0({3,4}) = 1.
Example 2.1. To understand the random variation in Uy, suppose r = 3 and inspect just
one term h(X;,, Xi,, Xyy). For example, suppose (i1,1i2,13) = (1,2,4), we have

h(X1, X2, Xu) = p+ g1(X1) + 91(X2) + 91(X4)
+ go( X1, Xo) + g2( X1, Xy) + 92(Xo, Xy) + g3(X7, Xo, Xy). (4)

We call the form like (4) the “one-term Hoeffding’s decomposition” of h(X;.). Conse-

quently, h(X1, Xa, X4) contributes a count of 1 to each an ok (Ix), where & # I, < {1,2,4}.

In general, decomposing each h(X;, ) in U; as in Example 2.1, by [19], we have

r

UJ = ’jn,ozrl 2 2 an,a;k([k)gk<X1/c)' <5>

k=1 [kECli

Next, we address two fundamental questions regarding (5) in Sections 2.1 and 2.2.

2.1 What makes a good/bad design?

There are two main considerations that define a good design. They will both translate into

our regularity assumptions and be reflected in our proposed methods.
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(i) This design should comply with computation budget and be easy to implement.

(ii) Under the premise of (i), this design minimizes Var(U;).

Our first regularity assumption reflects consideration (i).

Assumption 1. The design of J, .« 1s data-oblivious, namely,
Tna L (X1,..., X,). (6)
For a deterministic Jy, o, (6) means that J, o is designed without consulting the data X[im]-

The motivation behind Assumption 1 is two-fold, both weighing on consideration (i).
First, although as pointed out by [24] that data-aware designs may have superior variance
reduction, the step of adapting the design [, to the data Xj;.,) may require expensive
computation that can exceed the O(n®) budget. The second motivation regards implemen-
tation feasibility. It is inspired by the study of network moments as “noisy U-statistics”?,
where X;’s are not only unobserved, but inestimable due to identifiability issues [15, 43].

Consideration (ii) has long been the focus in existing literature (but not always with
much attention to consideration (i)). Clearly, the dummy construction of 7, , by repeating

[1:7] for |J.o| times is useless. What makes Var(U;) small then? By (5), we have

Var(Us) = 1Tnal 220 { Y 020l f€2. (7)

k=1 IkEC,s
while for each k € [1 : r], it always holds that > ccr anam(lk) = (7)|Tn.al. Therefore,
minimizing Var(U;) demands that for each k, all @, o.x(I;)’s are as similar as possible —

this lets U; maximally explore different index combinations. For instance, if a € (1, 2), this

is requiring @, .1(2) = (1/n) - |Tn.a| and @y ax(Ix) € {0,1} for all k£ € [2: r]. In other words,

3Despite this paper exclusively studies conventional, noiseless U-statistics, in a closely related work, we

will make use of the analysis techniques in this paper to analyze network U-statistics.



we need different h(X7}.) terms to contribute unique gs, ..., g, terms (while g; terms will
unavoidably repeat as a > 1) — we call this the “non-overlapping property” of the design.

In alignment with these discussions, our second assumption aims at avoiding bad designs.

Assumption 2. Set « € (1,7)\Z. It holds for all k € [1: 7] and I, € C* that

[Cl, Cg]naik, if k < a,
n,ask (Ik) € (8)

[O,CQ], ka > Q,

where C,Cy : 0 < C; < Cy are universal constants.

In Assumption 2, we exclude integer a choices for sophisticated technical reasons — but
in plain language, this would make theoretical analysis much cleaner. Practitioners who
set a working o = 2 can use our formulas for o = 2.001, without causing noticeable error.

Last but important, the two considerations (i) and (ii) intertwine: to our best knowl-
edge, principled and fast construction of a variance-minimizing design remains an open
challenge before this paper. The variance-minimal methods in existing literature typically
depend on brilliant, but case-by-case, constructions for special (n,r,|J,.4|) configurations.
They provide little clue for handling general (n,r, |J,..|) settings. In Section 3.1, we will

solve this standing problem with an innovative design method.

2.2 How to develop a higher-order accurate statistical inference?
2.2.1 Non-degeneracy, variance estimation and studentization

With Assumptions 1 and 2, we can consider the design as “reasonably good” that provides
a solid basis for downstream analysis. In this section, we will develop higher-order accurate
statistical inference method for any given design that satisfies both assumptions. In other

words, through this section, we fix 7, ,. Like in the study of complete U-statistics, we will

9



first formulate a variance estimator and use it to studentize U, then formulate an accurate
distribution approximation to the studentization. All these steps critically depend on the

degeneracy status of the U-statistic.
Definition 2.1. We call U; “non-degenerate”, if €2 := Var(g;(X;)) = constant > 0.

Due to page limit, we leave the degenerate case, i.e., & = 0 to future work. Next
up, we face two routes for variance estimation: we could target at either the full variance

03 := Var(Uy) or just the dominating term 0%, := |Tnal ™2 214 @5 4.1 (1)€7. This was not a

question for complete U-statistics, where o5 and 0%, differ only by O(n~?) [30, 43]; but for

@, which cannot be directly ignored. We choose

an incomplete Uy, we have [0 —o7,| =n~
to estimate 07, because it leads to cleaner formulation and faster computation. The
discrepancy between 03;1 and Var(U;) will be accounted for by our Edgeworth correction
terms, see Remark 2.4 for more details.

To estimate 03,;, we need to estimate £§ := Var(gi(X1)) (since we know an,q:1()’s).

Classical variance estimators, such as jackknife ([30], Section 2) and [43], do not comply

with the O(n®) computation budget limit. Therefore, we propose the following estimator

n—

n 1
& =17 )1 > MXpsair o nan) M X i ayt—rna) — 5 9)
i=1 d=1

~ —a n nafl
where ,u2 =N Zi:l Zd:l h(X[i:d:(i+(r—1)d)])h(X[(i+7"d):d:(i+(27"—1)d)])- The formula (9) may
seem intricate at first sight, but its idea is very simple. To illustrate, set r = 3 as in

Example 2.1 and inspect the summands corresponding to d = 1 in the first term in (9):

n! Zh(XiaXz‘+daXi+2d)h(Xi;Xi—d: Xi—2q) = /l2 + ff + M, (10)
i=1
where QR consists of several types of terms, such as ¢}(X;) — &, and ¢;(X;_q)u, and

91(X;)g1(X;424), and so on, all averaged over i. Clearly, R is mean-zero and concentrates.

Similarly, we can understand why /i? is also an unbiased estimator for 2. We stress that

10



our variance estimator (9) strictly complies with the O(n®) computation budget constraint.

With the variance estimator, we can studentize U; as

Ur—p
n 12 ~°
i=1 a%,a;l(z)} : 51

TJ = (11)

| Tnal™

2.3 Accurate distribution approximation to studentization

An accurate distribution approximation for 7’y is the premise of accurate inference. For
this goal, it is important to understand the stochastic variations in U;. A natural method
is to compare T to the standardization of U; (replacing 51 in (11) by the true &) and then

account for the plug-in error on the denominator. Define

M, = |\7n,a|_1 Zai,a;l(i) =n"t (12)
=1

7—1 _ Z?:l an,a;l(i)gl(Xi) 7_2 _ 2222 ZIkECﬁ &n,a;k<[k>gk(XIk)
{zzzl 0 0 i }”251 SR OIS

n My r—
e S B Sncnlos s coisxco).

Let us explain these definitions for general audience. First, M, accounts for a frequently-
used non-random factor. Then 77 4+ 73 is the standardization of U;: we separate 7; and
T2 because T; is a weighted i.i.d. sum and the dominating term, while 75 is a higher-order
bias-correction to enhance risk control accuracy. Finally, 73 captures the plug-in error in

using El in T';. Formally, we have the following lemma.
Lemma 2.1. Set a € (1,2), we have & — €2 = 2. T3 + O,(n~*2logn).
With the above notation preparation and supporting results, we can decompose T):

1 ~
Ty= (Tt B+ T) 2 =Tt o= 5T+ Oy logm). (14

11



So far, everything may seem familiar to readers who know the U-statistic literature. How-
ever, next we will see how U-statistic reduction leads to very different bias-correction terms

in the Edgeworth expansion. Before that, we make a quick technical remark.

Remark 2.1. Aside from Assumptions 1 and 2, another commonly required assumption in
U-statistic literature is Cramér’s condition [21, 30]: limsup,_,., ‘E[eﬁtéfl'gl(xl)” < 1. This
condition s undesirably restrictive and wviolated by important applications, e.qg., Example
1.1 with a discrete Xy distribution. Inspired by [25] and [36], we add to T; an artificial
smoothing term 6; ~ N(0,0% = Cs,logn - n™®) independent of Ty with a large enough
constant Cs, > 0. We will show that §; waives Cramér’s condition without altering the

distribution approzimation formula’.

Now we present our main results and accompanying remarks. Let & := Var(g(X[1.47))-

Define the population Edgeworth expansion formula for 7'y to be

G ) = @<u>+¢<u>{%> Y F]fj“}}, (15

where we recall the definition of M, from (12), and define shorthand T’y and T'’s, as

follows.
FO(U’) L Z?:l a?z,oz;l(i)(u2 - 1) T‘jn,a|u2
N (‘ T R TUERET) SR et g Sl
L = Zl<i<j<n anva;l(i)an,a;l(j)an,aﬂ({iaj})(u2 —1) n r(r— 1)|jn,a|u2
{2021 ot (7)}3/287 {21 ap o () }1/20E7
E[g1(X1)g1(X2)g2(X1, X2)], (16)
Ly(u) L Hyp 1(
it s Ay 2 5, Ame) (1)

4 This means that the same Edgeworth expansion formula accurately approximates both Fr, s, without

Cramér’s condition and Fr, assuming this condition.
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where Hy(u) := (—1)ke**/2d*/du*(e=*"/?) is the kth Hermite polynomial ([37], page 99).
In (15), the first correction term (16) generalizes its familiar counterpart in literature.
To see this, consider the special case of complete U-statistic, where 7, , = C,,, We have
| Tnal = (1) and an o (le) = (3) (7)/(}) = (ﬁ::), thus (16) reproduces Eq. (1.6) in [21].
The second term (17), however, is unique to reduced U-statistics and was never seen
in existing literature. To facilitate understanding, in Table 2, we sketch some important

properties of the main terms in the decomposition (5). Here, while the first term in 73 is

Term in T;’s decomp. | Asymp. order | Corresp. Edgeworth terms

T 1 ® and I'y
o (=12 Ty and T'y’s, £ > 1
T T e b

Table 1: Properties of main terms in 7';’s decomposition (5)

clearly = n~'2, its second term is also = n~ "2 — to see this, simply notice that for each ¢,

3|»—

n Mqa n
Z Z 91(Xi)92(Xi, Xiyea) = Z Xi—ea)92(Xivea, Xi)| Xi]

1 n Mgy

- 22D {9 (X) g2 (X, Xivea) — Blor(X)g2(Xi, Xivea) | Xiveal ), (18)
@ i=1d=1

where the second term on the RHS of (18) is 5p(n_o‘/ 2logn), thus ignorable’. From Table

2, we see that 75 leads to our newly-discovered Edgeworth expansion terms. It is crucial

that we clarify that “7; lying in the n—(®=1)/2

order” does not automatically guarantee that
there will exist an O(n~(@"1/2) term in the Edgeworth expansion. Roughly speaking, this
all depends on which terms will lead in the Taylor expansion E[e“(ﬂ*m] = E[eﬁm (1 +

(1”;)27'22 + )], while others enter the remainder. See the proofs of Lemma S.1.3-(d)

and Proposition S.1.1 in Supplementary Material for more details.

5Notice that although this term has similar numerator as 7z, its denominator is much larger.
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In practice, we use the empirical version of (15) with estimated coefficients. Define

1 « ~
E[¢3(X1)] : EZ (i) (X i [y 2r—2 ) (X G [+ 2r— 1) 3r—3)y) — B (19)

~ 1 &
Elg1(X1)g1(X2)g2(X1, X3)] := - Z R(X(i—r+1):01) P(X[i:Gr—10]) P (X[ (4r—1): (4 20—2)])

=1
— 20, & (20)
~ 1 n no1 k—1 EN ~
= —az Z Xt (r— 1)) P X (=) d)s( =) (- r—k)a)]) — F° — Z <k’)£’%/’ (21)
i=1 d=1 k'=1

for k€ [2:r]. These estimators all share the same idea in our development of £2 in (9),
thus can be understood similarly. Let G Jn.o (1) be the empirical version of Gy, (u) with

coefficients estimated by (9), (19), (20) and (21). We have

Theorem 2.1. Set a € (1,2). If Uy is non-degenerate and J, o satisfies Assumptions 1

and 2, then we have

O(n_o‘/2 log'/? n), (22)

| Fryss,10m.0 (W) = Ga, , (w)]

~

|Fry,100 (@) = G ()], = Op(n=1og!? n). (23)

Remark 2.2. Theorem 2.1 highlights an important practical guidance that for non-degenerate
U-statistics, setting o > 2 will not further merit risk control accuracy, since the error
bound at o = 2 already matches that for a complete U-statistic [21, 30]. Also, increasing
a beyond 2 only brings O(n=2) improvement to Var(Uy) [28]. Considering the computa-
tional cost grows exponentially in «, it is therefore not worthwhile to set a > 2 under

non-degeneracy.

Remark 2.3. Remark 3.1 in [8] points out that as « decreases, 0.1 becomes a poorer
approximation to o;; when o = 1, |01 — 0| no longer vanishes as n — oo, which [41, 8]
refer to as a “phase change”. While [{1, 8] exclusively studied Var(Uy) as o — 1, our

results reveal how risk control accuracy behaves in this regime, completing the missing piece

14



in the big picture. We find that the Edgeworth expansion becomes lengthier, and the risk
control accuracy also depreciates. If we do not incorporate an increasing number of bias-
correction terms in the Edgeworth expansion, the risk control accuracy depreciates even

a—1)

faster: the n=%/? term in Theorem 2.1 will be replaced by n~(*~Y, which is the Berry-

Esseen bound of the normal approximation to T}.

2.3.1 Higher-order accurate statistical inference

To test the hypotheses
Ho:p=po; vs. Hg:p# po,
we use the empirical p-value, denoted by p and defined as follows
pi= 2min { G, (TS 4 87),1 = G, (T + )}, (24)

where 75 := (U = 10)/{| T X1 a2 0 (0)}261}.
Corollary 2.1. Under the conditions of Theorem 2.1, the test (24) enjoys a higher-order

accurate type-1 error control: Py, (p < B|Tna) = 8+ O(n=/? log? n).

Next, we invert the Edgeworth expansion to formulate the Cornish-Fisher confidence
interval (CF-CI) with higher-order accurate confidence level control. Before presenting
our method, for readers who are not familiar with this topic, we give a quick review of
how the CF-CI was derived in the classical setting. Constructing a CI requires quantiles
of the distribution of the pivot, but the Edgeworth expansion G is not guaranteed to be a
valid CDF, as its value may exceed the range [0, 1], thus cannot be naively inverted. The
Edgeworth expansions for an i.i.d. sample mean and a complete U-statistic both take the
form G(u) = ®(u) + n=2¢(u)y(u), at O(n~') accuracy. Given the significance level 3 €
(0,1/2), we need to find a u that well approximates the lower-3 quantile of the distribution

15



approximated by G, that is, the u such that G(u) = S+O(n~!). This can be achieved by the
Cornish-Fisher expansion [17, 18], which takes the form u = G (zp) := 23 — n™/2Wy(zp),
where 25 := ®~1(3). To determine ¥y(25), we expand G(z3 —n~Y2W(z5)) and set all n=1/2
terms to sum to zero. This gives Wo(u) = [y(25). Therefore, G~1(23) = ¢(25)—n"2Ty(zp).

In contrast, the Cornish-Fisher expansion in our setting is much complicated by the

Iy = n~ (@D terms in the Edgeworth expansion. Our C-F expansion reads:

[ 22

Q

S
o~
—~

N
sy
~—

G . (28) =t 25— s (25)

Technically speaking, when plugging u = G}}La(zﬂ) into (15), the term ¥, will release
expansion terms at the orders of M, ¥, Ma_(k“), o, M T2 e Therefore, we for-

mulate U}’s recursively. We describe step 1 (¢ = 1):

(i) Only keep I'y and I'; on the RHS of (15), temporarily ignoring other I';’s. Do the

same for G (only keep I'y and Uy).
(ii) Plug u = G}i’a(zg) into (15).
(iii) Set the sum of M, ' terms to zero. This would solve ¥;.

To solve Wy, add I'y and W, back into consideration in (i) and set the sum of M, 2 terms
to zero in (iii). Repeat this procedure until all ¥;’s are solved.

Now, we formalize the above method. Readers who do not wish to read involved
math may jump to Theorem 2.2. To start, set W;(z5) := —I'1(25). Then for each k =

2,...,|(a/2)/(ac = 1)] in order, recursively compute Wy (z3) by

k -1
Wi(z9) 0(z5) = = { DI AR e “5(5—)(,5)}
o= 1<{j1,.3.?,j[/}<k—£’+1

Jitetje=k
k1 )
¢ (25)
- [{éb(zﬁ) Appy=o) + Y, > Uy (z5) Wy, (25) - @l
k1,k2:k1+ko=k V=1 JlyeensJor ’
k1=0,....,k—1 1<{j1,e g } <k —0'+1

Jibetig =k
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SRS Iy (z)
Lio(28) + D) D, 2 Win(ea) - Vi (30) -~ (|- (26)

0=1 =1 Flreensdpn:
1<{g1, o y<ko—0'—0"+1
j1+"'+jZ//:k27f/

To provide readers a more concrete view of the result, let us calculate the first three W;’s.

Range of o k° Formula for computing ¥,"
[4/3,2] 1 U, = T,
[6/5,4/3) 2 — Wy = (D)0 + Ty) + (U2/2 + 1) /o

Sos 3 — Uy = (D3 + Ul + WITY /2 + U T)
(U W+ Ty + U2T + Wol'y) ¢ /o + (U3 /6 + Wiy /2)¢" /¢

Table 2: Examples of C-F expansion formulas

From (26) and Table 2, we see that all C-F expansion terms are functions of I',’s. Thus,

replacing I',’s by f‘g’s, we obtain the empirical C-F expansion, denoted by é}i L)

Theorem 2.2. Under the conditions of Theorem 2.1, for any given 5 € (0,1), the popu-

lation and empirical Cornish-Fisher expansions respectively satisfy

FT,J-HSJ\Jn,a (G}:,a (Z@)) = 6 + O(n_a/210g1/2 TL), (27)

Hé}ia (u) — G}i’a (u)HOO = O(n’o‘/2 logl/2 n) (28)

Corollary 2.2. Under the conditions of Theorem 2.1, the Cornish-Fisher confidence in-

terval Zg defined by
Iﬁ = (UJ — (é}i’a<21_3/2) 5J |x7n a| I{Z na 1 1/2 gl’

Uy — (G5} (2812) = 61) - | Tnal ™ 1{2 a2 o1 (i)} §1>

6This is the maximum k such that ¥}, appears in the C-F expansion. It equals |(a/1)/(a — 1)].
"Since all functions are evaluated at 25, we omit all “(z3)” notions, e.g., we only write “¥;” for “¥y(z5)”.

8The formula for ¥y uses the ¥; computed in the “k = 1”7 case. The same goes for the formula for ¥s.
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enjoys a higher-order accurate control of the actual coverage probability around 1 — [3:

P(u € Zg|Tna) = 1 — B+ O(nlog"? n).

2.3.2 Two remarks

First, as mentioned in Section 1, reducing the U-statistic inflates Var(U;). However, we
studentize U; by 7.1, which only captures the leading term in Var(U;,), whose order does
not vary with a. Readers naturally wonder where the variance inflation is reflected in our

statistical inference procedure. Here, we use our CI formula as an example to clarify.

Remark 2.4. The radius of our Cornish-Fisher CI is O(Tfl/2 + n*(o‘*m))g. Studentizing
Uy with 55 will also yield a CI radius of {O(n™" + n=®)}'2 = O(n™"? + n= (=12, In
other words, using oy or 0.1 to studentize Uy lead to different pivots as intermediate steps,

but eventually, their eventually produced CI lengths are on the same order.

Our second remark regards test power. In fact, any test based on an asymptotically
N(0,1) pivot (including our method) is asymptotically power-optimal (see how Theorem
3.5 of [1] establishes asymptotic power-optimality). We reiterate that power-optimality
and risk control accuracy are distinct goals.  As pointed out in [36], achieving either
goal alone is not difficult, however, achieving both is usually rather challenging. To our
best knowledge, our work is the first to achieve both goals for inference based on reduced

U-statistics.

9To see this, notice that I'o(—u) = To(u), while Ty(—u) = —Ty(u) for all £ > 1. Also notice that

~

(CF (1mpy2) = 85) =1 +07CY and | Tl 7 {20 a2 0 ()} 2 =012,
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3  Our method: application to specific designs

In this subsection, we apply our general results in Section 2 to analyzing several designs.
First, we propose and analyze a novel variance-optimal deterministic reduction scheme
in Section 3.1. Then in Section 3.2, we present the first provably higher-order accurate

inference for a few randomized designs [28, §].

3.1 A novel variance-optimal deterministic design

As discussed in Section 2.1, existing works typically focused on minimizing the variance for
special configurations. In this section, we present a novel method to principally construct
variance-minimizing J, . for general («,r). To start, recall an important simplification
that we proposed in Remark 2.2 that we only need to consider a € (1,2). The key to

minimize Var(Uy) is that the design J,, . needs to satisfy the following properties.
(D1) All ay, 4.1(7)’s are equal;

(D2) For all k > 2 and I, € C*, all a,, o.x(I;)’s are 0 or 1; or equivalently, any two member

sets of J, o may not overlap (intersect) by more than 1 index.

Now we describe our design. We set 7, ., to be the union of a few jn(fii sets, defined as

TD = {(i+ @7 = Ddi+ @ = 1d, i+ (27 =1)d):i=1,....n},  (29)

,Q

where we circulate indexes outside the range [1 : n]. For instance, when r = 3 as in
Example 2.1, we have jn(lg ={(1,2,4),(2,3,5),...,(n,1,3)}. Clearly, any individual j,§f2
satisfies both (D1) and (D2). But when we union a few T\D sets, we need to watch out for
the compliance with (D2). For example, (1,2,4) from T\ and (2,4,8) from \775202 overlap

by 2 indexes, violating (D2). We meticulously select the set of d values to avoid such
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multiple overlap. Our choice is:

b2.na71

jn,a = U jrgi)u (30>

d=b1~n0‘*1

where by, by are chosen according to the following lemma.

Lemma 3.1. Suppose n > r. Set a € (1,2) and by /by € (271 — 1)/2"71,1). Our design
T specified by (29) and (30) satisfies ana1(i) = n* ' and apo0x(Ii) € {0,1}, for all

el[l:r] and I, € C*, k e [2: 7). Thus it satisfies (D1) and (D2) and minimizes Var(Uy).

Lemma 3.1 ensures that this [, , satisfies Assumption 2. Therefore, Theorem 2.1 and

Corollaries 2.1 and 2.2 apply. This J,, » also greatly simplifies the Edgeworth formulas.

Corollary 3.1. Under our design J,, o as described by (30) and Lemma 3.1, we have

2u? 4+ 1 —1)(u*+1
R e

o mLgm ] B [ o= | Huaw)
Lew) = ‘{(brbl)rzgf}' (20)! __{(bQ—bﬁr?&%}' @or - 32)

Elg)(X1)] + E[g1(X1)g1(X2)g2( X1, X2)], (31)

fort=1,... |a/{2(a —1)}|, where o} := Var(h(Xp.q)) in (32).

We can estimate o3 by

p = Xiids(i+r—1)ay) — B2 (33)

||M§

Z
where in contrast to (9), we should multiply two identical h(X7,) terms in term 1 in (33).
Now the empirical Edgeworth expansion formula G Jn.o () for hypothesis testing can be
computed by combining (15), (19), (20) and (31)—(33). Then with (25) and (26), we can
compute the Cornish-Fisher confidence interval. We skip repetitive formula presentation.

Interestingly, our method not only serves as an acceleration tool itself but also enhances
the performance of other acceleration tools. One example is the divide-and-conquer accel-

eration through parallel computing [7]. They utilize K parallel computing servers that
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return summary statistics to a main server for aggregation. But in [7], each server still
computes a complete U-statistic, leaving significant space for further acceleration. Here,
we present Algorithm 1 that couples our method with the divide-and-conquer idea in [7].

In fact, this algorithm can be viewed as a parallelized version of our own method.

Algorithm 1 Our method + Chen-Peng Reduction

Input: Data: X3, ..., X,,; kernel function h(zy,...,z,); o; number of servers K; (by, bs).

Output: Coefficients of the empirical Edgeworth expansion G g(u).

Part I: data splitting

for k=1: K do

Pass: h,n, b1, b2, X[(k—1)n/K+1—(r—k)ne—1):(kn/K +max{(r—1)na—1,(2r—1-1)na—1}] t0 server k.
end for k

Part II: local computation

for k =1: K do (On the kth local server, compute the following quantities.)

e Compute and return:

UJ;]CI

Z h(X1,) (34)

a/K I’rejn ask
with Jp ek 1= Uff"bma 1 jnak, where j o 18 defined similarly to T in (29),

except that ¢ ranges in [{(k — 1)n/K + 1} : (kn/K)] instead of [1 : n].

e Compute and return:
c@ . 1
Egig 1= % 2 R(X{i—r+1):) P (X ir—1)]) (X[ 4r—1): (i 20—2)])
ie[((k—1)n/K+1):(kn/K)]

55559192 = WK Z R(Xpi—r+1):) P (X isr—1)]) P (X[ 1): (i 20—2)]) -
ie((k—1)n/ K +1): (kn/K)]

e For each ¢ € [0 : r], compute and return:

~ 1
Nege = K > Z P( X fi-d: (i (r—1)a)) R (X [ (i (k= 1) )2 (— )i (r—R) )] )
e[((k—1)n/ K+1):(kn/K)]
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end for k

Part III: result aggregation

On the central server, compute and output:

e
I
—

=

i
==
1=

=

|
=
=

~2
LE— My

~2 f: 4 &2
&k - lu - g, Sﬁl’
V=1

d ~
551;)3 — K

|
| =
D=

)

@
|
==
T
)

3
)

==
T
)

E[g}(X))] :=

A~

Eg1(X1)g1(X2)g2( X1, X)] = e 02U, &

919192

==
M=

B
Il
—_

Finally, plug these estimated quantities into Corollary 3.1 for statistical inference.

We compare our method coupled with [7] to the vanilla [7] in Table 3. For clarity, we
unified all split sizes, set K = n" as in [7] and aligned the orders of the second leading
terms in the variance formulas of both approaches, by setting o = 2 — 7/. Table 3 shows

r+l—a

that our method speeds up [7] by a factor of n , without noticeable relative variance

inflation and achieving a higher risk control accuracy.

Table 3: Our method enhances [7]’s method. Set « € (1,2). Recall r > 2.

Vanilla [7] Our method + [7]

Time cost on each server O(nr=Dle=+l) O (plo=De=+)
Variance of aggregated U-stat. r2&3/n+ O(n™%) r?&/n+O0(n™?)
CDF approximation error o(n=1/2)10 O(n=%/?)

Risk control accuracy o,(1)H 6p(n_a/ 2log'? n)
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3.2 Analysis of randomized incomplete U-statistics

Our general framework in Section 2 is a powerful tool for analyzing randomized designs.

Here, we showcase its application to some popular designs (and close variants) in literature:
(J1) Sample n* size-r subsets from C/, at random, with replacement.

(J2) Similar to (J1), but sample without replacement'?.

(J3) For i =1,...,n, sample n®~! size-r subsets from C" containing 4, with replacement.
(J4) Similar to (J3), but for each 4, sample without replacement'?.

These sampling schemes are very natural, and there are many more similar randomized
designs in existing literature [3, 8]. However, no available theory and methods yet exist to
provide higher-order accurate risk control for inference under these schemes. Conventional

analysis [8] typically starts with re-expressing U as follows.

UJ—,U,I: (Un_ﬂ)+’\7n,a|71 2 {h(XL«)_Un} = (UH_M)+VJ7 (35>
—— [eTna
(Part I) « . — Y
(Part II)

where part I is a rescaled complete U-statistic (see definition in Eq. (1)) and part II
captures the randomness in 7, . One can normal-approximate both parts and eventually
Uy, via careful conditioning and convolution, see page 9-20 in [9]. While (35) is useful for
analyzing degenerate U-statistics, it is not a sharp tool in the non-degenerate case, where

the two parts, dependent on each other, both noticeably impact the Edgeworth formula.

10This further requires K = O(n™ ) for 7/ € (0,1/4), see Theorem 3.3-(i) in [7].

Y17 standardizes Uy, therefore, their inference is nmot higher-order accurate, that is unless it further

employs a “bias-correction” that consults and eventually reproduces our method. See [18], Section 3.10.2.

2In theory, sampling J.a : |Jn,al = O(n®) without replacement could be done within O(n®) budget,

in terms of both time and memory, via a lexicographic indexing of C,.

13But subsets from different i-strata can still coincide
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In sharp contrast, our analysis takes a very different route: the key is to apply our
general framework in Section 2 to analyze U; directly, without going through (35). As a
premise, we first verify that these randomized designs indeed satisfies Assumption 2 with

high probability. (Assumption 1 is easily verified.)

Lemma 3.2. Let J,, o be constructed by one of (J1)-(.J4). For any given constant Cy > 0,
there exist constants Cy,Cy : Cy > Cy > 0 depending on Cy and the design J,, o, such that

Assumption 2 with these Cy and Cy holds with probability at least 1 — n=¢°.

All four designs (J1)—(J4) have clean analytical Edgeworth formulas, which can be

handily found by taking another layer of expectation E;[-] over the randomness of 7, .
Corollary 3.2. Under the setting « € (1,2), we have the following results.

e For randomized designs (J1) and (J2), we have

Es{To(u)] = 2Bl + T Bl (e (XX X)L, (60
E,[To(u)] = — HZ(EQ—;)SW{&;&(;)@ Vo oz (37)

e For randomized designs (J3) and (J4), we have

E{ufu)] = ~ g Elg}(X)]
A 2 B (X (X, Xl (39
E, [Te(u)] is the same as the E;[[y(u)] under (J1) and (J2). (39)
Then set

(40)

24



where

G
Zk=2 (k)gk (41>

n=2E2 - r2(r — 1)

220 (V€

N 1+
My :=n*""- {1+ 1/(rn°‘_1)}/
1+

under (J3) and (J4).

We have
Py, () = G(w)],, = O logn). (42)

We can naturally define the empirical version G (u) with coefficient estimated by (9),
(19), (20) and (33) and use it for downstream analysis, accompanied by theoretical guaran-
tees exactly similar to Corollaries 2.1 and 2.2. We skip the repetitive detailed descriptions.

We conclude this section by instantiating the general formula for the Cornish-Fisher

_ S ()&

confidence interval, using the formula under (J1). Define o} 1) e . We have
) 1

Range of &k W (u)

[4/3,2] 1 2U%h )

[6/5.4/3) 2 H{(w =30} )+ 3ucj )}
u

————(u® — 11u* + 25u* — 15)0}

+ 45(u2 — 1)20';1)‘7(71) — (15'&2 — 45)0‘}6%(71)}

Table 4: First three W;’s under (J1).

4 Simulations

We assess the accuracy of the CDF approximation for noiseless non-degenerate U-statistics.
The goal is to accurately approximate Fr,,s,, where we set a small variance with Cs = 0.008

for ;. We generate synthetic data with X1, ..., X, "< PDF: (x+1)/2, z € [-1,1], and
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0.8

0.6

0.4

0.2

use the kernel function h(xy, 29, x3) := sin(xy + x2 + x3). We experiment with our proposed
deterministic design from Section 3.1 and the random design (J1) from Section 3.2. We
compare our method to the following benchmarks: 1. N(0,1); 2. resample bootstrap
(bootstrap iteration B = 200 [29]); and 3. subsample bootstrap (subsample size: n'/?). To
emulate the true sampling distribution of Ty + d;, we use a Monte-Carlo approximation

with nyc := 10° samples'*. The performance measure is:

sup ‘FTJ""(SJ (u) - FTJ+5J (u)‘ (43)
ue[—2,2];ueZ/10

We vary n € {10, 20,40, 80} and set o = 1.5 (results for « = 1.7 are provided in Supplemen-
tary Material). For each (n, a) setting, we repeated the experiment 30 times and recorded

the mean and standard deviation of the distribution approximation errors (43).

0 1 2 -2 -1 0 1 2

# of nodes # of nodes

Figure 2: CDF approximation accuracy: plots 1-2: true CDF = Fr s, (u), n = 80; plots

3—4: log-transformed CDF approximation error.

Figure 2 shows the true and estimated CDF curves for T; + ;. Our method’s esti-
mated CDF almost overlaps the true curve; whereas all other methods exhibit much more
noticeable estimation errors. It also shows the log-transformed CDF approximation errors
of all methods under different (n,«) configurations. Our method shows clear advantage

in accuracy across all settings, and we are the only method that exhibits an empirical

14We need to set nyic to be much larger than (1/e7°)? ~ 2.2 x 10%, in view of DKW inequality.
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Figure 3: Cl-related performance measures: column 1: CI coverage probability, dashed

blue line = 90%; column 2: CI length; column 3: log-transformed time cost (log-second).

12 All these results well-align with our theory’s prediction and

error rate faster than n~
demonstrate the higher-order accuracy of our method.

Next, we compare our Cornish-Fisher confidence interval to that produced by the
benchmark methods in Simulation 1, plus the C-F CI constructed based on the complete
U-statistic. Performance measurements include: coverage probability, CI length and
computation time. We fix the confidence level at 1 — 8 = 90% and focus on the two-sided
CI for simplicity. The simulation set up is mostly inherited from Simulation 1, except that
now we no longer need a large ny;c and can test for larger n’s: n € {25, 50,100, 200, 400}.
In each experiment, which will produces one empirical CI coverage probability, we generate
3000 CTI’s for our method, N(0,1) and complete U-statistics; and 500 CI’s for resampling

and subsampling bootstraps since they are slower. Then we repeat the experiment 100 times

for all methods except the complete U-statistic method (repeated 20 times) to evaluate
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the variance of the coverage probability of each method.

Figure 3 shows the result for deterministic and random designs. Our method shows
clear advantage in accuracy of controlling the empirical coverage probability around the
nominal level level of 90%, significantly improving over normal approximation, especially
for small n’s. As n grows large, our method’s speed advantage over bootstrap methods be-
comes clearer. Compared to inference based on complete U-statistic, our method effectively
reduces computational complexity, reflected by its much flatter log-time curve, without
noticeable loss in risk control accuracy. All methods except subsampling bootstrap produce
similar CI lengths. This echoes our earlier remarks that the CI length reflects a different
aspect of U-statistic reduction (inference power, Section 2.3.2); and different approaches

may perform similarly in this aspect, if they are all asymptotically normal approximations.

5 Data examples

5.1 Data example 1: Stock market data

The S&P 500 historical data [11] records the daily prices of 412 stocks from 11 sectors.
Following [5], we computed the monthly logarithmic return rates of each stock from 1-Mar-
2000 to 29-Aug-2022, yielding n = 138 observations. Our goal is to assess the pairwise
dependency between sectors via independence tests. Denote the log-return sequence of
stock i from sector X by S;* = (573, ..., 5;},); similarly define S}".  'We measure dependency

between sectors X and Y by dCov, rewritten as a complete U-statistic (Lemma 1 of [42]):

dCov2(X,Y) := (Z)l N W22 2, 20), (44)

1<j<q<r
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where h(Z;, Z;, Z,, Z,) = Zi’i’ffj;(astbuv + astbst — astbgy — astbtv)/24 o, Qi; = HSZX - SJXH%
and b; = |S¥ — SY|s. Set o = 1.5. We test Hy : E[dCov?(X,Y)] = 0 between each
sector pair, versus a two-sided alternative. As a reference, on the diagonal, we randomly
split the stocks in each sector into two sets and tested their dependency. Figure 4 shows
that our method well-aligns with the test decisions that would have been made using the
complete U-statistic, but our method computes much faster (see Table 5). On the diagonal,
the sectors that exhibit strongest inner dependency include CD, E, F, I and IT. This is
understandable since they tend to be more sensitive to global economic fluctuations. In
contrast, members of CmS, CnS and U sectors focus more on local markets, so their within-
sector price fluctuations are less synchronized. This understanding also applies to cross-

sector relations, such as the tight connection between the pairs (CD, I) and (I, IT), whereas

U is comparatively less dependent on other sectors except E.

5.2 Data example 2: UCR time series data (Earthquakes, Starlight)

In the second example, we analyze two UCR time series data sets [12]: Farthquakes and
Starlight. The earthquakes data consist of n = 461 earthquake curves, each of length
T = 512. These curves are classified into K = 2 clusters: ng = 368 non-major and n; = 93
magor earthquakes. Following the approach of [5] and [45], we treat each earthquake curve
as a point in a Hilbert space and aim at comparing the population distributions of the
curves of different types using Maximum Mean Discrepancy (MMD). We measure the
distance between two earthquake curves by comparing their SRVF transforms [38], which
synchronize their phases in the presence of amplitude discrepancy. However, computing

the SRVF for each curve pair is slow [39]. To accelerate and also to tame the violent

4,5,4,7 »

oty means summing (s,t,u,v) over all permutations of (i, j,q,7).

15The summation notation “)’
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Pairwise dependency, test statistic Pairwise dependency, test statistic

Our method, a = 1.5 Complete U-statistic
CmS CD CnS E F HC | IT M RE U CmS CD CnS E F HC | IT M RE u
T T T T T T T T 55 T T T T T T T T T 55
Cmsl 314 328 223 303 335 296 303 329 28 215 Cmg 363 38 288 356 395 357 351 389 341 278 182
MSM048) (0.24) (03) (021) (022) (0.24) (0.19) (0.25) (0.18) (0.21) MS 045  — - - - - - - - - -
5 5
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45 45
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(0.34) [(0.31) (023) (0.28) (0.17) (0.23) (0.25) | (0.19) ©011) - - - - - - - -
4 -4
el 221 223 261 313 306 192 218 el 266 277 301 37 349 234 254
(0.18) (025) (0.21) (0.23) (0.23) (0.16) (0.2) - . - - - - -
+13.5 135
FL 3.92 2.9 364 352 306 283 1.82 FL 337 416 414 353 337 213 |
(0.3) (028) (0.3) (0.22) (0.25) (0.41)  (0.17) - - - - - _
3 3
HC 347 299 347 227 248 1.88 HC 4.08  3.39 4 274 295 23 |
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125 125
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Figure 4:  Pairwise dependency test: heatmaps of test statistics. High values (red):
high detected dependency. Each cell reports mean(std.) of test statistics over 30 repeated

experiments, except the off-diagonal of complete U-statistic method (no repetition needed).

fluctuation in the raw data, we pre-processed each curve {z;}?!2 by a moving average

(window size ¢) with down-sampling: {%t = Mean(I’[{t_(g_l)/g}:{t_;,_(g_l)/g}])}te{4k+17ke[0:127]}.
Due to page limit, we only present results for £ = 7, leaving results for more window sizes
to Supplementary Material.

We applied our method with a = 1.5 to estimate the average pairwise distance (using
SRVF) within each cluster to assess its internal cohesion. For the between-cluster com-
parison, we sub-sampled the larger group (non-major earthquakes) and rewrote the MMD
a one-sample U-statistic following Equation (6) in [35] with the RBF kernel k(z,y) :=
exp(—SRVF(z,y)?/5000). The we applied our method with o = 1.5 to reduce this MMD
U-statistic. Figure 5 shows the results, in which, we used the complete two-sample MMD

U-statistic value in lieu of the unknown population mean discrepancy. Our Cornish-Fisher

confidence intervals with randomized design (J1) demonstrate good coverage in both in-

30



ference tasks for within- and between-cluster distances, respectively.

Next, we apply this analysis method to the much larger Starlight data set that contains
K = 3 types of stars, with cluster sizes ny; = 1329, ny, = 2580 and ng = 5327. Here, each
curve is a length 1024 sequence, which we down-sampled to length 128 without smoothing,
because the starlight curves are much smoother than that in the earthquake data. Even
with the down-sampling, evaluating a complete U-statistic for comparing any two star
types remains computationally infeasible, due to the large sample sizes. Our method with
a = 1.5 allows users to implement a reduced version of Equation (6) in [35] with the
RBF kernel k(z,y) := exp(—SRVF(z,4)?/100). Due to page limit, in Figure 5, we only
present the result for the comparison between type 1 and type 2 stars, relegating the rest
to Supplemental Material. We observed that the MMD CI’s produced by the starlight
data are much narrower than the counterpart from the earthquakes data, possibly due to
the much larger sample size. Also, for the between-cluster comparison, some MMD CI’s
of the earthquakes data contain 0 (will not reject Hy), while all CI's for the starlight data
clearly support a two-sided alternative. This is echoed by the much smaller within-cluster

distance and the clearer between-cluster differences in the starlight data.

Table 5: Time cost: our method (o = 1.5) vs. complete U-statistic

Time cost | Stock Market (r = 4) Earthquakes (r = 2)
(Unit = sec.) All Major Non-major Maj. vs. Non-Maj.
Our method 3.47 303.94 2471.70 1223.50
Complete U 8099.73 708.99  11199.92 17912.91

Time cost Starlight (r = 2)
(Unit = sec.) | Typel  Type 2 Type 3 1vs. 2 1vs. 3 2vs. 3
Our method | 4512.95 12773.76  41282.26 19140.13 19149.33 50413.75
Complete U | 48227.72 158233.7 (Time out) | (Time out) (Time out) (Time out)
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Figure 5: Results of data example 2. Plots 1-2: Farthquakes; plots 3—4: Starlight. Plots
1 & 3: 90% CI of based on reduced between-cluster MMD; column 4: 90% CI of within-
cluster average pairwise distance (using SRVF [38]). Dashed line: complete U-statistic

(evaluations of complete U-statistics timed out (> 48 hours) in most settings for Starlight).
6 Discussion

Our study throughout this paper exclusively focuses on data-oblivious reduction schemes.
Recently, [24] proposed a data-aware reduction scheme, based on their key observation that
X ~ Y, implies h(X71.47) ~ h(Y[1,7), thus by clustering X;’s, one can effectively reduce
the U-statistic’s computation. While their method shows very attractive performance,
finite-sample higher-order analysis for their method poses an interesting open challenge.
There is also a computational price for being data-aware. For example, in the setting
considered by [31], the clustering of all X;’s in some Banach space requires computing at

least O(n?) many potentially expensive (like in our second data example) pairwise distances.
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